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PREFACE 


The Second International Workshop on Squeezed States and Uncertainty Relations was held 
in Moscow on May 25 - 29, 1992. This Workshop was organized jointly by the P. N. Lebedev 
Physics Institute of the Academy of Sciences of the Russian Republic and the University of 
Maryland at College Park. The Workshop was supported in part by the Committee of Science 
and Technology of the Russian Republic, the Lebedev Physics Institute, and the University 
of Maryland. This program was one of the scientific conferences held in accordance with the 
cooperative agreement between the Lebedev Physics Institute and the University of Maryland. 
The first meeting of this workshop in this series took place at the College Park Campus of the 
University of Maryland in 1991. 

The purpose of this Workshop was to study possible applications of squeezed states of light. 
Specifically, the workshop was concerned with the following questions. 

(1) What physics can we do with squeezed states? 

(2) Are there squeezed states in other branches of physics? 

(3) What are possible forms for the uncertainty relations? 

The Workshop brought together many active researchers in squeezed states of light and those 
who may find the concept of squeezed states useful in their research, particularly in under- 
standing the uncertainty relations. There were many participants from the European countries 
including of course Russia. There were also many from the United States. 

The third meeting in this series will be held at the University of Maryland Baltimore County. 
The principal organizers are R. H. Rubin and Y. H. Shih. We expect that the international 
character of this Workshop series will be preserved and strengthened. 
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INTRODUCTION 


Squeezed states of light were predicted in the 1970’s. They were observed in laboratories 
during the period 1985-1988. Indeed, the production of squeezed light is one of the landmarks 
in the development of laser technologies. Efforts are being made to find new experiments using 
this new laser technology. This new development encourages and enables us to study the forms 
of uncertainty relations. 

The physical basis of squeezed states of light is the uncertainty relation in Fock space whose 
basic operation consists of creation and annihilation of photons. The uncertainty relation in 
this case is that of the second quantization. One of the fundamental questions in physics has 
been and still is how this uncertainty in second quantization is the same as or different from 
the position and momentum uncertainty with which we are so familiar. 

Let us consider a two-dimensional space with two orthogonal axes. The word ” squeeze” 
means that one of the coordinate variables is contracted while the other is expanded in such a 
way that their product remains unchanged. For Heisenberg’s uncertainty relation, we can in- 
crease the uncertainty in position variable while decreasing that in the momentum variable while 
keeping the value of uncertainty constant. Indeed, the squeeze transformation has been one of 
the most important transformations in many branches of physics, including special relativity, 
harmonic oscillators with time-dependent frequency, canonical transformations in classical me- 
chanics, and Bogoliubov transformations in condensed matter physics, thermofield dynamics, 
and symplectic transformations in mathematical physics. 

Thus, the word ’’squeezed state” can have two different meanings. In a narrow sense, the 
word is applicable only to two-photon coherent states in quantum optics. There are many who 
say that the potential for industrial applications of the squeezed states of light is enormous. 
There are also many who say that the squeezed state in optics was only a fad and is no longer 
an interesting subject. However, we should not make a hasty judgment on this new word, 
because the squeezed state can have its second meaning. 

The word squeeze can also have a broader implication. It does not have to be limited 
to quantum optics. The point is that there are many squeeze transformations in different 
branches of physics. Indeed, there were and there are many who have been studying these 
transformations without using the word squeeze. The squeezed state of light has made a very 
important contribution to the physics world by giving us the word “squeeze” as one of the 
fundamental transformationss in physics. This word may therefore lead to an entirely new 
organization of physicists who are working in many different areas of physics including quantum 
optics. 

The Workshop was attended by many researchers in the squeezed states of light as well as 
those who worked on related fields even before the squeezed state of light became one of the 
important subjects in physics. This volume contains four chapters. The first chapter contains 
the papers on the latest development in quantum optics. The second chapter consists of articles 
dealing with the forms of uncertainty relations. The articles in Chapter 3 are on theoretical 
developments based on the concept of squeeze transformations. It is important to note that 
the time-dependent problem in quantum mechanics is intimately connected to the concept of 
squeezed states in optics. The papers in Chapter 4 contains the papers dealing with time- 
dependent problems in quantum mechanics and quantum optics. 
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A PHASEONIUM MAGNETOMETER: 

A NEW OPTICAL MAGNETOMETER BASED ON 
INDEX ENHANCED MEDIA 


Marian 0. Scully 

Department of Physics, Texas A & M University 
College Station, Texas 77843 

Michael Fleischhauer, and Martin Graf 

Sektion Physik, Universitat Munchen 
W-8000 Munchen, Germany 


Abstract 

An optical magnetometer based on quantum coherence and interference ef- 
fects in atoms is proposed whose sensitivity is potentially superior to the present 
state-of-the-art devices. Optimum operation conditions are derived and a com- 
parision to standard optical pumping magnetometers is made. 


1 Optical Pumping Magnetometer 

The detection of magnetic fields via optical pumping techniques was first discovered by 
Franken and Colegrove in helium [1]. An atomic system with three lower magnetic sublevels 
say, mj = +1,0, —1 and one upper level, is driven by resonant unpolarized light. A 
magnetic field, which for simplicity we take to be parallel to the propagation direction, 
splits the energies by an amount haB, where a « 10 7 s -1 /Gauss and B is the magnetic 
field strength. 

Due to optical pumping, the population of the mj = ±1 states is driven into the 
m j = 0 level and the pump light will be transmitted through the otherwise absorbing gas. 

Now, if there is a RF signal applied to the gas which is resonant to the sublevel 
transition, the atoms will be driven back to the m j = ±1 states and the gas will again 
absorb the optical radiation. Thus by monitoring the transmitted pumping light while 
varying the RF frequency one has a sensitive measure of the spacing of the magnetic 
sublevels. That is, the pumping light will be "shut off’ when 
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( 1 ) 


UJRF — a B 

This is summarized in Fig.l. 



FIG.l. Optical Pumping Magnetometer Concept 


The ultimate precision to which we can measure this frequency and the strength of 
the magnetic field is determined by intensity fluctuations in the transmitted light beam, 
i.e. fluctuations in the number m of observed photoelectrons. To obtain the resonance 
frequency, one determines the position of the half maxima. The intensity fluctuations at 
this point lead to an error 


Am, (2) 

where dm/du is the slope of the transmission curve at the half maximum. 

Assuming shot noise in the number of observed photoelectrons, i.e. Am = y/m, and 
100% detection efficiency, so that m = Pintm/h^i we obtain under optimum conditions for 
the frequency error 


Aw, 


<9w 

dm 


Ab) err or — "Ymag 


I fcl/ 
V P,ntm 


( 3 ) 
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Here P*„ is the optical input power, u the frequency of the pump field, and t m is the 
measurement time. 7 m a g is the width of the transmission line, which in the absence of 
power broadening is the transverse decay rate 7 C of the RF transition. Equating the signal 
frequency ( 1 ) to the error ( 3 ) we arrive at the minimum detectable change in the magnetic 
field for the optically pumped magnetometer 


B , 


7 mag I 

a V Pint, 


(4) 


Increasing the power of the pump radiation obviously increases the sensitivity. However, as 
Pin grows the transmission line will get power broadened and 7 mag will eventually increase. 
In order to optimize the parameters, we calculated the width of the transmission line by 
solving the density matrix equations within a second order perturbation approach in the 
RF field. We thereby consider the level configuration shown in Fig.2. 



FIG. 2. 4-level scheme for the optical pumping magnetometer. Since the 
magnetic field is parallel to the propagation axis, the unpolarized pump field 
drives the mj = ±1 lower levels to the mj = 0 upper state. 


In the interaction picture we have the equations of motion for the populations 
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Pb+b+ — 7 +Paa "h * Pab+ C.C.) i (Cl Rfpb+bo C.C.) , (5°) 

Pbobo = 70 Paa + • (^RFPb+b 0 ~ c c ) “ i (^RFPb 0 b. ~ C.C.) , (56) 

/?6_4_ = 7 -Paa + * (^*Po4_ _ C.c) + t (Cl* RF pb 0 b- ~ C.c) , (5c) 

for the RF polarizations 

P6+6o = “(i’A + Jc)Pb + b 0 -i^RF (p4 + 4+ ~ Pb 0 b 0 ) + l ^*Po6 0 * (6a) 

Pbob- = “(»A +'/ c )p6 0 6_ - (PMo “P&-4-) _ z ^Pa6 0 > (6&) 

and for the optical polarization 

r 

Pabo = ~~"2 Pobo *^RFPa 6 _ ^CIrf P ab+ d" lClpb + bo d" iClpb_ bo i CO 

Here 7 +, 7 _ , 70 are the longitudinal decay rates of the optical transitions, T = 7 + d- 7 - + 70 , 
Qrf and Cl are the Rabi-frequencies of the RF and optical field, and A is the detuning of 
the RF-frequency from the magnetic transition frequency. In the absence of the RF-field all 
population is optically pumped into level 60 . Hence, in zeroth order the only non- vanishing 
matrix element is Pj° 5 0 = 1 , and the medium is totally transparent with respect to the 
optical field. In first order of the RF-coupling, low-frequency coherences build up. Solving 
Eqs. ( 6 ) and (7) we find 


Pb+b 


= - Pbob _ = 


A 2 + 7c 2 + 


4|ft| 


( 8 ) 


where we have assumed Cl* RF = Cl RF . In second order of the RF-field, population in the 
b± ground levels is created and the optical field will be absorbed. Noting that p aa = 0, 
we find from Eqs. (5a) and (5c) the imaginary part of the a — b± susceptibilities, which 
determine the absorption of the pump field radiation 


X 


n 


P 2 N 




he 0 


A 2 + 7 2 + 


4|f>| 2 7c 



(9) 
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As can be seen from this equation and Fig. 3, an increasing Rabi-frequency Q leads to a 
power broadened transmission line with width 




FIG. 3. Normalized imaginary part of optical susceptibility as function of RF 
detuning A. The Rabi-frequency of the pump field is (from top to bottom) 0.1 , 
0.5, 1, 1.5, 2 x 7 c r/4. 


For a sufficiently small input power, such that 7 mag ss 7 C , the minimum detectable mag- 
netic field, Eq. (4), decreases with increasing input power P tn . However, above a certain 
value Pf n , corresponding to the critical value of the optical Rabi-frequency 


( 11 ) 

Bmin attains a constant value 
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1 Fh 1 3A 2 

Smin a\j 27r A ’ 


( 12 ) 


where -4 is the pump laser cross section. For a measurement time of 1 s, A = 500 nm, 
j c = 10 3 s -1 , and .4. = 1 cm 2 , the rhs of Eq. (12) is of order 10 -1 ° Gauss. The highest 
sensitivity obtained experimentally so far with an optical pumping magnetometer is of the 
order of 10 -9 Gauss [2]. 


2 Interferometric Measurements of Magnetic Level 
Shifts 

An alternative way of determining magnetic level shifts is to detect the change of the 
index of refraction near an atomic resonance. 

Let us consider a simple two-level atomic absorber. If we ignore the absorption for 
the moment, the dispersion of such a medium near resonance is given by 


n«l + ^-«l + A 3 JV-, (13) 

2 7 

where A is the wavelength of the atomic transition, N the number density of atoms, 
A = uj a b — v is the detuning between the atomic transition frequency uj a b and the probe 
field frequency u. An applied magnetic field which shifts the atomic transition frequency 
will thus lead to a change of the index of refraction 


An * A 3 N 


a-B 


(14) 


A probe beam tr ansmi tted through a sample of these atoms over a distance L will hence 
acquire a phase shift due to the magnetic field 


. . 2tt A _ 2tt ,, a • B 

A6 = — AnX « —X NL . 

A A 7 


( 15 ) 
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Detecting this phase shift by interferometric means, for instance in a Mach-Zehnder inter- 
ferometer, thus gives a sensitive measure for the magnetic level shift. The phase measure- 
ment error is found from A<£ error Am « 1. Assuming again shot noise, i.e. Am = y/m and 
equating the signal and error expressions, yields the minimum detectable magnetic field 




hv 


Pint, 


(16) 


Naturally, however, such a gaseous medium will not be useful because of the large absorp- 
tion as indicated in Fig. 4. 



A/7 


FIG. 4. Real (x f ) and imaginary part (x") °f the susceptibility of a two level 
atom, determining the index of refraction and the absorption. 


This is the point where the idea of quantum interference in atomic systems comes 
in. If the upper level a of an optical transition is driven by a strong driving field to sin 
auxiliary level c, the absorption from the ground state b is essentially cancelled [3], while 
the index of refraction displays a large dispersion, due to qusmtum interference of different 
absorption pathways. 
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FIG.5. Left: A configuration in which strong driving field with Rabi-frequency 
ft' on a-c transition generates transparency on the a-b transition. Right: corre- 
sponding susceptibility spectrum. 


3 Optical Magnetometer Based on Electromagnet i- 
cally Induced Transparency 

Near a resonance of the coherent medium we have a large dispersion of the index of 
refraction. A probe field propagating a distance L through the phaseonium medium will 
acquire a phase shift 


A*. is = (17) 

due to the magnetic field. The induced transparency is not perfect due to collisions! 
dephasing of the c-b polarization (j c ) and the amplitude of the transmitted field will be 
reduced by a factor k 


K “ exp {-^ ,£jr ^}- (18) j 

I ..... . „_i.. . • • - .t ■ . • I 

| I 

k is, however, close to unity for sufficiently strong driving fields. | 

I - j 

| i 

1 I 


i 


Putting a phaseonium gas cell in one arm of a Mach-Zehnder interferometer as per 
Fig.6, the signal phase shift (17) can be measured by a balanced detection of the intensities 
at the two outputs. As shown in Ref. [4], the operation of such a phaseonium magnetometer 
is again shot noise limited. Equating the signal and noise expressions one finds for the 
minimum detectable magnetic field in a phaseonium magnetometer 


1 4; r 

1 

Iftf 

'1 + K 2 ' 

1/2 

hv 

a 3 

\ 2 LN 

7 

2« 2 


Pintm . 


(19) 



FIG.6. Mach-Zehnder interferometer 


Increasing the number density N or the interaction length L enhances the signal phase 
shift. On the other hand the transmittivity k decreases. An optimum value is found when 

4t r 1 \ n >\ 2 

This gives for the minimum detectable field under optimum parameter conditions 


t > 7c 

^mtn — 

a 


hu 


I 1 / 2 


Pir,U 


( 21 ) 
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which is identical to the expression found for the standard optical magnetometer for the 
case of small input power. However, if in the optical pumping magnetometer the input 
power exceeds a critical value determined by the critical Rabi-frequency ( 10 ), the sensitiv- 
ity remains constant, whereas in the case of the phaseonium magnetometer much higher 
sensitivities are possible as can be seen in Fig. 7. Here the Rabi-frequency of the probe 
field, Q. is limited only by the condition of linearity 


f! < 7 . 


( 22 ) 



FIG. 7. Minimum detectable magnetic field for the optical pumping and 
phaseonium magnetometers as functions of the input intensity in units of P tn 


To see the potentially enhanced sensitivity, let us consider a special numerical example. 
Reasonable values are: 7 = 10 7 s -1 , y c = 10 3 s -1 , |J2'| = 7 , A = 500 nm, L = 10 cm, 
f m = 1 s, Pin = 1 mW, a = 10 7 s -1 /g auss > N = 2 x 10 12 cm -3 (10“ 4 torr at room 
temperature). This gives a minimum detectable magnetic field strength of 


B m in -» 10 " 12 Gauss 

which is smaller by one or two orders of magnitude than that of existing magnetometers. 
Thus, the phaseonium magnetometer potentially leads to much higher sensitivities than 
existing state-of-the-art devices. 
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Abstract 

A single mode cavity is deformed smoothly to change its electromagnetic eigenfrequency. 
The system is modelled as a simple harmonic oscillator with varying period. The Wigner 
function of the problem is obtained exactly starting with a squeesed initial state. The result 
is evaluated for a linear change of the cavity length. The approach to the adiabatic limit 
is investigated. The maxi mum squeezing is found to occur for smooth change lasting only 
a fraction of the osdllational period. However, only a factor of two improvement over the 
adiabatic result proves to be possible. The sudden limit cannot be investigated meaningfully 
within the model. 


1 Introduction 

If the length of an electromagnetic cavity is changed, there are two meanings to the concept of 
adiabaticity . Firstly, the movement may be so slow that the cavity eigenfrequency varies only 
little during one oscillational period; this is the adiabatic limit proper. However, the process 
of establishing the correct oscillational frequency requires that the radiation has time for many 
round trips in the cavity. The cavity deformation may enter another regime, the eigenfrequency 
does not change appreciably over a few round trips, but it may change significantly over a single 
oscillational period. In this limit, we still expect the cavity mode to be described by a simple 
harmonic oscillator, but its frequency changes smoothly with time. If the movement is rapid 
compared with the cavity round trip time, the complete Maxwell equations need to be used in 
the calculation. Solving an eigenvalue problem with a moving boundary is a tricky problem; I 
do not want to discuss this situation here 

The theory of a harmonic oscillator with variable frequency is a paradigmatic problem in physics. 
Classically it appears as a case of parametric driving, and quantum mechanically it is connected 
to the history of adiabatic invariants. A classical discussion is found in van Kampen [1] and of 
the many quantum treatments I wish to mention only Dykhne[2], Popov and Perelomov [3] and 
Man’ko and his collaborators [4]-[5]. Because the Heisenberg equations of motion agree with the 
classical ones, the quantum solution can be reduced completely to solving the classical problem; 
this was recently shown in an elegant way by Lo [6]. The same conclusion was formulated for 
the Wigner function by the present author [7] albeit in a different physical context. Squeezing 
introduced by time evolution has been discussed for other physical situations in Refs. [8]- [10]. 
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2 The general problem and its solution 

In a cavity of length L we assume the Hamiltonian for one radiation mode to be of the form 

•h = ^ (p 1 + (i) 

where the time dependent frequency is given by 

fi’(0 = n*/(0; n 0 = ^ . (2) 

L 0 is the initial length of the cavity. If we introduce the scaled variables 

r = (l 0 t ; it = , (3) 

»*o 

we find the Heisenberg equations of motion using the canonical commutation relations between 
p and q 

q = * ; * = -/(*■)« , ( 4 ) 


where the dot denotes derivation with respect to t. Integrating these equations gives the solution 
for the Heisenberg variables as has been discussed in the literature. 

In the Schrodinger picture we obtain the equation of motion for the Wigner function in the form 


dW dW r/J . aw 


(5) 


Its characteristics are the very Eqs. (4), but now they are classical relations between c-numbers. 
In order to solve (5) we proceed as in Ref. [7] and define the fundamental system of solutions 
u>i and u>i such that 


u>i(0) = ti|(0) = 1 
u>i(0) = wj(0) = 0 . 


( 6 ) 


Their Wronsldan is a constant of the motion equalling unity. We assume the mode in the cavity 
to initially be in the squeezed state having the Wigner function 


Wo(#>,!To) = C exp 


— ~ v ( '° ~ 


(7) 


Expressing the general solution of (4) 


in terms of the solutions (6) 


q = q o wi(r) + ir 0 uij(r) 

It = q = 9 o«>i(t) + ir 0 t»a( r ) 


( 8 ) 
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and inserting ft and ir 0 from (8) into Eq. (7) we obtain the required solution of (5) 

(w,q - w 2 * - $)*] 


W(q,ir,r) = Cexp 


s 2 &* 


( 9 ) 


x exp |- — wjq-#)* 

Calculating the marginal distribution for the variable q we obtain 

W.{q,r) = I dirW(q,ir,T) 

= C exp 


(« - g(T))» 


h><r*(r) 

The Wigner function thus progresses along the classical trajectory according to 


( 10 ) 


9 (r) = u»,(r)q + u»,(r)* (11) 

and its spreading is given by 

= »;««■ + . (i2) 

At the initial time the squeezing is given by s 2 , but at the final time, after the change of the 
cavity length, the result is determined by the values of and w 2 at the end of the interaction. 
It is generally agreed, that in the adiabatic limit proper, the change of the squeezing must be 
small, see e.g. Graham [11]. In the next Section we will investigate a simple model, where we 
can see how the situation is changed if the motion is smooth, but not necessarily adiabatic with 
respect to the oscillational frequency. 


3 Linear change of cavity length 

We now ftiume that the length of the cavity is changed linearly, viz 

L(t) = L 0 + A< = L 0 + Ar/flo • (13) 

The characteristic time scale of the cavity change is given by 

(i4 » 

which goes to infinity for properly adiabatic motion. Negative A means that the cavity is made 
to contract. 


With these definitions the function f(t) becomes 

L\ 


/(<) = 


(Lo + At) 2 (l + (</M)* ’ 


(15) 
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Relations (4) give the equation 


(16) 


9 + /(■»•)« = 0 » 


which has to be solved with the initial conditions (6). For the given function (15), this becomes 
a Fuchsian problem with two singularities and the solution can be obtained in a straightforward 
way. ' 

We introduce the variables 

a = y'nsij/v-i 

(17) 

r = — = T = — = ~ Lo 

to Oofo Lo Lq 

With these definitions the fundamental solutions (6) are given by the expressions 
tPi(r) = Vl + T | cos [Alog(l + T)] — — sin[Alog(l + T)]| 

(18) 

toj(r) = MvT + 7sm[^log(l + r)] . 

Regarding T as a function of r, we can easily see that these functions constitute a solution to 
the problem. Exciting the cavity state by a classical source, we will find it in a coherent state 
with • = 1 in (7). The width as a function of time becomes 

<r*(f) = t»J(r) + tu|(r) . (19) 


Before we proceed to consider the consequences of the exact expression (18) for the width (19), 
we look at the adiabatic limit proper, i.e. A => 0. Then we find 


Alog(l + T) *> ft = (let 
^ => 1 . 

With these results, the equations (18) go over into 


ttfi(r) = s/\ + T cos Oof 


Wi(r) * vl + T sin Oof • 


( 20 ) 


( 21 ) 


Remembering that Eq. (17) implies 

= y/iu/m 


( 22 ) 
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we find that the result* (21) follow from a ample application of the WKB-method to the equation 
(16). Inserting these results into the width (19) we find 



(23) 


As we cannot hope to change the oscillational frequency by a large fraction, we reach the con- 
clusion that no large amount of squeezing can be achieved in the adiabatic regime proper. This 
agrees with conclusions arrived at in earlier treatments, in particular the adiabatic invariance 
of f 1<r 2 has been found, see eg. Ref. [11]. 

Another peculiarity of the result (23) is that no trace of the oscillational behaviour survives. If 
the parameter A is not too large, the situation changes. Because of the second term in u>i of 
Eq. (18), oscillations appear in the width. To see how much squeezing they can achieve, we 
write the solutions (18) in the form 


U>! = 


w, = 

Here <p is the argument of the trigonometric functions in Eqs. (18). The width (19) then 
becomes 


Vl+T [cos ip - sin 


^^VT+Tsiny* . 
A 


(24) 




(25) 


For A => oo this reproduces (23). The expression has a minimum for each fixed value of the 
parameter A, but for large A, this approaches the adiabatic limiting value (23). For example 
A — 1 gives the minimum value 0.69 for the expression in square brackets in (25). This occurs 
at the time when <p = 0.55. 

The best possible values for the squeezing are obtained with a very small A, in which case the 
minimum occurs for early times, f as 0. The expression (25) can then be written 


' , w-ife[ 1+ (5- 1 )'l 2 afe- (J6) 

which is not a large improvement over (23). The minimum also occurs for a small parameter A, 
in which case we rapidly approach the breakdown of the validity of the theory. For very small 
A, the expression (17) gives 


ftoto — 2 * 


(27) 


which is not in the adiabatic regime proper. The minimum then occurs at times when 




(28) 
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Thus we have to change the cavity eigenfrequency in a time lest than the oscillation period. This 
cannot obviously be achieved by mechanical means, and even using some electronic switching to 
change the effective path length through the cavity, we can attempted this only in the microwave 
region. However, as the advantage of the method is expected to be small, there seems to be 
little motivation to solve the technical problems involved. 


4 Discussion 

We have solved the problem of the deformation of an intracavity field during a smooth change 
of the cavity eigenfrequency. Even if we are allowed to depart from the strict adiabatic limit, 
the expected squeezing remains modest. The calculation cannot be taken to the sudden limit, 
because then the simple harmonic oscillator description is no longer valid. The complete Maxwell 
equations must be treated in that case. In this aspect our problem differs from the corresponding 
Schrodinger equation [12]- [14] where both the sudden and the adiabatic limit can be handled in 
the same way. 
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Abstract 

The quantum theory of coherent radiation frequency 
doubling in crystals with quadratic and cubic optical 
nonlinearities is developed. The possibility to produce the 
quadrature - squeezed state of the second harmonic (SH) field 
is shown, the nonclassical SH states arising due to self-action 
effect . 

1. Introduction 

The quantum theory of the second and higher harmonic 
generation has been developed in a number of works (see, for 
instance. Refs. 1-3) in which the possibility of obtaining the 
squeezed states of electromagnetic field and photon 
antibunching has been analyzed. It haB been established that 
the frequency doubling is accompanied with the generation of 
the squeezed states at the fundamental frequency whereas the 
second harmonic (SH) field turns out to be in the coherent 
state. At the same time the frequency doubling of the squeezed 
light, as it was shown in Ref. 1, causes a decrease in 
squeezing. From the practical point of view, the methods based 
on the quadratic and cubic medium nonlinearities with respect 
to the electric field are of considerable interest. It is 
known 4 that in the centrosynmetric nonlinear medium, i.e. the 
Kerr medium, the quadrature - squeezed field can be produced 
due to the self-action effect. In the media mentioned above the 
four frequency wave processes always occur in the presence of 
self-action. In the media with the induced quadratic optical 
susceptibility the three frequency wave interactions can also 
occur under the evident influence of self-action. 
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In the 1 present paper the quantum theory of the SH 
generation (SHG) in the presence of self-action is 
developed. In the framework of the classical approach the 
problem under consideration has been solved in Refs. 5 and 6. 
The basic equations of the process which are of interest to us 
are presented in Sec. 2. In the Sec. 3 SHG is analyzed for the 
case of low efficiency of the fundamental radiation conversion 
into the SH; however, we do not take into account here the SH 
influence on the effective refractive index of the medium. The 
possibility of the SH quadrature - squeezed state generation is 
shown in Sec. 4. 


2. Basic equations 


Interaction of the fundamental wave of frequency Od and 
second harmonic wave of frequency 2W in an optical medium with 
nonlinear susceptibilities of the second X < * > and third X #> 
orders is described by the Hamiltonian: 


H - +K0aa + + 2fcWbb + + 


(1) 


H^ “ •fc|3(b + a 2 + ba + *) + Hfi7(a +Z a* + b + *b* + 2a + ab + b) . 


+2 


+2 ‘2 . '+2 *2 


■ + "+; 


where a + (a) and b + (b) are photon creation (annihilation) 
operators of the fundamental wave and SH which obey the 
commutation relations: 

[a, a + ] - 1 . [b.b + ] - 1. (2a. b) 

the nonlinear parameter |3 is proportional to X * and 

parameter 7 to X ■ The operator evolution is given by the 

Heisenberg equations: 

— — i2|3a + b - i7a + a* - i 27 b + ba , (3a) 

dz 
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db - _ * i *» * . -» 

— — i|3a - i 27 a ab - ill) b 

dz 


(3b) 


where z is the length of the medium in the direction of wave 
propagation. 

Let us discuss the terms on the right - hand side of Eqs . 
(3a) and (3b). The first terms are associated with the process 
of degenerated three-frequency interaction (the first term in 
Eq.(3b) describes the SH generation (SHG). whereas in Eq.(3a) 
the first term takes account of parametric interaction) . The 
second terms in Eqs. (3a) and (3b) deal with the self-action 
and cross-action of the radiation of frequency to. Finally the 
third terms in Eqs. (3a) and (3b) take into account the 
cross-action and self-action at frequency 2to. 


Assuming that at the input of the nonlinear medium the 
fundamental wave and second harmonic are in the coherent and 
vacuum states respectively, we have 

a(z-O) - a 0 , a 0 !CX> - <X 0 !d> ; 


(4) 


b(z-O) - b_ 


b 0 :°> 


3. SH generation in the fixed photon number approximation 


The analysis given below implies the low efficiency of the 
conversion of the fundamental radiation into the SH. Therefore, 
we can neglect the last terms in Eqs. (3a) and (3b) . We thus 
take into account the refractive index variation due to the 
cubic nonlinearity caused only by the intensive fundamental 
wave. The SHG process is analyzed in the fixed photon number 
approximation. Using this approximation one neglects the photon 
number variation of the fundamental wave, i.e. we suppose that 
the operator of the photon number n(z) -a + (z) a (z) remains 
unchanged during the process of the nonlinear interaction 
(n(z)-n 0 -a^a 0 ) . It should be noted that this approximation is 
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in fact the quantum analog of the fixed intensity approximation 
(see Ref . 7) . 

Let us introduce the new operators c(z) and f(z) for the 
fundamental radiation and SH respectively: 

i7zn 0 * - 2i7zn 0 . 

c(z) - e a(z) . f(z) - e b(z. (5a. b) 

These operators also obey the commutation relations similar to 
Eq. (2) and the initial conditions similar to Eq.(4), The 
evolution of the new operators is given by the equations: 

dc(z) ' i7z . 

- -i2|3 e c (z)f(z) . (6a) 

dz 


df(z) -i7z 

- -i0 e c (z) . 

dz 


(6b) 


By differentiating Eq.(6b) and using Eq.(6a). we obtain the 
equation for the SH operator f(z) 


d* - * - 1 - 

— - f(z) + 40 ( n. + - ) f(z) - 0 
dz 2 


(7) 


with the initial conditions 


f(z-O) - b D . 


df , 


dz 1 




( 8 ) 


**o 


Below we make use of the operator f(z) expanded into the 
Taylor series to within X* (X“P Z > : 


df . 1 d f . # 

f(z) - f 0 + — ! z + ~ z + 


(9) 


dz 


1 = 0 


2 dz ’ 


i«o 


Returning to the primary operators of the fundamental wave and 
SH (a and b respectively) we obtain the expression: 


b(z) - e 


-2i7zn 


<b„ - ifizi* - - P7z'i* - 2(Pz)*(n 0 + -)b„).(10) 


1 - 


'o’ 2 ° 
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The evolution of the SH field operator depends on the value of 
the nonlinear parameters |3z and Jz. 

By averaging over initial states of the fields, we obtain 
the mean value for the operator b (10) : 


1 2i (<f> -©) 

<b(z)> - -(ipz + - Pt'z* > :a b : 2 e ° 

2 

Here ®-7z!0l o ! is the nonlinear phase addition arising due 
the self-action and !a 0 ! is the fundamental 

phase. In the framework of the considered approximation 
operators b + and b satisfy the commutation relation (2b) . 


( 11 ) 

to 

wave 

the 


Let us turn to the analysis of the SH field photon 

2 

statistics. Calculations of the Fano factor F-CJ n /<N> (where 
N-b + (z)b(z)) result in the following expression: 


F(z) - 1 + (Pz) 2 ( 4 : 0L o : * + 2) . (12) 

Thus, as one can see from Eq.(12), the photon statistics of the 
SH field becomes super-Poissonian. 


4. Quadrature components of the SH field 

In this section we dwell upon the fluctuations of the SH 
quadrature components described by the operators: 

* 1 _ „ i 

X(z) - - (b(z) + b + (z) } , Y(z) - — (b(z) - b + (z)>.(13) 
2 2i 

The quadrature components (13) are registered by the balanced 
homodyne detection (see Figure) . The SH field being under 
investigation is mixed with the coherent one at the same 
frequency, generated in the absence of the self-action and 
cross-action effects. The mixed radiation of the both reference 
coherent wave and that of the analyzed SH is fed to the 
balanced detector input. Thus, we have the possibility to 
record one of the SH quadrature components for the field under 

consideration. 


29 




Figure : Layout of measurement of SH quadrature components . 
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According to Eqs.(10) and (13) the mean values of the 
quadrature components (13) are equal to 


< X (z) > - Pzia o ! sin(2«f> 0 -®) ) |3z® cos (2 (<J> 0 -®) ] . 

2 


<Y(z)> - -|3z:a o : 2 cos[2«|> 0 -®) ] 0z® sin[2(0 -®)] 


(14) 


and determined by the value of the nonlinear parameter f3z and 
nonlinear phase addition ®. 

Calculations of the variances of the SH quadrature 
component yeild in the expressions: 


o* :0t ° : 1 

x.y 4 


- {(-(P7) 2 z 4 -2(Pz)* ) (cos [4(<t> -®)-27z]-cos [4(<t> -®) ] ) 


4 2 

+ 2p 2 7z a (sin[4((|> -®)-27z]-sin(4«|) -®) ) ) > , 


(15) 


where the upper sign is for the X quadrature and the lower is 
for Y. Let us transform Eq.(15) by retaining only the terms of 
order (£z) and smaller. As a result we have to within ((3z) 2 

t 

- - K*® -Sin[4(<J> 0 ~®) ] + 2 (|3z® 


cos[4(<J> 0 -®) ] , 

(16) 

cos (4 (<f> 0 ~®) J . 


characterizes 

the 

from Eq . (16) 

that 


where the coefficient K «(|3;a o :z) 

efficiency of the SH conversion. It folic 
the variances are the oscillatory functions of the parameter ® 
due to the self-action. The oscillation amplitude depends on 
the SHG efficiency and the value of the phase ®. It is evident 
that the variations of the variances have the opposite 
tendency. The analysis of Eq.(16) is more clear provided the 
initial radiation phase <}> 0 is optimized: 


1 1 

<$> - ® + - arg ( ) £ ®. 

4 27z 

The extremal values of the variances Eq.(16) are equal to: 


(17) 
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(18) 


O 2 - - ± K*® . 

x,y 4 

One can see from Eq. (18) that it is possible to obtain the 
quadrature — squeezed states of SH field. In this case the 
predominant role is played by the self-action effect- In the 
absence of the self-action (®-0) the SH field is in the 
coherent state (0*-<J* -1/4). It Is obvious from Eq.(18) that the 

x y 

degree of squeezing can be arbitrary high and is determined by 
the efficiency of the SH conversion K* and phase ® • 

It follows from the calculation of the uncertainty 

relation for the SH quadrature components that we have the 
ideal quadrature squeezing to within (Pz) . 


6. Conclusions 

It follows from the analysis given above that SH 
quadrature - squeezed states are produced by frequency doubling 
in the presence of the self-action phenomenon which plays 
a predominant role. The degree of squeezing is determined by 
both the SHG efficiency and nonlinear phase induced by 
self-action. The nonlinear medium where the considered process 
is likely to occur can be realized in noncentrosymmetric 
nonlinear crystal (for example ZnSe) or centrosymmetric medium 
in a static electric field. It seemB to be promising to use 
optical fibers, in which the SHG efficiency can reach 1-5% 
(Ref .7) . 

As it was mentioned above the possibility to produce the 
squeezed states of the fundamental radiation isusually studied 
in SHG process occurring in the absence of the self-action. 
Outside the framework of the fixed photon number approximation 
we also considered the fundamental field statistics, taking 
into account the self-action effect. We have found that the 
degree of the fundamental radiation squeezing depends on the 
SHG efficiency and nonlinear phase as in the case of the second 
harmonic field. 
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Abstract 

The redistribution of intrinsic quantum noise in the quadratures of the field generated 
in a sub- threshold degenerate optical parametric oscillator exhibits interesting dependences 
on the individual output mirror transmittances, when they are included exactly. We present 
here a physical picture of this problem, based on mirror boundary conditions, which is 
valid for arbitrary transmittances and so applies uniformly to all values of the cavity Q 
factor representing in the opposite extremes perfect oscillator and amplifier configurations. 
Beginning with a classical second-harmonic pump, we shall generalize our analysis to apply 
to finite amplitude and phase fluctuations of the pump. 


1 Introduction 

A degenerate optical parametric oscillator (DOPO) has long been considered a nearly ideal squeez- 
ing device when operated just below threshold. The quantum fluctuations of the generated 
sub-harmonic field are rather immune to spontaneous emission since the two-photon transition 
governing the parametric down-conversion process sees no resonant intermediate levels. 

Nearly all prior work dealing with this problem [1,2,3] has been limited to the situation in 
which the DOPO cavity is nearly perfect. In a general approach [4,5] developed recently by the 
author and Abbott, which is based on the exact treatment of mirror boundary conditions, it 
has become possible to discuss cavity problems in quantum optics for the entire range of cavity 
transmissions possible. In the present DOPO context, this approach thus permits the extreme 
limits of a single-pass amplifier (cavity transmission —♦100%) and of a nearly perfect DOPO cavity 
(cavity transmission — >0%), and all intermediate-^ oscillator configurations to be treated on the 
same footing. By employing this viewpoint (which may be viewed as a generalization of Collett and 
Gardiner’s approach [2]), we also develop a physically insightful picture of the general squeezing 
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problem, one which emphasizes the correlations of the input, output, and intracavity Adds that 
govern the relationship of intracavity and output field fluctuations. Any reference to modes is 
altogether avoided here. 

After treating the DOPO problem with a perfectly monochromatic pump, we shall model real- 
istic experiments in which the pump field has finite amplitude and phase fluctuations. Although 
any amplitude noise of the pump has a relatively minor impact on the squeezing of the sub- 
harmonic signal field, pump phase diffusion even when it is tracked can cause a severe degradation 
of that squeezing. More detailed discussions of this problem will appear elsewhere [6]. 


2 Mathematical Formalism 

A description of the problem at hand that covers the whole gamut of cavity transmission factors 
is necessarily multimode in character. We avoid all reference to cavity modes by writing the 
fully quantized signal field inside the cavity in terms of its rightward (positive- z) and leftward 
(negative— z) propagating parts. For the positive-frequency part, this decomposition is written in 
the Heisenberg picture (HP) as 

E (+) (z,t) = (e+(z,f) e'*°* + e_ (z,f)e“’* # *)e _<n# ^ (1) 

in which the operators e±(z,f) have expectation values that are assumed slowly varying in space 
and time on the scale of the central wavelength 2x/fco and period 2ir/n 0 . 

The parametric interaction of E^^{z,t) with an intense quasimonochromatic is described via 
the interaction Hamiltonian (also written in HP ) in a cavity of length l filled with the parametric 
medium: 


H'r 


DOPO 


3 A / 2 \ 

= — y 1 ' e 
4 * 


'pump 


J l [e* (z,t) + el(z, f)] dz + Hermitian Conjugate 


( 2 ) 


The complex pump amplitude e^mp is at most slowly varying in time. The constants A and x^ * 
are the cross-sectional area of the cavity and nonlinear susceptibility, respectively. The notation 
used is the same as in Ref. [7]. We may write the equations of propagation for e± (z,t) in the 
slowly-varying envelope approximation as 




( 3 ) 


in which the nonlinear polarization waves p± L {z,t) driving the parametric interaction are given 
by a functional differentiation of the quadratic interaction Hamiltonian (2): 

p* L (z,() = H’dopo (4) 

Thus, on combining (3) and (4), we have the following generalization of the single-mode equations 
describing the parametric amplification process: 




( 5 ) 
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Fig. 1. The DOPO Cavity with End Mirrors at z — 0 and z — l. 


To complete the formalism, we supplement Eq. (5) with boundary connections of the intra- 
cavity e±(z,t) fields with the input vacuum fields. These connections are 

e +(0, t) = -fe_(0, t) + te? c (0, t); 

in which are the two traveling pieces of the vacuum field entering the cavity through its 
mirrors at z = 0 and z = t with inside- to-outside reflection and transmission coefficients (— f, t) 
and (— f', t') respectively (see Fig. 1). 

3 The Parametric Amplifier Problem 

Without the cavity mirrors, the oscillator reduces to the amplifier configuration in which the two 
traveling parts c+ and e_ are not coupled to each other. We may therefore concentrate on only 
one of them, say the e + — field. 

Furthermore, for simplicity, we shall assume in this section that the pump has no amplitude 
and phase randomness, so that it is strictly monochromatic. For this case, one may assume without 
any loss of generality that q is real and positive, for any constant nonzero phase <t> 9 of q may be 
scaled out by redefining e + (z,f) to carry a constant phase factor exp (i<f> q /2): 

e + (z,f) -♦ e + (z,f)e‘*« /J , (7) 

without altering the physics. 

By adding to Eq. (5) and by subtracting from it its Hermitian conjugate, one obtains the 
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(8) 


following pair of uncoupled equations for the quadratures of e+: 

(fo + cdt ) X+ ( Z '^ = Y + {z,t) = -qY + (z,t), 

where X + (z,t) = | (e + (z,f) + e+(z,t)) ;K + (z,t) = £ (e + (z,t) — e+(*,f)) are the in-phase and 
7 t/ 2 out-of-phase quadratures. The solution of Eqs. (8) is straightforward in terms of the retarded 
time variable, r = t — z/c\ 

X + (z, t) = * + (0, t - z/c) «**; y + (z, t) = n (0, t - z/c) e’*'; (9) 

which represents a phase-sensitive amplification process characteristic of the parametric interac- 
tion. These solutions are entirely equivalent to the following time-evolution equations 

X + (z,t) = X + (z -d,0)e' rf ; Y + (z,t) = Y + (z - ct,0)e~^. (10) 

The linear relationships of Eqs. (9) or (10) indicate that both the expectation value and fluctu- 
ations about it of the X + — quadrature (y + —quadrature) of the signal field amplify (attenuate) by 
the same factor. This statement, valid both classically and quantum-mechanically, clearly implies 
that any noise initially present in the signal is stretched along the ^-quadrature and shrinks along 
the y-quadrature, as shown in Fig. 2. It is in this way that quadrature squeezing comes about in 
a parametric amplifier. 

4 The Parametric Oscillator Problem 

Our treatment of the .parametric oscillator builds upon the simple amplifier analysis presented in 
Sec. 3 by limiting z to lie between 0 and t and adding mirrors at z = 0 and at z = l, which serve 
to connect e + and e_ and the input vacuum fields via (6). As in Sec. 3, we restrict our analysis 
here to a perfectly monochromatic pump wave for which Eqs. (9) describe the interaction of the 
e + wave with the medium. Similar relations may be written down for the quadratures of the e_ 
-field (integrated backwards from z = (): 

r.(z,i)= y_(<,<-(/-z)/c) 1 

Since we are ultimately interested in calculating the quadrature squeezing of the intracavity 
field e±(z,t), we concentrate here onwards on the quantum fluctuations alone of the various 
quadratures. We first consider what the implications of the boundary connection relations (6) 
are for the fluctuations. Since (r, t) and (r', t') are all real, these relations are formally the same 
as those obeyed by any particular quadrature of e± and ej“ c fields, including their X— and Y— 
quadratures separately. Furthermore, the two fields (or their quadratures) on the right-hand side 
(RHS) of each equation in (6) are uncorrelated at any t. To see this, we note, for example, that 
the e" ac (0, t) field entering the z — 0 mirror contributes to the e^ e (£, t 1 ) field only after a time 
t' — t = 2 l/c during which the former field makes a full round trip through the cavity. Thus, 
e_(0, f) is correlated with e; Be (0, t - 2 t/c) which is not correlated with e? e (0,<), since the vacuum 
field fluctuations are essentially ^-correlated in time. In view of this lack of correlation, we may 
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Fig. 2. The Parametric Amplification Process. The X — quadrature is amplified by 
a given factor (taken to be 2 here) while the Y —quadrature is attenuated by the same 
factor. 


write for the quantum-mechanical variance of, say, the Y —quadrature of fields at the mirrors in 
terms of the power reflection and transmission coefficients (R,T) and {R\T') (with R = r J , etc.) 

(An(0,i)’)= fl(AK(0,i) 1 ) + r(AKr(0,0’); . 

(AV-(t.lf) = ft'fAK+lf,!) 1 ) +T'(aKT‘(M) 1 ). ' 

while setting z — t in Eqs. (9) and z — 0 in Eqs. (11) yields for the propagation of variances 
through the medium 


(A Y + (l,t) 2 ) = (AY+(0,t - l/c) 2 ) e~ 2qt \ (A y_(0,0 J ) = (a Y.((,t- t/c ) 2 ) e-*. (13) 

With the aid of Eqs. ( 12) and (13), we may express the retarded propagation of the Y+ -variance 
at z — 0 in one complete round trip as 

(AF + (0,f) J ) = R{AY.(l,t - t/c) 2 ) t~ 2qt + T (AY™ e {0,t) 2 ) 

= e~ 2qt R [# (A Y+{t,t- f/c ) 2 ) + T'(AY™{e,t - Itc) 2 )] 

+r(AF; ac (0,f) 2 ) (H) 

= RR , e~* qt (AY + (0, t - 2 l/c) 2 ) + T (AKJ M,c (0, t) 2 ) 

+ RT'e- 2 " 1 (A Y“ e (l, t - t/c ) 2 ) . 
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PROPAGATE BACKWARDS 


1 


MIXING OF INPUT AND CAVITY 
FIELDS AT z = 0 MIRROR 


MIXING OF INPUT AND CAVITY 
FIELDS AT z = f MIRROR 



PROPAGATE FORWARDS 


J 


Fig. 3. Round Trip Evolution of Fields and Their Variances. 


The foregoing sequence of mathematical steps in arriving at the round trip propagation of variances 
is shown diagrammatically in Fig. 3 to bring out the underlying physical picture. 

In steady state, the quantum statistical properties of the field do not change from one round 
trip to the next. In this long-time limit, suppressing the time entry of each variance in Eq. (14), 
we get 


(AY + (0) J ) 


T{AY^f) + BT't~ w (AYT“(O j )] 

(1 - RR't-***) 


(15) 


a result that is uniformly valid for all values of (R, T) and (R*, T') pairs (with the obvious energy- 
conservation constraints, R + T = R' + T' = 1). It is also worth noting that in the derivation 
of (15), the only property of the input fields used was their white-noise (^-correlated) character. 
Thus, (15) applies not just to vacuum-field inputs, but to arbitrary white-noise input fields. 

In the good-cavity limit, R, R' ~ 1 , qt ~ 0, we recover the result of Collett and Gardiner 
generalized to allow for arbitrary white-noise input fields at the two mirrors: 


(Ait(O) 1 ) 


t + r (ak“‘(0’) 

(T + T') + Aqt 


(16) 


For vacuum-field inputs as explicitly indicated in Eq. (15), since the two input fields are statisti- 
cally identical (except for their direction of propagation), we may write more simply 


where 


(ay + ( 0) j ) 


(T + RT't-W) AT 
(1 - RR'e ***) N ' 


( 17 ) 


N vte = ( Ar;* £ (0) 2 ) = (akt“(o) j ) . 
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Note that the calculation of the variance (AAf+(0) 3 ) of the X — quadrature of the intracavity is 
entirely analogous and is given by Eq. (17) provided q is replaced by —q everywhere. 

The degree of quadrature squeezing is the ratio (AK f (0) J ) /N^ e which is generally the factor 
by which two input fields with the same quadrature variance, but not necessarily vacuum fields, get 
squeezed on entering the cavity. Detailed discussions of this quantity in both textual and graphical 
forms have been presented elsewhere, where its generalization to include arbitrary relative phase 
between the two traveling components of the monochromatic pump has also been derived [5,6]. 

Having discussed the intracavity field, we now present the noise characteristics of the output 
field. Like the former field, the latter field is strongly correlated with the input fields as well. 
However, unlike the former, the output field quadratures can be easily subjected to a spectral 
analysis by choosing a sufficiently narrowband local oscillator field and integrating long enough in 
a balanced homodyne setup as was done in the original experiments [8]. We shall see that it is in 
this spectral sense that the output field exhibits a very high degree of squeezing. 

The boundary connection of the output is similar to Eqs. (6). For example, the leftward- 
traveling output field at the z = 0 mirror is a linear superposition of the transmitted part of e_(0, t ) 
and the reflected part of e“ e (0,t). So any quadrature of the output field, say its Yl — quadrature, 
obeys the boundary connection formula 


»W<M) -ftl(o,o + «7 e (o,0. ( 18 ) 

However, unlike the intracavity field, we must know the full time dependence of V^«t(0, t), not just 
of its variance, before it can be spectrally analyzed. Equivalently, as (18) shows, we must know 
how r_(0,f) evolves in time. But, that is easy to write down over a complete round trip since we 
know via Eqs. (9) and (11) how the intracavity field e± interacts with the active medium in a 
single pass through it, while Eqs. (6) tell us how the input fields e“ c leak into the cavity at the 
z = 0 and z = l mirrors. The round trip evolution of Y_(0,t) turns out to be 

Y. . (0, t) = ffe-^K (0, t - 2 tfc)- iVe"** J?“( 0, t - 21/ c) , „ 

+ i'c~ qt Y™ c (l,t — t/c), ' ’ 

which could also have been written down directly based on physical arguments presented below. 

If Y_(0,t — 2 t/c) is the Y -quadrature of the cavity field just before it is incident on the z = 0 
mirror from the right then after that mirror reflection a fraction if it is reflected while a fraction 
i of the input field Y+* e ( 0,< — 2 t/c) is transmitted. The two waves propagate rightward through 
the medium with their Y —quadratures attenuated by factor c~ ql . They are then reflected at the 
mirror at z = / by factor — f* while a fraction t‘ of the second input Y^fO, t — t/c) is added to the 
circulating wave. The net field then propagates a distance t leftward through the active medium, 
with its Y -quadrature attenuated further by e~ qt as a result, to become the net field, given by the 
left-hand side of Eq. (19), a time t/c later. 

A Fourier analysis of Eq. (19) is straightforward. We shall focus only on the central (zero- 
detuning) frequency component since it has the largest noise reduction. Denoting the Fourier 
transform of a function f(t) by /(6u>), we see that for 6u> = 0, Eq. (19) yields 

Y. (0, 0) [l - rf'e _l,< ] = -tr'e- 3q ‘Yf e ( 0, 0) 

+t'e- q *Y“ e (t,0), 
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while Eq. (18) yields 


fuo,o) = if.(o,o) + fyr e (o,o). 


By eliminating Y1(0,0) between these two relations and using the energy-conservation relation 
f 2 + P — 1 , one may easily show that 


n«.(o,o) 


(f - f'e- 2 *) £”‘( 0 , 0 ) + 0 ) 

(1 — rf'e _2f/ ) 


( 20 ) 


whose variance is related to the spectral variance of (uncorrelated) input-field quadratures. If we 
assume that the input fields have the same spectral quadrature variance at a given frequency, such 
as is surely true for vacuum-field inputs then the spectral squeezing of the output field at zero 
detuning is by the factor 


S2(0) = (An. t (0,0) J )/(Af7 e (0,0) 2 ) = 


(1 — ff , e -2 * / ) 2 


( 21 ) 


Just as for the cavity field, the ratio (A^«(0,0) j ) / (AX”‘(0,0) j ) for the ^-quadrature is given 

by replacing q by —q everywhere in relation ( 21 ). 

It is worth noting that just below threshold rf , e 2,< — ► 1 , the .Y-quadrature of the output 
field at the z — 0 mirror has infinite variance in its central frequency component, while the 
corresponding Y -quadrature spectral component has a finite variance that depends on how large 
the transmission V of the other mirror is. In particular, for T' = 0 regardless of the value of R 
(or of J 1 ), the output Y -quadrature has zero spectral variance at the line center. This is a very 
surprising result, implying as it does that even in a very low -Q but single-ended cavity the output 
field is perfectly squeezed in the spectral sense, if the parametric gain is high enough to drive the 
oscillator to its oscillation threshold. A more complete discussion of the output field, including 
the bandwidth of the squeezing spectrum, may be found in Ref. ( 6 ). 


5 Squeezing in the Presence of Pump Noise 

In a real experiment, pump noise is inevitable. Typically, the pump field has both amplitude and 
phase noise that can be described well in classical terms alone. For example, the pump amplitude 
may have a small fluctuating piece, described in Eq. (5) via a time dependent 9 , 

q{t) = 9 o + 6q(t), ( 22 ) 

in which 6q(t) is an Ornstein-Uhlenbeck Gaussian process with zero mean and an exponentially 
decaying two-time correlation 


(6q(t)6q(t')) = a 0 re- r, ‘- r| . ( 23 ) 

The pump phase noise, on the other hand, is ultimately limited by phase diffusion which is well 
described by a classical Wiener-Levy Gaussian random process with zero mean value for the time 
derivative of the diffusing phase, and its two-time correlations: 
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(#) = 0; (6i(t) = 2D6(t - 0- (24) 

The constants 2T and 2D are the amplitude and phase-noise contributions to the total pump 
linewidth. 

Since detailed discussions of this problem have been presented elsewhere [6], we shall restrict 
our derivations here to its relatively simple but physically revealing aspects. To begin with, we 
shall take the white-noise limit, T — » oo, for the amplitude noise. In more precise terms, this is 
the limit in which Tt/c > 1. 

Since q in Eqs. (5) and (8) is time dependent, the exponentials in Eqs. (9) and (11) have 
integrals in their exponents. For example, in Eq. (9b) one must replace 

c -«* _ 

for a given statistical realization of 6q. This means that the Y —quadrature variance is down by 
the factor 

e -3*>* _ e -2«/+4ao/e 

in every single pass either leftward or rightward between the two mirrors. We used the familiar 
result that for a Gaussian random variable z, 

(< e *) = e w eH A **> (25) 

and the fact that when Tl/c > 1, 


(Sq{t) Sq(t’)) ~ 2a Q 6{t - ?), (26) 

to obtain the preceding factor. 

A recognition of the extra factor e 4a ° tc by which the Y —quadrature variance is altered when 
the pump amplitude has a fluctuating piece immediately tells us that Eqs. (15) and (17) must 
also be altered accordingly. Thus, for example, Eq. (17) takes the form 


( 44 ( 1 )’) = 


(t + # r e - Jw/+Wc ) 

(1 - 




Since oiq > 0, the net effect of the 6-correlated pump amplitude fluctuations is to merely reduce 
the parametric attenuation of V-quadrature fluctuations thereby leading to a smaller intracavity 
squeezing. 

Although we have not discussed the opposite, static pump amplitude noise limit, Tl/c <C 1, 
it can be seen by physical arguments that for a given amplitude noise (6q 2 )^ , the static case 
compromises intracavity squeezing more dramatically than the white-noise case, for it is roughly 
the zero-frequency Fourier component of the pump noise spectrum that controls the steady state 
characteristics of the signal field. As the noise bandwidth T increases, a fixed amount of amplitude 
noise is partitioned into more and more Fourier components, so that the zero-frequency component 
(like any other) goes down. 
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We turn now to the computation of spectral squeezing of the output field in the presence of a 
^-correlated pump amplitude noise. This task is quite involved when compared with the derivation 
of the preceding intracavity variance formula. One must begin with the fluctuating analog of (19) 
which may be shown to be 


Y (0 t) = 0, t - 2 t/c)- tf'e-<‘)-*<‘-</‘)y;~(0, t - 2t/c) 


(27) 


in which 

»;(*)= f[<b + Sq{t-zlc)\dz. (28) 

JO 

A direct Fourier transform of Eq* (27) is not possible. We must compute first the two-time 

correlation functions (K(0, *)*?“( 0,O). “ d (^(MVTW)) that enter 

the output autocorrelation function (V'«,i(0,t)F o . t (0,t / )) via Eq. (18). A Fourier transform of the 
output correlation then furnishes the spectral variance. To compute the former two correlation 
functions, we solve Eq. (27) for K(0,«) iteratively in terms of Y? c at successively earlier times, 
one differing from the next by the roundtrip time 2 t/c : 

K_(0,t) = -if' £ (ff') n e _,n " +j(t) Kj'“(0 , t - 2t(n + l)/c) 

n* 0 (29) 

+ ? £ ("T t - *(2n + i)/c) 

n=0 

in which 

*(*)■ r (flo + 6q(t-zlc)]dx. (30) 

JO 

We may use the identity (25) and the white-noise approximation (26) to obtain the useful formula 
/ e -**(‘) e -vW\ = (31) 

_ g-lp+pOw^ooe^P+P'+^P*^ 


in which p < is the smaller of (p,/^). 

When combined with the 6-correlated nature of the vacuum fields, relation (29) enables one 
to secure the needed correlations from which the following output quadrature autocorrelation 
function is obtained [6]: 

(YU 0, t) YU 0 , ?)) = £ [P (P + 

+ 2 £,(ff') n+n '^ (<-*'- 2 (n-n')f/c)e- 2(n+B ' ),# V 0#£/(n>+3 " <) (32) 

-pi (°f f')" [S (t-f- 2 Title) + 6 (t - 1' + 2n//c)] e - Jn «o /+Jo « ne/ + 6 (t - O] 

nzO 

in which 

(y;“ (o, t) y™ (o, t')} = (y™ (t,t) v:* e (t , 0) &cs{t- f) . 
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As before, we are only interested here in the central frequency component of the quadrature 
spectrum. This is obtained from Eq. (32) by integrating it over (t — t') in the range (— 00 , 00 ), 
which is a trivial task due to the presence of a 6- function in every term. The resulting infinite 
sums are related to the geomteric series and can be carried out in closed form. The net result of 
these straightforward steps is the following noise reduction factor at line center: 


s»o) = i 


P (? + (l + ff'e- 2 <«-°« e >') 

1 + (1 - f3f'ae- 4 <»- ^< ‘• e > , ) (1 - 


2 ? 

1 


(33) 


When the pump fluctuations are absent ( 0 $ = 0), this expression naturally reduces to result (21). 
In general, however, a graphical presentation of (33) is imperative for physical insights. This is 
done in Fig. 4 for a symmetric cavity (R * ff). It is no surprise that as the pump amplitude 
fluctuations increase in strength, the amount of squeezing reduces for any fixed value of R (i.e. 
along a vertical line on the figure). For a fixed fluctuation strength, on the other hand, the higher 
its value the slower the squeezing increases, with increasing R, to its maximum value at oscillation 
threshold. 

A reduction of the amplitude-noise bandwidth, so that Tt/c is no longer large compared to 
1, leads to reduced output squeezing for the same reasons as for the intracavity field. It is 
worth noting that amplitude noise, being essentially multiplicative in nature (see Eq. (5)), is 
less important than pump phase noise which unavoidably couples the squeezed quadrature to the 
highly fluctuating quadrature, thereby seriously undermining squeezing. 


6 Pump Phase Fluctuations 

Even the quietest pump, such as one generated by a highly stable laser, has intrinsic random 
phase diffusion arising from the purely quantum mechanical process of spontaneous emission. 
This means that squeezing in the sub-harmonic signal field when measured relative to a fixed (or 
independently fluctuating) phase will show a time-dependent behavior as both the squeezed and 
unsqueezed orthogonal quadratures with phases slaved to the pump mix. However, if both the 
local oscillator (LO) and pump are derived from the same laser, then the reference LO phase and 
the phase of the ideally squeezed quadrature track each other. In spite of this phase tracking, 
there is a residual effect on squeezing, due to the time dependence of the pump phase diffusion 
[9], which we consider here. 

In the presence of a finite as described by a Wiener-Levy Gaussian random process with 

moments (24), Eq. (5) has q replaced by and the signal quadratures X±(z , t) and Y±(z, t) 

are defined relative to the phase 64>(t)/2: 

X±(z, t) = 1 [e + (r,t)e-^‘)/ J + e_(M)e <5 *<‘>' 2 ] ; 

Y ± (z,t) = A [e + (M)e- w(,) / 3 - e_(M)e if *<‘>/a] . 

These quadratures evolve according to the matrix equation 

{§; ± ) v±{sJ) = b 3 ± V±(M) ’ 


(34) 

(35) 
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Fig. 4. Squeezing of the Central Frequency Component of the Output Field Quadra- 
ture in a Symmetric Cavity. The full, dashed, and dotted curves represent values of 
the fluctuation parameter aod equal to 0, 0.005, and 0.01, respectively, while the 
roundtrip gain coefficient qot is 0.05 in each case. 
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in which the column vector V±(z,t) is {X±(z,t),Y±(z,t)) T and the o’s are the Pauli matrices 

'*“(i o) ; T)* < *"(o -l)- < M > 

Although Eq. (35) is a first order equation, it is a matrix equation with the coefficient matrix 
on the RHS at any time not committing with itself at another time. This renders the solution a 
formal one in terms of time-ordered or path-ordered exponentials. The path-ordering (or time- 
ordering) has however the advantage that successive path-ordered (or time ordered) exponentials 
from one roundtrip to the next may be easily multiplied. One first combines the solution of Eq. 
(35) with the boundary connections (9) to determine the single roundtrip evolution of V + (0,t) 
to obtain a matrix analog of Eg. (19). Iterative processing of such equation leads to a formal 
solution that can, via the simplicity of writing products of time (or path) ordered exponentials 
with contiguous limits as single time (path) ordered exponentials over the entire time (or path) 
interval, be expressed in the form 

V + (0, 0 = £ (rr')" C(0, 21, n; i) e 2 ^, (t - 2n t/c ) . (37) 

nsO 

In Eq. (37), W vae is a column vector related to the quadratures of the two known input fields 
and C( 0, 2 tn\ t), a path-ordered matrix exponential involving an integral over 6ij)(t), represents the 
residual effect of pump phase diffusion over signal noise. 

In Ref. [6], solution (37) serves as the starting point for computing the various variances and 
correlations needed for determining the steady-state intracavity quadrature variances and output- 
field quadrature noise spectrum. Eq. (37) is sufficiently complex that a statistical averaging over 
the phase noise Sxl>, in spite of its Gaussian and ^-correlated nature, cannot be exactly performed in 
the involved integrals. One must settle for a series expansion of intracavity and output squeezing 
in powers of the phase diffusion constant D, which has been determined to 0(D 2 ) [6]. We refer 
the interested reader to that reference for more details. It suffices here to state that pump phase 
diffusion seems to be most important near threshold where the fluctuations in the X —quadrature 
of the cavity field have a highly slowed relaxation rate. 

7 Conclusions 

We have presented here an analysis of squeezing in a degenerate parametric oscillator that lends 
itself to an easy physical interpretation for the most part. For completeness, we have also summa- 
rized the impact of pump amplitude and phase noises of sorts encountered in a real experiment 
on the observed degrees of cavity and output squeezing. An exact analysis for the case of a finite 
pump-phase diffusion noise is beset by the difficulties of computing the statistical averages 
of path-ordered integrals involving 6ij>(t). 
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Abstract 

It is shown how a disturbance-type uncertainty principle can be derived from an un- 
certainty principle for joint measurements. To achieve this, we first clarify the meaning of 
"inaccuracy” and "disturbance" in quantum mechanical measurements. The case of pho- 
ton number and phase is treated as an example, and applied to a quantum non- demolition 
measurement using the optical Kerr effect. 


1 Introduction 

One of the most appealing aspects of quantum optics is that within its domain of application 
experiments can be realized that used to be confined to the domain of Gedanken experiments. 
The proposed [1] quantum non-demolition (QND) schemes for photon number measurement are 
such fundamental measurements. In fig. 1 we have sketched a simple setup [1,2]. A signal beam S 
is mixed with a probe beam P in a non-linear Kerr medium. The refraction index of this medium 
is intensity dependent. Accordingly, the probe’s phase will depend on the number of photons in 
the signal beam. By coupling the outgoing probe beam with a reference beam,- the probe phase 
can be detected and thus the signal photon number can be deduced. However, this is not the 
only consequence of the interaction between signal and probe beams. Also the S-phase will be 
influenced. 



FIG. 1 Basic QND scheme, using the Kerr effect. 
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The experiment can be seen as an analog of Heisenberg’s 7 microscope experiment [3]. Then 
a particle’s position is measured in a non-destructive way. In the 7-microscope, it is argued 
momentum is disturbed by an amount Dp as a result of measuring position, satisfying ( h = 1) 

6qDp £ 1, (1 

6q representing the microscope’s resolution, i.e., its inaccuracy in determining position. Anal- 
ogously, in the Kerr device, where photon number N is measured, the probe effect on signa. 
phase can be expected to take the form of a disturbance, in size reciprocally related to the Ad- 
measurement inaccuracy. In order to avoid certain ambiguities (cf. [4]) we shall give a formal 
definition of this disturbance notion. In particular we show how relations like (1) can be derived 
in a precise way from uncertainty relations for the inaccuracy, achievable in joint measurements 
of incompatible observables. Such relations have become available relatively recently [1, 6, 7]. 


2 Inaccuracy 

We represent measurements by positive operator-valued measures (POVM’s) [5, 8], a notion gener- 
alizing von Neumann’s project ion- valued measures (PVM s). For a discrete set of outcomes A, a 
POVM M = {M*r, k £ K] generates the probability of outcome k by TrpM k , when the object is in 
state p . Hence M must satisfy M k = 1, M k > 6. A second POVM, O = {0;}, is then said to 
represent a non-ideal measurement [7] of M if there is a stochastic matrix A|* (£ ( A/* = 1; A/* > 0) 
such that 

Oi = ^A/*Mfc. (2) 

k 

We use the shorthand M -» O for this relation. The O-distribution is a smeared version of 
the Ad-distribution. ' Finally we need to characterize the amount of inaccuracy by a real number. 
Clearly, if A,* = 6 lk , the Kronecker-delta, O is equal to M: then a measurement of O is a perfect 
measurement of M . Thus we need to quantify how much A j* deviates from 6j*. Consider again the 
QND scheme of fig.l. Given that the incoming probe beam is described by a coherent state |/3 > 
and the signal beam by p , it can be shown that the outcome probabilities P(q) of the outgoing 
probe phase measurement are given by [2, 9] 


P(?) = £„ s P( 9 Ins! 

^(?i n s) = 7^7 ex P 

where we have taken the initial beam splitter’s transmittivity 7 = 5- The constant Xt depends 
on the non-linearity coefficient of the medium. Defining the POVM O by the requirement P(q) — 
TrpO(q ), (2) is satisfied if {Mk} represents the photon number observable. The measurement 
inaccuracy is characterized by the width of P(q\ns), an d can be interpreted as being due to excess 
noise inherent in the measurement. For low photon numbers the response is approximately linear: 
p « |/3| 2 x T ns. Hence this measurement can be characterized by parameters quantifying noise (cr) 
and gain ( dp/dn s ). A suitable inaccuracy measure is the ratio of these two: 

c _ g ’ L_ (4) 

6Ns ~dp/dn s \0\xr' 


< ns|p|n 5 >, 

“2 ( a 7 £ ) 2 ] ’ a = 101* P = l^| 2sill (Xr^s), 
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In deriving (3) we ignored self-phase-modulation (SPM) [1], It can be shown that, beyond a 
certain probe photon number, SPM has a strongly adverse effect on the measurement quality [2] 
Refining the setup, however, can compensate for SPM to a large extent [1, 9]. 

3 Joint Measurements and the Uncertainty Principle 

For finite- dimensional Hilbert spaces a general proof has been given that joint non-ideal measure- 
ments of incompatible observables axe possible, but that their quality is limited by am uncertainty 
relation [7], In the present paper we will focus on the phase- number observable pair. In this 
infinite dimensional case no completely general result is known, but the special results obtained 
axe nevertheless quite convincing. Consider the (non-Hermitean) phase observable, 

e* = £|n >< n + l|, (5) 

n 

given by Levy-Leblond, |n > denoting the number states[lO]. Not only is it incompatible with TV, 
but the pair forms 4 perfect analog of the position-momentum pair, cf. 

e im* t <aN _ c «otf na m g Z, a € R. (6) 

Next consider a second (ancillary) system, being in state p and having similar observables 4>' 
and TV 7 defined on its Hilbert space H'. Then the composite observables 

e’'*> := TV t := TV + N' (7) 

are compatible, as evaluation of their Weyl commutation relation, using (6), shows. Hence, N t 
and 4> t can be measured jointly. Then the POVM {M(<f>,n) = Tr n -(p'\<f>,n >< d>,n|)}j | <j>,n > 
being the common eigen-states of 4> t and TV,, describes a joint non-ideal measurement of 4> and TV. 
Indeed, for the relation between the probability distributions of N t , TV, and N' we find 

Wn t ) = £ P*,(n, - n)Pft(n), P^(n') =< n'\p'\n' > . (8) 

n — 0 

Comparing this with (2) we see that the N t measurement is a non-ideal measurement of TV, i.e., 
TV —* N t , the stochastic matrix A/* being given by P* ,(n t — n). Therefore the inaccuracy of the 
non-ideal TV-measurement is determined by the spread in the number n' present in the state p' of 
the ancillary system. Similarly the ^(-measurement can be seen to be a non-ideal measurement 
of <f> : 4> —* <f> t , the inaccuracy being determined in an analogous way by the phase spread of 
the ancillary system. As a measure 6 * of the inaccuracy of the ^-measurement we may tadce 
[81 = — 1 + | < t'*' > | -J . In this way we have a formal scheme of generating joint non -i dead 

measurements of incompatible observables. Indeed for position-momentum this scheme has long 
been known (e.g. [11]). From am uncertainty relation derived for observables N' and 4>' in state 
p' [8, 10], the following inequality now straightforwardly follows for the inaccuracies of the jointly 
performed TV-and ^-measurements: 

M* > (9) 

This relation is of the same kind as (1). These were termed inaccuracy relations in [7]. In this 
special case this relation is a consequence of the restrictions in preparing the ancillary object state. 
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4 From Inaccuracy to Disturbance 

Neither the 7 -microscope nor the QND measurement referred to in sect. 1 are joint measurements, 
in the first momentum is not actually measured; neither is phase in the second. Yet, with however 
good a measuring instrument we try to measure the signal’s initial phase, we can never quite 
remove the inaccuracy from this measurement. It appears that there is a limiting inaccuracy 
present already in the outgoing signal beam in the form of a phase disturbance caused by the 
presence of a measurement arrangement for measuring photon number. In order to be able to 
obtain a quantitative expression for this phase disturbance we first consider the general description 
of measurements once again. In sect. 2 we saw that the outcome probabilities of measurement 
results (i.e., the determinative aspect of measurement) in general are described by POVM’s . Now 
we also need to take into account the object state after the measurement i.e., the preparative 
aspect of the measurement. In the von Neumann framework a measurement transformation of 
the first kind leaves the object in an eigenstate of the measured observable. In realistic cases this 
should be generalized to operation valued measures (OVM’s) [5]. If a measurement yields outcome 
jfc, the output state will be p k (p), given that the object started out in state p. The probability of 
Jfc’is then given by Tr[fi k (p)]. Accordingly, the mapping p -> p k [p] should satisfy 

£ Tr[p k (p)} = Tr[p), p> 6 - A* (A) > 0 . (10) 

kzK 

The POVM M = {M k } corresponding to the OVM {A*} is therefore given by 

VpTr[(t k (p)] = Tr[pM k ] M k = All*]- U 1 ) 

For every OVM there is only one POVM, whereas many measurement transformations may realize 
a given POVM. Now consider the outgoing object. Suppose we measure some POVM O = {0 ( } 
on it. Then the probabilities are given by 

Po(l) = Tr[it K (p)Oi} = Tr[piS K {Ot)}, m = £ A*. (12) 


Hence a measurement of O in the final state can be seen as a measurement of O {Oi} 

{A k(0/)} in the initial state. Moreover, every repetition of the experiment yields values for both 
l and k. Therefore we have a joint measurement, characterized by the bivariate POVM {Al(0i)}> 
of which 6 is one marginal and M is the other one. Summarizing, we see that consecutive 
measurements of M. and O may be seen as joint measurements of At and O. 

Let us apply this to the QND scheme. Suppose we want to look at the outgoing signal beam S' 
in order to find out the initial signal phase. Then we must not measure the phase of the outgoing 
state ps>, i.e., not 4>s‘ -» O in ps>, but we must have 4>s -* & in ps ■ We should build the (9-device 
such that 6 is related to 4> s by (2), rather than that O itself is thus connected to <f> s >. In this way 
possible distortions in the medium are compensated for. Since SPM has the effect that 4>s and 
fa' we incompatible [ 2 ], this difference is not quite trivial here.^ 

If _> (5, however, we have a joint measurement of Ns .and 4>s- The former, the QND POVM, 
measures Ns, the latter we must choose so as to measure 4>s- Accordingly, (9) is applicable. The 
phase inaccuracy thus achievable is limited by (26jv s ) -1 . 


52 


Note that we have made no assumption about the nature of POVM O whatsoever. The above 
reasoning holds quite generally. Define therefore 

e* s := inf d (6* s ), (13) 

where the infimum is taken in the set of all POVM’s O satisfying <j>s -» O. Assuming ds to be 
optimal, for adl such POVM’s O the bound (9) must hold, so that [12] 

^ 2 ' ( 14 ) 

The quantity (13) does not depend on O (which is a variable in a set of POVM’s), but on the 
meter’s transformation £*, which is implicitly contained in the condition 4>s —* 0. Thus c* s is 
a property of the A^-meter, known once the OVM {£*} has been calculated from the device’s 
blueprint. £* s characterizes how much initial phase information can be retrieved from the outgoing 
signal. In that sense the term disturbance is apt [12]. If all phase information is lost (e.g., if {/!*} 
is a measurement of the first kind), the disturbance e* s is maximal. If, on the other hand, the 
meter measures nothing (e.g., if pk{p) — P for all p), there is no disturbance at all, and e* s = 0. 


5 Phase Disturbance in the QND-Scheme 

Finally, we study the phase disturbance in the Kerr-setup of fig.l. Define generalized phase states 

\4- v >:= £(2»)- I/2 e( < * + * <, ' n( " +1, )|n > . (15) 

n 

For v = 0 these reduce to the eigenstates of (5). Then it can be shown that we need to measure 
the POVM {|0; >< <t>\ -|x T |} on S' in order to get information on 4>s • In fact, [2, 13] 

<!>k{\ 4>\ -\xr >S'< <t>\ ~ 5 Xr|) = /!»/*(<£ - <i>')\<l>' >S< <f>'\ dtf, . . 

the latter approximation being valid for low photon numbers. Here ©3 denotes the third of Jacobi’s 
©-functions. The smearing function p is plotted in fig. 2. Note that the convolution form of (16) 
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FIG. 2 Polar plot of the phase smearing function n{4>) (linear regime, |/?| 2 x 2 = 8). 
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is in agreement with (2). We have discarded an uninteresting phase bias term in (16). 
Calculating <5* s from (16), we get 6\ s ~ -1 + exp(*|0| 2 xj), implying (cf. (4)): 

log (1 + (17 

This is only slightly worse than the bound set by the uncertainty principle (14), indicating thai 
the measurement procedure described by (16) is optimal in the sense that 6+ s a c# s . 

As said before, the disturbance concept evades distortions in the medium, and therefore phase 
disturbance is unaffected by SPM, contrary to photon number inaccuracy (but see [9]). 
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A bstract 

The possibility to represent the quantum states of a harmonic oscillator not on the whole 
o-plane but on its one dimensional manifolds is considered. It is shown that a simple Gaus- 
sian distribution along a straight line describes a quadrature squeesed state while a similar 
Gaussian distribution along a circle leads to the amplitude squeesed state. The connec- 
tion between the one dimensional representations and the usual Glauber representation is 
discussed. 


1 Introduction 

There are several widely used representations to describe a state of a quantum oscillator in the 
Hilbert space. The most natural one is the expansion of the state into the number state 

oo 

I c >= £ c » I n > ■ f 1 ) 

n = 0 

Another well known possibility is the coherent state representation [1,2] 

I / >= - j /(<**) exp (- | a /2) | a > d^a, d^a = d(Rca)d{Ima), (2) 

/(a*) being an analytical function of or*. Here the state is represented by a superposition of 
nonorthogonal coherent states all over the complex a-plane. 

As already Glauber pointed out, there is an infinite number of ways of expanding any state 
in terms of coherent states due to the overcompleteness of the latter states 

| / >= i/ C( 0 ,a*) | a > (3) 

here the expansion function <?(q,o*) may be a rather general function of o and a *. Being 
confined to some given class of functions the uncertainty in finding <?(o,o*) can be reduced. In 
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this paper we shall deal with such representations that correspond to kern functions ^( 0,0 ) 
leading to integration over a one dimensional manifold of the a-plane in Eq. (3). The possibility 
to represent any state on a subspace of the complex plane comes from Cahills theorem on 
overcompleteness [3,4]. We shall show that such nonclassical states as the quadrature and 
amplitude squeezed states can be represented very naturally by superposition of coherent states 
along a straight line or along a circle in the a-plane correspondingly. 


2 Representation along a straight line 

The roost simple states emerging from superposition of coherent states are the even | x, + > 
and the odd | x, - > states 

|x,+ >= c + (|x> + |-x >), (4) 


| x, — >= C— (| x > - I -X >), (6) 

where | x > is a usual coherent state with real eigenvalue of the annihilation operator 0 | x >— 
x | x >. It is remarkable that the even state | x,+ > being a superposition of two classical 
states is squeezed [5] 

(A« 2 ) 2 = |-x 2 /( 1 -t-exp(2x 2 )l- (6) 

where u j and «2 are the Hermitian quadratures of the annihilation operator. 

The squeezing can be further enhanced by adding the vacuum state to | x, + > 


I x,p >= c f (| x > +p | 0 > -I- 1 -x > ). (7) 

This way one can achieve a variance (A<i2) 2 = 0-0651 instead of 0.111 for | x, + > or 0.25 for 
the vacuum state. Superposing more and more even states to it one can get even more squeezing 


/>= / /(x)|x>dx. 


-00 


( 8 ) 


In fact for any positive even function /(x), but for the /(x) — $(x) describing the vacuum, 
the state defined by Eq. (8) iB squeezed. A most important particular case is the Gaussian 
superposition function [5,6] 


/(x) = c exp(-x 2 /7 2 ). c= ^\/( 1 + 7 2 )/7 2 *> 
describing the usual squeezed vacuum state with uncertainties of the quadratures 


(A« 1 ) 2 = (l + 1 2 |/4, (A. 2 ) 2 = 1/4(1 + 7 2 ). (10) 
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Similar distributions can be constructed not only along the real axis but along any straight 
line. For example the squeezed coherent state with coherent signal a and squeezing parameter 
$ = rexp(i0) can be written in the form [7,8] 





f{x,a,$) | a + exp(id/ 2 )x > dx, 


( 11 ) 


/(*,<*,{) = c exp(-x 2 / 7 2 - r'Ax), $ = /m[a*exp(»#/ 2 )J, 7 = \/c 2r - 1 . . ( 12 ) 

As the Gaussian superposition of coherent states of Eq. (8,0) was a useful generalisation of 
the e\*n states of Eqs. (4,7) analogously one can build an odd state | 7 , 1 > resembling Eq. (5) 


I 7. 1 >= f G(x, 7 ,l) |x>dx, 

-00 

<?(*>7, 1) = cixexp(-x 2 /7 2 ), c x = + yffi*- 

The mean photon number and the uncertainty of the quadrature « 2 i* this state are 


and 



7,1 >= 1 + 


37 4 

ifT+T 1 )’ 


(13) 

(14) 


(16) 


<^) 2 = ifiTT)- < 16 > 

We can see that the state | 7, 1 > coincides with the one photon state | 1 > in the limit 7 = 0 
and with increasing 7 at < 7 , 1 1 at« | 7 , 1 >= 2 , 7 = it becomes squeezed. 

Similarlyone can define states | 7,n > with x n instead of x in their weight function G(x,7,n). 
Superpositions of such states leading to Hermite polynomial weight functionsare rather remark- 
able 


| An 



x > dx, 


A fl (x) = ^/v/3/(2xn!)if n (^)exp(-x 2 /2). 

The states | An > are orthonormalized (< An | Am >= Anm), satisfy the relation 

•i*» >= ‘» + 1 > +/r 1 *» - 1 >■ 

and correspondingly 


(17) 

(18) 


(19) 
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< An | « | An >= 0, < An | a 2 | An >= ^(2n + 1), < An | | An >- — ij • (20) 

The projection operator constructed from the Hermite states 

oo 

Pfr = 53 I An >< An |, (21) 

n = 0 

is a unity operator both for the coherent and photon number states 

< x | P k | jr >=< x | y >= exp|-(x - jf) 2 /2], (22) 

< n | | m >= Anmi (23) 

which shows that any state can be represented by them. For example one can expand a | / >= 
J-^oo /( x ) I x > ix state into the | A n > states 

oo 

I />= E /»!*»>. ( 24 ) 

n = 0 

where 

oo 

fn=j f /(x)A n (y)exp(-(x-y) 2 /2]ixrf|. (25) 

-oo 


3 Representation along a circle 

Let us now consider a state emerging from superposition of coherent states with the same 
amplitude | a |= R i. e. we choose only those coherent states which lie on the same circle in 
the cr-plane [5j. 

\F,R >= CXP gy- f I R exp(«» > (26) 

If the radius of the circle is chosen big enough so that Eq. (2) can be replaced by 

I />=; / /(o*)«ip(- ] a I 2 /2)l« > ( 27 ) 

i«r <b 

then we can find connections between the distribution function F(^) and Glauber’s weight 
function /(a*) 

jp W) .5iOM / /(.♦) “><-!« 'V ., , = *«,(,» (28) 

\o(<R 
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and 


f{a*) = jf F(4>)exp{a*z)dt. (29) 

We note that if one knows the time behaviour of the annihilation operator «(/) the analytic 
expansion function /(a*,/) can be found from the expression [9| 

/(**.') = / ' 2 *x(Mexp(- I n I 2 P(" I 9 I 2 ). (30) 

where x(9,<) is the normally ordered characteristic function (p being the density operator) 

x(*,0 = rr|pexp( 9 «t(/))exp(-f •«(/))). (31) 

Using Eq. (28) we find for the n-photon state and the coherent state correspondingly 

F(^,») = V»I R~ n exp(-i»^), (32) 

| <r |< Jf. (33) 

According to Eq. (32) we can obtain the coefficients of the n-photon representation cn of Eq. 
(1) if we know the distribution function F(^) 

Cn = R a Fa/'/n), (34) 

where Fn are Fourier, coefficients of F(^) 


oo 

F(^) = £ exp(-«'»Wi- (35) 

n = 0 

An interesting state is the state with Gaussian distribution function | « > 

F(f«) = eg exp( iSf - y^ 2 ). (36) 

In case of extremely large u it describes the usual coherent state while in the opposite limit 
it is the n-photon state (n = $). Between these states it will be an amplitude squeezed banana 
state. Graphically it can be understood if one visualizes how with decreasing u the muffin-like 
coherent state going through a squeezed crescent-like state deforms along the circle into the 
donut-like number state. 

It is also worth mentioning that the Gaussian superposition of coherent states along an arc 
are not only describe amplitude squeezing [10,11] but they are also approximate number-phase 
intelligent states [10] associated with the Pegg-Barnett phase operator |12|. 

Remarlable feature of this state is the complete analogy with the usual quadrature squeezed 
state discussed in the previous Section, as the Gaussian arc distribution is amplitude squeezed 
while the Gaussian straight line distribution is quadrature squeezed. Moreover, as the even 
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superposition of two coherent states from Eq. (4) can be derived by truncation from the straight 
line Gaussian state of Eqs. (6,9) so Schleich’s superposition state [13] 

I i> >= c a ^(| ae'M 2 > + | >), (37) 

similarly can be considered as a truncated arc Gaussian state of Eqs. (26,36). 

A physical example, the so called phonon squeezing (14), where an arc distributed state 
occurs is the Franck-Condon transition induced by short coherent light pulse in a molecule 
(5,14,16]. It is worth mentioning that using Eq. (28) one can to some extent purposefully shape 
the molecular vibrational state by special choice of the characteristics of the exiting light pulse. 
For example we showed that by appropriate linear chirp the vibrational state can be turned 
in the a -plane while using nonlinear chirp the amplitude squeezed vibrational state can be 
deformed into a typical quadrature squeezed form. 
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HARMONIC OSCILLATOR INTERACTION 
WITH SQUEEZED RADIATION 

V.V-Dodonov, D-E-Nikonov 
Moscow Institute of Physics and Technology 
Zhukovsky, Moscow Region, 140160 Russia 

Although the problem of the electromagnetic radiation by a 
quantum harmonic oscillator is considered in textbooks on quantum 
mechanics (see, e-g., C1D) some its aspects seem to be not 

clarified until now. By this we mean that usually the initial 
quantum states of both the oscillator and the field are assumed 
to be character i zed by a definite energy level of the oscillator 
and definite occupation numbers of the field modes. In connection 
with growing interest in squeezed states it would be interesting 
to analize the general case when, the initial states of both 
subsystems are arbitrary superpositions of energy eigenstates. 
This problem was considered partly in Refs* 2-4, where the power 

of the spontaneous emission was calculated in the case of an 

arbitrary oscillator's initial state (but the field was supposed 
to be initially in a vacuum state). In the present article we 
calculate the rate of the oscillator average energy and squeezing 
and correlation parameter change under the influence of an 

arbitrary external radiation field- Some other problems relating 
to the interaction between quantum particles (atoms) or 
oscillators with the electromagnetic radiation being in arbitrary 
( in particular, squeezed) state were investigated, e-g., in Refs 
5-7. 


Let us describe a charged harmonic oscillator by a 
Hami 1 toni an 

H « fwj a*a < 1 ) 

o 

and the field by a hamiltonian 
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( 2 ) 


■f 


here oj is the frequency 
modes, a,b - correspond! 
In a rather general 


H. 


ft E <*>.b b .. 
. j i j 


of the oscillator, <•>. - 

j 

ng destruction operators, 
case interaction can be 


ones of 
descr i bed 


field 
in a 


form 

H LaV + X a*b + H.c.l (3) 

i y L j i i j J 

(H. c ■ means hermitian conjugated part, /j and X are constants). 

J J 

In Schrodinger picture an arbitraty initial state vector 
|V'<0)> evolves into a state vector |v/ g (t>> as predicted by 
Schrodinger equation with Hamiltonian H = + H r + H^. 

In interaction picture any Schrodinger operator Q changes 
according to evolution operator U o correspondi ng to H = + H r 

Q(t> = tfttJQLI <t) • (4) 

o o 

For example 

a(t) * a exp (-i cot), b.(t> = b. exp (-i cot). (5) 

J J 

The interaction Hamiltonian in this picture 


H * h T \u a*b + exp < i co t + i cot ) + X a*b exp ( — i co.t+i cot ) + H*c. I (6) 

i lj j j J } J J 

J 

generates evolution operator U(t) so that a state vector in this 
picture defined as 

|V'<t)>«U*(t)|v' s <t)> <7) 

will variate according to 


|y(t> > - U<t> Jv'(O) >• <8) 
Expectation value in this picture 

<Q> x - <y<t) |Q | v'<t ) > (9) 
variates slowly, only due to interaction. On the other hand, it is 
related to the conventional expectation value as follows 


<Q> = 


> s l u o° u ;i»' s > - 


< 10 ) 


After introducing designations we can pose several questions 
to answer: 

1- Can absorption and emission be distinguished in a general case ? 

2- Then how to calculate the rates of these processes ? 
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3. Is time ordering important in perturbation calculation for this 

case ? 

4. Does stimulated emission manifest itself ? 

5- How does squeezing parameters of the oscillator and the field 
vary ? 

To calculate the rates of the processes we need to consider 
infinitely long time intervals t -► oo in comparison with 
oscillation period. But they must be much shorter than damping 
time- Then the evolution operator has meaning of scattering matrix 
S transforming initial state |ys<0) > s |i> to resulting one |r>. 
From Heisenberg equation one gets 

S = exp <-iT> , (11) 

T 

where all products are believed time-ordered (designated with 
subscript T) , and T - matrix is given by 

CD 

T - f H r <t)/h dt. (12) 

-oe 

For our particular case 

T = 2nrh £J £ X a + by5 ( cd.-o>) + H-c. j, (13) 

here the terms with jj vanish because of a factor <S(ti).+o>) . Further 

j 

6. = 6(a>-oj) . Delta function originates as a limit of an integral 
J J 

T/ 2 

Int = / exp(iOt) dt (14) 

— T/ 2 

(here the initial instant in time re-designated as -r/2) • 

Limits of this integral are 

Int + r, if ft 0, (14') 

Int -» 2 n 6(d), if r + oo. (14") 

Conventional techique in quantum electrodynamics is as 
follows CB3. T - matrix is splitted into two parts - absorption 
part 

T” ■ 2n r X a + b <5 ( o> -co) (15) 

7 J ) J 

and hermitian 'conjugated emission part T • Then probability for 
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time r of absorption < and similarly emission ) is declared as 

R - <i |T + T"|i> = E | <f |T"|i> | 2 , < 16 > 

f 

where summation is performed over a complete set of possible final 
states- If rewritten in a form 

T" ■ 2nM"c5<E f -E i > , (17) 

where E and E are energies of final and initial states, it shows 

f i 

employing (14) that (16) expresses the well-known Fermi's rule 


P - — Z |<f|M'| i:> | 2 «5<E f -E.). (IB) 

f 

But is it always valid and why probability is defined in this 
manner ? 

The expansion of S - matrix (11) is as follows 

S = 1 - i erVT) - <T 2 ) /2 + ■ ■ ■ < !?> ; 

T 

The identity of normalization must be valid in all orders of 

perturbati on , i-e- for all powers of T as it is proportional to 
the first power of coupling constant : 

1 » <r |r> - < i | i > + <i |T + T + |i> + <i |T~T* |i > 

+ <i |T*T~ |i > + < i |T “T _ | i > - < i | (T*) T |i > + (20) 

Then terms from second to fifth can be interpreted as a 

probability of transitions in the second order, since the first 
and the sixth will be probability to stay in the initial state- So 
conventional procedure ignores the second and the fifth terms- It 
is possible only if T"|i> is orthogonal to T" - 1 i >- It can happen 
when either field or the oscillator is in energy eigenstate. Then 
actually only t,wo levels are involved in any sort of transitions- 
In this case emission and absorption can be distinguished- That is 
on obtaining after measurement one of |f> states we can tell a 
result of absorption from a result of emission- 

For arbitrary initial state they cannot be distinguished 
experimental ly- But the total probability of emission and 
absorption together in (20) does not have physical meaning. 
Therefore we have to revise our approach. More well-grounded 
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observabl e 


procedure is to calculate not probabilities but 
variations : 


A<Q> ■ <i |S*QS |i > - < i |Q|i>. (21) 

Besides, we do not need to introduce the Fock basis |f>, but deal 

only with the initial state- 

Since the observable variation is expected to grow with time, 
to calculate the rates of the processes we need to consider only 
terms proportional to long time t. We will see later that 

expressions like (21) contain terms with factor 6<o> .-<*>) and terms 

2 ^ 
with 6 under a sign of summation- On* power of delta 

function disappear because of summation over the continuum of 

modes. The rest one power will transform to factor r. So terms 

with delta function of infinitely little difference to the first 

and zeroth powers will give non-growing with time observable 

variation. Consequently, these terms represent dressing bare 

states by virtual quanta. Terms with the second powers of delta 

function will give t i me-proporti onal variations of observables. 

Just these terms correspond to transitions with creation of real 

quanta- 

For our case we need S - matrix up to the second order of 

perturbati on- In this order a time-ordered product 

\ 

00 CO r 

<T 2 ) - / dt / dt |H (t )H (t >1 /h 2 , (22) 

T -06 1 -00 2^1 1 I 2 JT ’ 

where 


r . f H (t ) H (t ) , if t > t , 

fH(t)H(t)l=J 211 2 1 

^ 1 1 1 2 \ H (t >H (t ) , if t >t, 

V I i I 2 * 1 2 * 


is different from non-ordered product 
by a term 


(T 2 ) = TxT + T 2 ' 

T dif 


oo 2 r i 

t = / dt / dt H (t )H (t > /h 2 , 

dvf -00 2 -00 1 |_ I 2 I i J ' 

The latter expression depends on time like 

oo 1 2 exp C i ( A-rt) Z 3 

£ dt, / dt exp(iAt +i Ot ) » An <5(A+0) lim- 

— oo 2 — 0D i 2 1 


- l 


(23) 


(24) 


(25) 


(26) 


z>a> 


i (A- ft) 
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Such terms do not vanish only if A - -O. If A - aj + <*>. then the 
last factor in (26') is not singular. Terms with A * . - *•> or 
opposite give a contribution to T ^ 

exp ( 2i AZ ) - 1 +exp ( -2i AZ ) - 1 

E |V|“ Cab;,a + b.] 277 ’ <27> 

which is not singular either • So T contains first powers of 
delta functions and can be neglected compared to T (the former is 
coupling constant X^ times less) ■ 


We arrive to an assumption 

S = 1 -iT - 

that leads to , 

A<Q> x - <i | i CT,Q] - 

the first term being virtual 
Strai ghtf orward calculation using 


TxT/2 

i 


(28) 

k CT ’ 

C T , Q ] 3 

|i> 

(29) 

and 

the 

second 

real • 

(29) 

gives 

for example 



A<a> - - r i X 2 m5 < b > - k L X (2n6.) <a>, 

i j ) ) 2 “ 1 j' j 

J J 

ACb k >i = -iX*2n6 k <a> - | x * 2,T<5 k E V2m5.<b >, 


(30a) 

(30b) 


A<a + a> j = 


+ 


1 

n 


A<faV 

k k 


i T (X <b a> - b.>)2fi<S. - £ |X (2n6 ) a.-- 

. J 1 J J ) k * * 

r (XX*<b t b > + X*X, Cb^b, >) (2n)V<5. . <300 

“ J k k j jkjk jk 

k.J 

= i <X k <a + b k > - X*<b k a>) 2fr<5 k + |X fc | 2 <a + a> (2nA k ) 2 


- "*k ( \ E X ! 2n<5 j <b j b ^ + x * E x r n 6 )' h y h i > )’ 

These variations are expressed in terms of expectation 
the initial state (designated with triangle brackets) 
define quadrature component variances by 


( 30d ) 

values in 
One can 


D <P , Q) f <PQ> + < QP > J - <PXQ>» 

Their variations can be expressed similar to 


(31) 


AD <a , a) - A<««> - 2<a> A<a> x 


< A<a> x > 2 . 


(32) 


This kind of variance is important because in canonical 
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coordinate-momentum space ImD(a,a> corresponds to correlation and 
ReD(a,a) - to squeezing. In Schrodinger picture they rapidly 
transfer from each to other. 

Retaining in <30) and (32) only terms proportional to r and 
dividing by t we obtain time derivative equations. From them we 
clearly see that radiation damping 


r * I |V| 2n6. 


determines variation of amplitudes 


5F <a> i 


_ i 
2 


<a>, 


dt <b k > . - ' 5 ISl* 2 "^ <b *>- 


(33) 

(34a) 

(34b) 


These equations coincide with those obtained usually in the 
frame of Wigner - Weisskopf approximation. Field modes and the 
oscillator exchange their energies- As a result there is no effect 
of stimulated emission but only two independent fluxes of energy: 
d 

— <m**> x - - y<a + a> + £ |\ | 2 2m5 k <b^b k >, (34c) 

d k 

dt <b k b k > i " |\| 2 2rr<5 k <a^a> + |\ k | 2 2m5 k <b*b k >. <34d) 


Squeezing-correl ati on 
d 

— D(a,a) j - 
d 

~7T D ( b , b ) = - 

dt k ’ k I 


parameter behaves in a similar way : 

- ^D(a,a) - f 2fi6. D (b, ,b, ) , 

. k k k k 
k 

X k 2 2fTc5 k D(a,a) - |\ k fenSJ (b k ,b k > . 


(34e) 


<34f ) 


Further development can be made for the specific expressions 
of coefficients in Hamiltonian (3). For the continuum of modes 
summation is substituted by integration over phase space and 
summation over polarization indexes r 


E -» E s du dfi 

j r 

with volume V, solid angle element df), mode frequency density 

2 

O) 


(35) 


q 3 3 

8fT c 


(36) 
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Decomposition of vector potential A(r,t) over mode variables is 


A(r ,t ) = E 


J 


pc: 

*2u> £ V 

j ° 


e. (b.(t)exp (ik.r) + H*c*> 


J 


(37) 

j-th 


where e is a polarization vector and k - a wave vector of 

J J 

mode* 

Gauge invariance substitution of oscillator momentum P P ” 
eA leads to the interaction Hamiltonian (3) 


-epA 


2 A 2 
e A 


H 


(38) 


i m 2m 

Here e,m are the charge and the mass of the oscillator. The second 
term in this case proves to be a unity operator in state-space of 
the oscillator. Hence it results in an infinitely little 
renormal i z at i on of field energy because of a factor 1/V (for 
infinitely large volume V) • The coupling constant will be 


e <*>_ 

m * *5 » /.\ mi 


me V 
J ° 


cos© , 

J 


<39) 


thi 


where & is the angle between a polarization vector and 

j 

oscillation direction* 

On the other hand, from the Hamiltonian in another gauge form 


H 4 - - eqE, (^0) 

where q is a coordinate of the oscillator and E is the electric 
field vector, it follows that the coupling constant 

X' - X ■ (41) 

j j « 

But as all expressions contain delta functions <5(^-<o> , constants 

(39) and (41) coincide- We see that it is one of the cases when 
gauge transform, performed over state vectors in the absence of 
vector potential and correspond! ng to a change from gauge form 

(40) to (38) , does not make any difference. These transforms were 

considered in detail in Ref. 10* 

Einstein's stimulated coefficient can be also introduced. 
However it is different from a common one - it depends on the 
angle and expresses radiation power instead of probability s 
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B 


(42) 


= 2 nV |X |‘ 


2 2 . 
rce co* 0 




The spontaneous emission coefficient is obtained from (33). 
Integration should be performed over solid angles of polarisation 
vectors (they are also isotropically distributed), not wave 
vectors of modes : 




. a a 
4n c 


f B do 


2 2 

> (ii 


6mt\£ c' 

o 


(43) 


A light beam containing several close modes has an energy density 



W 

“ r p<b b>hti> 
r 


or 

W - / W dO. 

It will allow 

us to 

express eqs. <34) through 

meaningful 1 val uei* 


d 

dt 

£ha><a r a>j 

- - ^ho)<a + a> + / BW dO, 

<JL> 


sH 

- B fph<d< a *a > - wj, 


d 

dt 


D (a,a) - 


d 

dt 


£wVD < b , b ) j 


yD < a , a > 


D (b , b) 

+ / BW — 

w ho><b b> 


dO, 


B |ph£i)<b + b >D ( a , a ) - WJ><b t b>J. 


(44) 


(45) 

physi cal 1 y 


(46a) 

(46b) 

< 46c ) 

<46d ) 


All above discussed enables us to answer posed questions i 
1- In general absorption and emission can not be distinguished. 

2* So not Fermi 's rule but expectation values should be used to 
calculate the rates of these processes. 

3. Time ordering in this case is not important up to the second 
order of perturbation. 

4. Stimulated emission does not manifest itself in the final 
result. 

5. Energy and squeez i ng-correl ati on parameters behave in a similar 
way i there are independent interchange flufxes of them 
proportional to their current values. 
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PHOTON NUMBER AMPLIFICATION/DUPLICATION 
THROUGH PARAMETRIC CONVERSION 


G. M. D’Ariano, C. Macchiavello, and M. Paris 

Dipartimento di Fisica ‘Alessandro Volta’, via Bassi 6, 1*27100 Pavia, Italy 


ABSTRACT: The performance of parametric conversion in achieving number amplification 
and duplication is analyzed. It is shown that the effective maximum gains <2. remain well 
below their integer ideal values, even for large signals. Correspondingly one has output 
Fano factors F m which are increasing functions of the input photon number. In the inverse 
(deamplifier /recombiner) operating mode, on the contrary, quasi ideal gains (?, and small 
factors F m cz 10% are obtained. Output noise and nonideal gains are ascribed to spontaneous 
parametric emission. 


1. INTRODUCTION 

The ultimate transparency of optical networks is essentially quantum-limited and any improvement 
beyond the standard performance depends on availability of nonstandard high quality quantum 
amplifiers. The photon number amplifier (PNA) and the photon number duplicator (PND) are the 
quantum devices which are needed in direct detection. 1 The PNA ideally should affect the state 
transformation 


|n> — ♦ I Gn) (1) 

for integer gains G and input eigenstates |n) of the number. Similarly, the PND, instead of 
amplifying the photon number, produces two copies of the same input state for eigenstates of 
the number, namely 


I n) — * |n,n) . (2) 

Both devices are particularly suited to local area network environments, where the minimum loss for 
user- derivation is 3dB (in average), and transparency rapidly degrades with the increasing number 
of users. In such situation the PNA represents the ideal preamplifier to be inserted before each 
derivation, whereas the PND — which ideally realizes the quantum nondemolition measurement of 
the number — could itself be used as an ideal lossless optical tap. 

The PNA and PND could also be profitably used in the inverse operating mode, namely the 
PNA as a number deamplifier and the PND as a number recombiner . The number deamplifier could 
be used as a number squeezer , allowing production of subpoissonian states from coherent light; the 
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number recombiner, on the other hand, could produce novel nondassical radiation from input twin- 
beams [an example of such application in production of phase-coherent states 2 is proposed in Ref. 

(3]]. 

The concrete realization of high quality PNA and PND for practical applications is an arduous 
task. As explained in Ref. [4], number conversion, in a way similar to the customary conversion, 
requires a medium with a x (2) or X (3) susceptibility, but here with a phase-dependent polarizability. 
More precisely, almost ideal number conversion can be achieved upon modulating the nonlinear 
susceptibility at a (G - l)-submultiple of the wavelenght of the amplified mode, G being the integer 
gain [feasibility studies of number conversion using multiple quantum wells heterostructures are 
currently in progress 6 ]. The required phase-dependent polarizability in a x (2) or x (3) medium may 
also be regarded as an intensity-dependent coupling for a x (C) or X (C+I) medium (simply from polar 
decomposition of the boson field operators). This suggests that a gain-two PNA should be simpler 
to realize than a generic G > 2 amplifier. However, as also explained in this paper, the intensity 
dependent coupling should follow the power low (a*a + l) -1 ^ 2 , a*a being the number operator of the 
amplified mode. Such a decreasing factor is essentially the (1 + /) -,/2 saturating behaviour of a two 
level system effective susceptibility in the inhomogeneous- broadening limit, 5 but it is not obvious 
that this power low— which is obtained in a semiclassical context— could survive in the quantization 
procedure. 

The previous observations quite naturally lead to ask if the conventional conversion could 
somehow simulate the number conversion, and what would be the range of physical parameters 
where ideal behaviour is better approximated: this is the subject of the present paper. Quite 
unexpectedly (see for example Ref. [1]) we find that ideal behaviour is never approached, even in 
the limit of luge input signals. The most striking result is that conversion is never complete and, 
therefore, the effective maximum gains G. remain well below their integer ideal values, even for large 
input photon numbers: quantum mechanics thus reveals its subtle nature even for large quantum 
numbers, here in form of noise in amplifiers [for a discussion on applicability of the correspondence 
principle in a different context, see Ref. [7]]. 

The inverse devices — namely the number deamphfier and the number recombiner are better 
approximated by parametric conversion than the direct ones. We will show that ideal gains are 
achieved in the large-n limit, whereas Fano factors F. remain nonvanishing but small (F. cs 10%). 
Therefore, it seems that at present the devices which are simplest to realize concretely should be 
the number deamplifier and the number recombiner (even though probably the limited output noise 
of the deamplifier could not be satisfactory for applications as number squeezer). 

After presenting the theory of the ideal devices in Sect. 2, the connections between the 
conventional and the number conversions are explained in Sect. 3, where a simple mean field approach 
for analytical evaluation of the conversion time is also given. In Sect.4 the announced numerical 
results on conversion times, effective gains and Fano factors are presented. In Sect. 5 we conclude 
with some remarks on the physical interpretation of the nonideal behaviour in terms of spontaneous 
parametric emission. 

2. THE IDEAL NUMBER AMPLIFIER/DUPLICATOR 

In the Heisenberg picture the ideal PNA corresponds to multiplication of the number operator by 
the integer gain G 

a* a — ► Ga f a , (®) 

a being the annihilator of the amplified mode of the field. Because of the integer nature of a f a, 
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the deamplifier does not trivially correspond to replace G into G~ l in Eq. (3). Actually the ideal 
deampliiication is the following 

a f o -* [G'Va] , (4) 


where [z] denotes the integer part of z. As a consequence, even in the ideal case, the deamplification 
has an input-dependent effective gain G. 


G. = 


[G-'n] 


<G~' 


( 5 ) 


for n input photons, and G. ~ G _1 for large n. [As an example, the case G = 2 is depicted in Fig. 
4.] In terms of the shift operator e+ : e + |n) = |n + 1), the transformation (4) is obtained as follows 


e + -► (e+) G , 

where now (e + ) G |n) = |n + G). In fact, the map (6) corresponds to the following 3 

„t J 

a °(G) > 

where a| c ^ is a boson operator creating G photons at a time, 8 namely 


( 6 ) 

( 7 ) 


a( C) l«) = \/lG- , n]+l|n + G), 


( 8 ) 


[ a (C).®(c)] = 1 > [®(G)> ®*®] = Ga { 


(G) 


The explicit form of a| G ) is 


( 9 ) 



[G-'nK*-0)! j 1/1 ( _ t) 




n! 


and from Eq. (10) it follows that 


®(C)®(G) = [G -1 o t a] , 


( 10 ) 


( 11 ) 


which is the deamplification (4). The direct amplification (3) corresponds to the inverse 
transformation 



( 12 ) 


[see Ref. [3] for more details about these maps]. The transformations (7) and (12) are essentially 
permutations of two different types of boson. For commuting modes [a, c] = [a, c f ] = 0 the permuting 
map a «-► c is realized by the Heisenberg evolution 


PaP = 


where 


PcP — a , 

P = P' - «P (*^ ctc ) ex P (° tc + c< ®)] ex P (*f ctc ) • 


(13) 

(14) 
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However, as a and do not commute, it is convenient to consider ft simultftneous change of the 
field mode (namely the amplifier also converts the frequency or changes the field polarization). In 
this case the amplifying operator is 


P(G) = «xp (*^c f c) exp ( a (G) c + ct ®(C)) ex P (*^ c<c ) 


(15) 


The operator (15)>now attains the transformations 

P(C)(i ® e+)P (C) = (e+) G <8> i , P(G) [(e+) G ® i] P(G) = 1 ® e+ . ( 16 ) 


where in the tensor notation 0, ® 0 2 the first entry is for the a mode and the second entry for the 
c mode. The Schrodinger evolutions of the number eigenstates corresponding to the amplifying and 
deamplifying operating modes are 

•P(G)|0,n) = |Gn,0) , (1^) 

P (G) |n,0) = \G {G~ l n) , [G~ l n]) , (18) 

where ( x ) = x — [x] denotes the fractional part of z and |n,m) = |n) B ® |m) c . If one would consider 
only one mode in the above transformations — say a — a frequency conversion P( i ) is needed. In this 
case the evolutions (17-18) rewrite 

PoPoM) = |G»,o> (is) 

P(,)P(G)|0,»> = IG^-'n), [G~ l n]) , (20) 

whereas totally ignoring the mode c corresponds to trace the transformations (19-20) over this mode, 
adopting a density matrix representation for states. In this way nonunitary transformations for the 
reduced density matrix of the signal mode a are obtained, which do not preserve the Newmann- 
Shannon entropy: these are the ‘photon fractioning’ and ‘multiphoton’ transformations of Refs. [3,9]. 
The mode c is responsible of the added noise which is present even in the ideal case (see Eq. (5)) 
and corresponds to the ‘idler mode’ of the customary linear amplification. 3 

Apart from the ^ phase shift — which can be obtained by changing the optical path of the 
b mode and which, however, for an input number eigenstate corresponds to an irrelevant overall 
phase factor — the evolution operator (15) comes from the interaction Hamiltonian in the Dirac 
picture 


Hi = a| G) c + h.c. 

(21) 

for a dimensionless evolution time 


IT 

Tm = 2' 

(22) 

The Hamiltonian (21) has the following constants of motion 


i.4 = a f a + Gc*c , 

(23) 

d A = G(G-'a t a) = G{G~ 1 sa) , 

(24) 


and, because of identity (24), only i 4 must be specified. In the following evaluations we use the 
basis of the Hilbert subspace corresponding to fixed i.4 eigenvalues 

In),,, = k-i - Gn,n) , n = 0,1, ...[(?“ V 4 ) (25) 
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In this basis Eqs. (17-18) rewrite 


■P(G)|rc)Gn = |0)(7n , (26) 

/ > (C)|0)„ = |[G- , nl) B , (27) 

whereas the Hamiltonian (21) takes the tridiagonal form 

Hi\n), = a^|n - 1), + a£j,|n + 1), , (28) 

= Y/n([(? -1 s] - n + 1) . (29) 

Conservation of the interaction Hamiltonian (21) itself corresponds to the resonance condition 
Gu/ 0 = w c . In the nonresonating case a third pump mode d is needed with u/«* = Gw a — w c : Eq. (21) 
is obtained from the interaction Hamiltonian in the Schrodinger picture 

H* = a>\ G )Cd + h.c. (30) 


in the parametric approximation of classical undepleted pump, namely with d in a highly excited 
coherent state. 

The photon number duplicator in some respect is similar to the gain-2 photon number amplifier. 
Instead of amplifying the number of photons, it produces two copies of the same input state for 
eigenstates of the number operator. If the input copies are carried by the modes a and b whereas 
the output by c, the duplication map reads 


|0,0,n) — » |n,n,0) (31) 

and is trivially inverted for n a — n*> [for the general case see Ref. [3]]. The state transformation 
(31) corresponds to the Heisenberg evolution 

e+ ® e+ ® i - i ® i ® e+ , (32) 

which is obtained as permutation of the boson operators a^,!) and c, where now denotes the 
two- mode creator 


*(U )!*•■**) = yj{min{n ay n b }) + l|n a + l,n 6 + 1) , 
k(u)> •!».»)] = 1 > [“(i.i)* a ’° + = 2o d.i) • 

The following realization of a| t ^ is obtained in Ref. [3] 

<»(i i) = 0*6* , 1 . 

ymax{o t a,6 t 6) + 1 

In a way analogous to the PNA, the Dirac picture interaction Hamiltonian of the PND is 

Hi = a*, l} c + h.c. , 

with constants of motion 

sd = ^ (a*a + 6*6 + 2c * cj , 
dp — o*o ~ 6*6 . 


(33) 

(34) 


(35) 


(36) 

(37) 

(38) 
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The Hilbert subspace of interest for duplication corresponds to dp = 0; the subspaces for fixed 
eigenvalues sp are spanned by the eigenvectors 

|n) #D = \ap - n,a D - n,n) . (39) 

For fixed sp the Hamiltonian (36) has the tridiagonal form 

|n.) =/3< ,) |n -1), + fli+i |n + 1). , (40) 

= yf {3 - n + l)n . (41) 

Frequency conversion and simultaneous duplication require a classical undepleted pump mode d at 
frequency u >4 — u> 0 + wj, - ui c , with interaction Hamiltonian 

H ' s a|j l} cd + h.c. (42) 

3. NUMBER-OPTIMIZED DOWNCONVERSION 

The Hamiltonians (30) and (42) are complicated by the occurrence of the multiboson operators a[ C} 
and aj, 1} . An outlook at Eqs. (10) and (33) reveals that the £-photon amplification corresponds to 
a x {G + l) susceptibility and the duplication to a x^* In the followings the G = 2 case the simplest 
to attain in practice — will be considered only. For (a*<*) ^ 2 the two photon operator can be 
approximated as follows 

+ , ((•*•) > 2). (43) 

On the other hand, for dp = 0 the two-mode operator a| M j is simply 

a|, = o t (« , a + l) - ^* , (a f a = 6 f 6) . (44) 

Hence the Hamiltonians (30) and (42) become 

[2(o t a + l)]"*af + h.c. (PNA) , (45) 

H 1 = o t (a t a + 1 )~h'cd + h.c. (PND) . (46) 

As a crude approximation we substitute the intensity-dependent factors in Eqs. (45-46) with their 
constant average values and use the customary four wave mixing Hamiltonians 

Hfwm — a t2 cd + h.c. (PNA) , (47) 

Hf\ym = o*i*cd + h.c. (PND) . (48) 

In the parametric approximation of undepleted classical pump d, Eqs. (47-48) correspond to the 
interaction Hamiltonians 


H, = a t2 c + h.c. (PNA) , 
H, = a'b'c + h.c. (PND) . 


(49) 

(50) 
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The interaction time is rescaled by \/^» h being the intensity of the pump d: the relation between 
the dimensionless time t and the real time t (namely the length of the nonlinear medium) now reads 

T = • (51) 

The Hamiltonians (47) and (48) were already suggested by Yuen 1 , who inferred the amplifying 
performance from the conservation laws (23-24) and (37-38), with the assumption of complete 
conversion of the input signal. However, we will show that complete conversion is never achieved, 
apart from the case of one input photon. As an example in Fig. 1 the average output photon 
number is plotted for Hamiltonian (48) versus the interaction time r, for both cases: number 
duplicator ((n o ) 0 = {n b } 0 = 0, (n e ) 0 = n,) and number recombiner ((n o ) 0 = (n t ) 0 = n„ (n c ) = 0). 
An oscillatory quasiperiodic (or long-time periodic) behavior is evident, conversion never being 
complete at any time: the ideal gain is not reached, and the unconverted photons contribute to 
the output noise. Therefore, the saturating factors in Eqs. (45-46) axe crucial to get complete 
conversion. Semiclassically a similar saturating behavior « (1 4- I)~i is obtained for interaction 
of radiation with a two level system in the inhomogeneously-broadening limit or in the adiabatic- 
following regime: 5 however, a full quantum treatment is still lacking and would require a wideband 
analysis. Here we only consider the performance of parametric Hamiltonians (49-50) in achieving 
approximate PNA and PND. In this case the interaction time r = r. for conversion depends on the 
input photon number n, 

_ f ( n c)o , (( n a)o = 0 : direct operating mode) , 

\ (rc„)u , ((n c )o = 0 : inverse mode) , ' 

which, in order to simulate the intensity-saturating low in Eqs. (45-46), should behave as follows 

r. - »,"* . (53) 

The conversion time (53) could be obtained tuning the pump intensity on the input photon number 
n t : for n t varying in a wide range, this would require a suited feedback mechanism based on a 
quantum nondemolition measurement of n,. In the following we give more accurate evaluations of 
r., using either analytical methods (a mean field approximation) and numerical calculations. The 
results obtained in the two ways will be compared and discussed in the end. 

3.1 A mean field approximation 

In Ref. [10] a linearization procedure for parametric conversion has been proposed, where 
Hamiltonians (49-50) are approximated in a selfconsistent way by the ideal ones (21) and (36). 
As we will see in the followings, this approach is correct only in the limit of large input photons 
numbers in the amplified/duplicated channels (i.e. a and b modes), namely it is suited to describe 
the inverse operating mode only. The method allows evaluation of the conversion time r.: its major 
limitation is that it leads to exact conversion and, therefore, there is no systematic way to estimate 
quantum fluctuations and nonideal gains. As a consequence, the direct operating mode cannot be 
described in terms of the time-reversed transformation of the inverse mode, because in this case 
knowledge of the output noise become essential. Therefore, in this section we analyze only the 
deamplifier/recombiner case. 

The starting point of the method is to rewrite Hamiltonians (49-50) in a form similar to the 
ideal ones (21) and (36), namely 


where 


_ j a ( 2 ) (PNA) , 
A ~ \ a (M) (PND) 

(55) 

and 


... / (2* + 3-(-l)')l (PNA), 

n ’ “ \ (» + 1)4 (PND) . 

(56) 

The operator function /(a*a) will be treated as a c-number time-dependent effective coupling, to 
be determined selfconaiatently a posteriori. The Hamiltonian (54) ii rewritten aa 

Hi = f{a'a)Ac' + /(a*® - i/)A*c , 

(57) 

where, in order to have a unified deacription of the two devicea, the integer number 

v is used 

/ 1 (PNA), 
v ~ \ 2 (PND) . 

(58) 

We write a mean field Hamiltonian taking the intermediate value /(a* o) = /(®*a — 
two forma in Eq. ( 57 ) and averaging on the input atate. One obtaina 

£) between the 

Bmf “ /( n «(r)) [Ac* + h.c.] , 

(59) 

where 


n»(r) = (a t (r)a(r )) 0 , 

(60) 

and 


/(x) = sjy (* + 5 ) 

(61) 

(the oacillating (- 1 )"‘ (t) term in Eq. (56) ia neglected). In the Dirac picture the time evolution of 
an operator 0 is written as follows 

0(r) ~ exp (i.HatJ 7 ’) Oexp (—iff av r ) , 

(62) 

using the time-averaged Hamiltonian H av 


H av = HM F (r)dT = ^ (Ac* + A*c) , 

(63) 

9(r)= [ T f(n a (r’))dr' . 

Jo 

(64) 

The evolution of the operators A and c takes the simple form 


A(r) = Acos0(r) + zcsintf(T) 
c(r) = ccos0(t) + iAaintf(r) . 

(65) 

( 66 ) 


78 



Figure 1: Tim e evolution of the output signal (n c ) (figures on the top) and of the r.m.s. output 
noise \J (An 2 ) (figures on the bottom) for parametric conversion (Hamiltonian (50)) of input number 
states with n, = 10. The two figures on the left refer to the number duplicator ((n 0 )o = ( n i)u = 
0, (n c )o = n,); those on the right to the number recombiner ({n a ) 0 = (nfc)o = n,,(n e ) = 0). The 
small circles enclose the conversion point corresponding to r = r.. 


We are now in a position to evaluate n a (r) selfconsistently. From Eq. (65) one has 

n -»( r ) = M f (T)A(r)) 0 = (A*A) 0 coB 3 fi(T) . 

For large input photons n, and v = 1 the expectation can be approximated as 

= K/2J ~ n„/2 . 

From Eqs. (64) and (67) we obtain the following integral equation for n a (r ) 

n„(r) = n, cos 2 6(t) = n, cos 2 f /(n a (r'))dr' . 

Jo 

Differentiation of Eq. (69) leads to 

y/udr = d6 ^n, cos 2 6 + 

From Eqs. (65) and (69) one can see that complete conversion occurs at r = r. such that 


(67) 

(68) 

(69) 

(70) 

(71) 
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Figure 2: The best conversion time r. for parametric Hamiltonians (49-50) (PNA on the left 
and PND on the right). The squares are for the amplifier/duplicator, the circles for the 
deamplifier/recombiner. The lines without dots represent the mean-field approximation. 

After integrating Eq. (70) from 6 = 0 to 6 = § we find the conversion time as a function of the 
input photon number n t 

r. = ,-t (», + §)**■ (^Tj) ' (72) 

where Ar(jfe) denotes the complete Jacobian elliptic integral 

K(k) — /*(1 - fcsin 2 x)~^dx . (73) 

For large numbers n,, using the asymptotic behavior K(k) ~ - log >/l - k for k — 1, one obtains 

r. ~ logn , ( 74 ) 

m 

which, a part from a logarithmic correction, has the same form of the preliminary result (53). 

5. NUMERICAL RESULTS 

The quantum evolution of input number eigenstates for the Hamiltonians (49-50) is evaluate 
numerically, taking advantage of the tridiagonal forms (28) and (40), which now read 


si * 1 
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c-2. 


^/n(a — 2n + l)(a — 2n + 2) , (a = s n ) > 
\/n(a - n + 1) , (a = * d ) • 





n, nj 

Figure 3: The maximum effective gain G . (corresponding to the conversion time r. of Fig. 2) 
for parametric Hamiltonians (49-50) (PNA on the left, PND on the right). The squares are for 
amplification/duplication, the circles for the inverse operating mode. 


The evolution of the output signal has been checked using the numerical results in Ref. [11]. In 
Fig. 1 we report a sample of the evolution for the PND. The time-dependence is periodic or 
nearly periodic for very low input photon numbers n,, whereas it becomes more and more irregular 
(essentially irreversible) for increasing n t . Qualitative differences between the direct and the inverse 
operating cases are evident. In the direct case the output signal exhibits maxima corresponding 
to high noise level, whereas low noise occurs only for depleted signal. In the inverse case, on 
the contrary, the first occurrence of a local maximum for the signal coincides with the absolute 
maximum, whereas the relative noise is always well below the subsequent values (this gap being 
an increasing function of n*). The conversion is never complete in both cases, however, it is more 
efficient in the inverse operating mode, due to the low noise at the output. The conversion time r. 
has been identified as the time corresponding to the first local maximum of the signal (in the direct 
operating mode this could be slightly lower than the absolute maximum). The same features in the 
time evolution can be found for the PNA approximated by the conversion Hamiltonian (49), with 
analogous differences between the direct and inverse operating modes. 

In Fig. 2 the conversion time r. is plotted against the input number n,, for both Hamiltonians 
(49) and (50). The direct and inverse operating modes lead to two different curves, the former 
corresponding to longer conversion times r„ (a part from some features which are peculiar of the 
dearoplifier for low inputs n,, and are reminiscent of the fractional behaviour (68)). The mean field 
approximation, which is pertinent only to the inverse operating mode, is reported for comparison. 
A good agreement is found for large »,, better for the PND than for the PNA. For large n, numerical 
best fits give power-low behaviours of the form r« — n" Q , with a ^ .4 or smaller. 

In Fig. 3 the maximum effective gain G „ (corresponding to the conversion time r. in Fig. 2) 
is reported. One can see that parametric conversion when used as a gain-two number amplifier 
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Figure 4: Effective gain G . for the deamplifier with G = 2: circles and full line describe the 
parametric conversion (Hamiltonian (49)); triangles and full line describe the intensity-saturating 
Hamiltonian (45); dot-dashed line corresponds to the ideal deamplifier (5). 

leads to an effective gain G. which is a decreasing function of the input signal n,, approaching the 
value G m ^ L28 for large n n well below the ideal gain. In a similar fashion the effective gain of the 
duplicator G. = (n o (r.))/(n c (0)) tends asymptotically to G m 2 - .78. The inverse operating mode, 
on the contrary, behaves quite well, the deampliiier achieving the ideal G m = 1/2 gain and the 
recombiner G. = 1 in the large n, limit. The deamplifier gain is compared with the ideal one (5) in 
Fig. 4, where also the intensity- saturating case (45) is reported [notice that in the direct operating 
mode the intensity-saturating Hamiltonians (45-46) lead to ideal behaviour]. 

Finally, in Fig. 5 the output Fano factors F* at the conversion time r. are plotted. It is evident 
that parametric conversion lead to noisy PNA and PND, with F» ~ and exponent /3 slightly 
lower then 1: this corresponds to an output signal- to- noise ratio which is slowly (logarithmically) 
vanishing. The number deamplifier and recombiner are better approximated, with F m .13 for 
large n t : on the other hand, the intensity- saturating Hamiltonian (45) leads to vanishing F . for 
large n t ( F . is exactly zero for even n,.) 

6. CONCLUSIONS 

We end with some remarks on physical interpretation of numerical results. We have seen that 

parametric Hamiltonians (45-46) are not good candidates for number amplification/duplication 

devices, whereas they could be profitably used to achieve approximate number deamplifica- 

tion/recombination. Here we emphasize that the source of noise in the simulated number devices is 

the socalled spontaneous parametric emission . 6 * * * * * l2 As a matter of fact, as explained in Ref. [11], the 

Hamiltonians (45-46) are formally similar to the Hamiltonian of a laser amplifier: in particular, Eq. 
(46) can be put in correspondence with the Hamiltonian describing a cluster of N two-level atoms 
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Figure 5: The Fano factor F. at the conversion time r. of Fig. 2 for parametric Hamiltonians (49-50) 
(PNA on the left and PND on the right). The squares are for amplification/duplication, the circles 
for the inverse operating case. The triangles correspond to the intensity-saturating Hamiltonian 
(45). 


interacting with one (resonant) mode of radiation 

Hi <x a*J- + aj+ , 


(77) 


where j a = are the collective spin-flip operators for atoms. In fact, the angular momentum 

operators can be represented in terms of the two mode-operators 5 and c as follows 


J+ = 5c* , J- — 5*c , J, = ^ (c*c — 5*5) , 
j='-(c'c + b'b) , J=j. 


(78) 


When operating as a PND the Hamiltonian (46) acts on input states with n 0 = n^: in the direct 
operating mode one has (n o ) 0 = 0 and (n c ) 0 = n t , whereas in the inverse (n o ) 0 = n, and (n c )u = 0, 
namely \M\ = J in both case: this is exactly the spontaneous emission limit for the parametric 
converter (as opposed to the noisless coherent superradiant limit corresponding to M = 0). Thus, 
in conclusion, both the output noises and the nonideal effective gains are signs of the spontaneous 
parametric emission in the converter. 
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Abstract 

We consider a model of oscillator with nonpolynomial 
interaction admitting exact solutions both for energy 
eigenvalues in terms of zeros of Bessel functions considered 
as functions of the continuous index, and for the 
corresponding eigenstates in terms of Lommel polynomials 


Let us consider the following Hamiltonian, 


H — <JL yCL Cl + £o. ci + J J * 2 + £<2 Cl + i J ^ 1 ) 

Here a and a are usual boson annihilation and creation operators, <*> 
and X are positive real parameters (the general i zat i on to complex 
coupling constant X does not lead to any new result, since the phase 
of X is trivially eliminated by the canonical transf ormat i on a ae 1 ^ 
preserving the energy spectrum) * If the mean number of quanta is 
close to zero, then (1) turns into the Hamiltonian of usual forced 
oscillator* In the opposite quasi cl assi cal regime of large mean 
number of excitations N = <a*a> » 1 the substitution a Jfc N 1 '** 1 *’ 
leads tc the energy-independent interaction Hamiltonian 

H. = XcoS'p , (2) 

LT>t 

which is in fact exact , since the expression inside the figure brac- 
kets is nothing bit the Sussk i nd-Gl ogower cosine phase operator 111 
which properties were discussed in detail in the known review by 
Car ^uthe^s and Nieto 1 2ZU 


Expanding the energy eigenstate | E> over the Fock states 






o* 
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|r> = i cja> 

n = o 

and taking into account the known matrix elements of operator* 
P one can easily reduce the stationary Schroedinger equation 
following set of coupled linear algebraic equations, 

Ec = Xc , 

o i 

Ec = + X(c + c 1 , n > 1 

n n-1 nt-i- 7 

i =. convenient to introduce dimensionless variables 

-2 = X/o> , p = £Yu> - 

Then normalized energy p is determined from the equation § 
where function 5* is the char acter i st i c determinant of system 


< 3 ) 

► d and 
to the 


(4) 

(5) 

(2^) =0 , 
(4) : 




2 0 

o 

o ..... 


£ 

1-p £ 

0 

o 

$<£,p> = 

o 

£ 2-p 

2 

o 


0 

0 2 

3-p 

2 ..... 


( 6 ) 


Expanding this determinant over the elements of the first row one can 

easily obtain the following recurrence relation, 

2 

$ ( 2 , p ) = — p$ ( 2 , p— 1 ) — £ $ ( iZ , p”2 ) ■ 

Introducing new function 

F ( 2 , p ) — £ ( £ , p ) 

one can rewrite (7) as follows, 

F<£, p) + F<£, p-2) = -§^-F<£, p-1). 


(75 


(8) 


(9) 


But this is the well known relation for Bessel functions C3,4U- 
Consequently, the energy levels are determined by zeros of Bessel 
functions in accordance with the equation 




< 10 ) 


(2*5 = 0. 

-t -p 

For small values of parameter 2 the well-known power series expansion 
of the Bessel function leads to the equation 



2 .m 
<l -2 J 


m ! T Ori-p_> 


= 0- 


(11) 


mw 


For a? -> 0 the solutions of this equation with respect to p are 
determi ned by the poles o* gamma— f unct i on • Evidently, they reproduce 
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spproxi matel y 
a — 0,1,2,. ■■ 
residues (—1) 


order of 


o 


the equidistant 
Since all poles 
/a!, the correct 


harmonic oscillator spectrum: 
of gamma-function are simple, 
ion to the n— th energy level 


jj & a ; 
n 

with the 
has the 


_ 2 2<fi+l> . 

% "2 , fJ = A “ 2 /A + • • . , A>1 • 

O n 

Note that all corrections are negative. 

F cr large values of the coupling constant we can use the 
asynptct i c formula 


( 12 ) 


known 


J 4 (2 2) 

-i-v 

Then for |/jj « |£| the 
twice distance between 

Here a is an arbitrary 
the large parameter 
constant in a specific 


(taz) 1 2 cos(2£ + njj/2. + 

spectrum is equidistant 
the neighbouring energy 
1/2 + 2a — 4^/rr + Ois A ) - 
integer having the same 
Note that energy values 
almost periodic manner: 

<* + 77/ 2) . 


rc/4) - (13) 

again, but with the 
1 evel s: 

(14) 

order of magnitude as 
depend on the coupling 

(13) 

it with different 
C 3 , 4 3 , one can 
Lommel 's polyno- 


p (i?) 
r> 

Now let us look again at eq . 
recurrence relations for special 
recognize that it is nothing but 
mials (which are in fact polynomials 


Compari ng 

functions given in 
the equation for 


with respect to 1/&) 




(4) - 


R + R £*j£> = 


2<l> + A) 


R C’sO 


( 16) 


Consequent 1 y , 


=N{^,Z)R C-2sl =A'(p,£) 


Z C-f/’^CrrDTcVi-^ 
1=0 


2l-r> 


(17) 


w^ere is the normalizing factor. For example, the first three 

coefficients c i ^ J> = are as follows, 


*;"■ = i, = w < u -n/* a - 1 

Taking into account (12) we have, e.g. , for the ground state 


hoi , 

C ^l? £ - ■ 


iO) 2 

s 


( 18) 


(19) 


o i 

In conclusion let us discuss the corr espondence between the 
quantum problem under study and its classical counterpart described 
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( 20 ) 


:n 'the energy — phase canonical variables 

£ = i-c'p 2 + q 2 y . v = arccos j 

with Hamiltonian 

H = E + Xcc5<- - (21) 

Since this Hamiltonian depends linearly on the energv variable E, the 
canonical equations of motion 

dEdt = dH' dtp. dp dt - -dHsdE ( 22 ) 

car be found without difficulty for an arbitrary "potential" /(«>): 

pcti = -t, Efto = e q + /<ro:> - /<:*>->• < 23 ) 

Hcweve' , in the quantum case just the "potential" cosp seems 
di st j nqui shed * Fo r example, if one takes instead of ( 2 ) the interac — 
tic^ Hami I tor i a- 

instead of (6) and (7> one gets = /j — 2i?) 

'V 

— p 0 z 0 0 ■ - • ’ 

'V 

0 I — / j 0 z 0 

*v 

& 0 2-/J 0 s ■ ■ ■ ■ 

0 -z 0 3— /j 0 z* * • - 


(24) 




(25) 


S(8, p) = -pS(2, P-D + 2 Z <H-l)i<£, H-3) + £**<£, 


(26) 

/-£ ^ ' * a® ' )-* - f ~ — 7 r - “ • ~ ' ’ 

with unknown solution. 

Although the physical meaning of the quantum model with 
Hamiltonian (1) is not clear at the moment (its "nearest neighbour" 
yi = £* /n + \cosf> describes the Jcsephson junction), we '-ope that due 
to its beauty it will find applications in future- 

The authors thank V- P. Karassi ov for valuable discussions- 
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Abstract 

The quantum description of Kgth propagation inside a planar waveguide is 
given , looking in particular at the behaviour of the field inside a directional 
coupler . Nonclassical effects are presented and discussed. 


Introduction 

Electromagnetic fields in optical guided wave systems are usually 
described simply by using classical Maxwell’s equations, but there are cases in 
which a quantum treatment is necessary .Three purely quantum phenomena are 
known having no classical analogous; namely photon antibunching, 
sub-poissonian photon statistics, and squeezing of optical fields. If problems 
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connected with these phenomena or the evolution of photon statistics are to be 
dealt with, a quantum mechanical treatment must be used. 

Of course a Inear system is not able to produce or change these 
properties but a nonlnear one is. For this reason, in the following the 
Hamiltonian for a nonlinear optical waveguide will be derived .and its application 
to some propagation problems will be considered. Although the Hamiltonian is 
quite general, emphasis is given to planar structures only and a more suitable 
approach to describe propagation fenomena is discussed. 

One of the results of having the propagation problem treated in quantum 
mechanical form is to allow for the possibility of studying how purely quantum 
effects propagate in linear systems.We will show ,for example, that a quantum 
effect as squeezing is affected by the operation of switching in a linear structure 
because of the phase changes involved in the operation. 


2. Quantization of the radiation field 


The recent experiments on nonclassical states of light have called for a full 
quantum analysis of the electromagnetic field (1] especially in the cases of 
propagation of the fields inside dipersive media. 

We remember that the standard quantization method consists of writing the 
Hamiltonian in a given volume V , demanding periodicity in space. For 
propagating fields, the space evolution is then replaced by a time evolution, by 
linking the space and time variables by the equation z» ct. The length of the 
nonlinear medium is then replaced by an effective interaction time. Of course this 
method has two main Imitations. The Art one is that , by identifying the space 
evolution with time evolution we lose one variable and this formalism can 
describe only c.w. operation : the second problem is that this procedure cannot 
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be applied rigorously to a dispersive medium, where each frequency propagates 
with different velocity. 

However we remember that by using the Hamiltonian formalism and working in 
the Heisenberg picture , the time evolution of operator is given by 

i&ifl.&i , 

(i) 

so that the generator for time evolution is the H amiltonian % l . while tha 
gener a tor for space propagation is the momentum operator te • 

- * [hz,t>M ( 2 ) 


The ts operator is related to the wave flux of the Poynting vector [2]. 

Therefore a suitable way to quantize the radiation field to describe the 
propagation fenomena is the one starting from the flux of the Poynting vector. 
This leads us to the realization that the important quantity is the flux and not 
as usually is assumed with the Hamiltonian formalism , the energy density. 

In this way instead of quantizing the field in a large volume and demanding for 
spatial periodicity , it is necessary to assume a time periodicity T of the field , 
with the requirement that T must be large with respect to any relevant time . 
Then instead of writing the field in term of spatial modes ( thus performing a 
Fourier analysis of the space variable z into the wave vector K m ) it is possible 
to write it in term of temporal modes ( thus performing a Fourier analysis of the 
time variable t into discrete frequencies co m ) and space dependent 
operators. The advantage is that the temporal modes remain the same inside 
and outside the dielectric medium [3] and the space evolution of the mode 
operator can now be obtained by means of the momentum operator; moreover 
dispersion of the material can be included. 
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By the help of this formulation the expression of the electric field is ( inside a 
dielectric ) 

E (z,t) ■ E* (z,t) + E ( z,t), 
where the cross stands for c.c. and 

t («» = Xi tat^o»^«wp<- *»™»] < 3 > 

being aM and their conjugates form a set of localzed creation and the 
annihilation operators ,<om the field frequency , n(a>) the refractive index at the a 
frequency , t o the dielectric constant and c the Igth velocity. 

The number operator for the field becomes 

N(zo, ®m)- a + (zo.am) a(zo.am) ( 4 ) 

which represents the number operator of the photons of frequency a m 
passing through the plane z« zo during a period T , and the commutation 
rules now become commutation at "equal space": 

fa(z,a/>,a + (z\a/)] - ( 5 ) 


and the te operator is defined as 

- X(h A^ a + (z,art>a(^o>m) ( 6 ) 

m 

where Art- n (a™) — 18 the wavev8Ctor of the liW * 

c 
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3. Quantum machanical description of propagation In a planar 
wavagulda 

A planar dielectric waveguide is a medium whose dielectric permittivity 
depends on one direction, parallel to which we shall assume the x-axis (s.Fig.l ). 

If this medium does not contain absorbing centers.if there is no 
amplification of radiation, and if the permittivity is weakly dependent on the field 
frequency © i .the electromagnetic field inside the guide is expressed in terms 
of normal modes in the following form [4,5] 


A(r)- 3jAof(x)exp(lft.r), (6) 

where 0 j is the wave-vector with components y and z (0 j.r« k y y + k* z) of the 
j-th mode propagating inside the waveguide and f (x) is a function dependent 
only on x, defined over all space, and determined by the waveguide structure. 
Therefore each guided mode is defined by a ft vector at each <oj frequency. 

From the quantum thery point of view ( as pointed out in the previous 
paragraph ,if the operator describing the field mode in a free space is given by 
( note the operator is the one that obeys at the equal space commutation rules) 

a(z,co/) = a<z)e' arfO) e~ ika e~ (7) 

in a guided strucure it can be described as 

a(z,ov) = a*z)e" * aKO) e~ ** (8) 
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and eq. (6) written in operatorial form becomes 


(r,0 = ZA) [aUvj) exp(- 0 + c.c.J (9) 

J 

where A o is a constant . 


aX 





rt). 


on- 




Rg.l A planar waveguide 

We would like to remark that in the case of dispersionless material the time 
evolution of the field operators( Heisenberg equation) is the same as the one in 
space , i.e. the Hamiltonian operator and the momentum operator 
approach provide the same results. This remark is particularly important when 
we consider the quantum treatmen of a guided mode inside a guiding 
structure, due to the fact that in general we propagate different spatial modes 
of equal frequency and we are not obBged to take into account dispersion of the 
medium if we assume a c.w. propagation. 

The same kind of consideration is still vafid if we study the propagation of single 
or more modes inside a noninear planar waveguide with third order noninearity. 
These cases have been extensively studied in the paper [5]. 

in the following we analyze the case of propagation in a directional coupler , 
which is one of the most interesting guiding devices , very important from the 
point of view of its switch properties. 
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4. Behaviour of a linear directional coupler when nonclasslcal states are 
Involved (squeezing) 

The directional linear coupler consists in two adjacent and parallel 
waveguides [ 5,6 ](channeis ).When radiation goes through the 

structure, exchange of power between the channels is possible because of the 
evanescent field which is present in the region between them. 

In the frame of classical theory the coupler is studied by using the coupled 
mode theory [5,6 ],in which a perturbation polarization responsible for the 
coupling contains the refractive index of the guides. Complete power transfer 
occurs in a distance L ■ ( x/2)K , where K is the coupling constant 
determined by the refractive indices of the structure; if the detuning parameter 5 
is zero, that is in the case of complete phase matching (6 ] .being 

8=^(Pa-&>) (10) 

where Pa and Pc are the wavevectors of two modes of equal frequency 

propagating in channel a and b respectively .If 5 is not zero the maximum 

fraction of power that can be trasferred is proportional to 
K 2 

k2 + 5 2 ‘ 


From the classical equations for the complex amplitude for the directional 
coupler, in the frame of the coupled*mode theory .with obvious generalization we 
have the following Heisenberg equations for the operators, 

( da/dz - -iKbexp(i2 5z), 

( db/dz - -iKaexp(-2i8 z), (11) 
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where a and b are the field annihilation operators in channel a and b 
respectively .For the sake of simplicity we neglect damping terms because we 
are interested in the coupling effect only, -this is a good approximation in the 
region of low temperature and optical frequencies. Without taking into account 
dispersion the set of eqs. (11 ) is the same that we can write startimg from the 
momentum operator with the substitutions t -> z/c and U -> c & 

In this way we get the following solutions of eqs.(1 1) 

a = Ca an* Ga bo b= Ct bo + Gb so (1 2) 

where so and bo are the input annihilation operators and 
Ca= e*^cos( yz)- / 54 sin(Y-sr)] 

Ctf= a" cos(yz) + / 5/9 sin(yz)] 

Ga = - / sin(yz) e* z 

Gb = - i *9 sin(yz) e~ ® z 
where y 2 * Z^ + S 2 . 

To study the propagation of nonclassical field through the structure we use the 
following characteristic function 


CMP) = Tr {\ p exp[pa + ] exp{- p*a ] = exp[ - pi 2 + Ms (^P 2 + S P* 2 )+ P V/ - p* W] 

(13) 


which is able to describe a field which is not a pure coherent or squeezed 
state, but has simultaneously squeezed .coherent and chaotic features [ 7 ].ln 
eq.( 13 ) W» Wexp(i$ ) is the coherent signal, and M and S are related to the 
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noncoherent part of the field.So for the vacuum state we have M« S- W- 0 
;in the pure coherent state M-S-0, and for the chaotic field W-S-O. 

The state is a pure squeezed state if 

M- Q- 0.5((4S + 1) -1) 


S- exp(i q> ) cosh(r) sinh(r) 


(14) 


r being the squeezing parameter [13 ]. 

A mixed state is given from a superposition of a pure squeezed state with 
coherent signal W and a cahotic field described by the normally ordered 
characteristic function given by eq.( 13 ) if 
M- Q + N, 


where N is the noise photon number. 


(15) 


We shall suppose that the input statistics of fight in both modes can be 
described by the normally ordered characteristic function ( 13 ).Putting solutions 
(12 ) into eq.(13 ) we can see that the truncated normally ordered output 
characteri- stic functions will have the same functional form as the input ones with 
new terms 

M« + A4 0) |Ga| 2 

s- <&°>C§ + S*P>G& 

Wa- M& 0) C a + K& 0) G a (16) 

where the superscript (o) labels the input quantities, and similar expressions can 
be found for the b-mode,by interchanging the subscripts a and b. 
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We are interested in finding expressions for the variances < ( A Q ) 2 > and 
<( A P) 2 > .(where &= a+a + and £= -/( a-a + )) .In ref.(14) it 

is shown that 

<(AQ> 2 > *1+2 Af+ S+ & 

<(AP) 2 > »1+2W- S- !> O 7 ) 

Several interesting cases can be considered which depend on the way the 
coupler is feeded. 

Let us suppose first that a pure squeezed state enters channel b and a 
coherent state (or vacuum) channel a It can be shown in this case that for 
L* x /2K and 8- 0 we have 

< (A b) 2 >a - < (A^^UO. < (A P) 2 >a = < (A^^oo , 

< (A b) 2 >a * < (A 1- 

( 18 ) 

This means that at the output of channel a we have an opposite squeezing than 
at the input of channel b, while the output in channel b shows no squeezing. 

A related situation is obtained when two opposite squeezed fields enter the 
two channels in the same conditions as in the previous case. In this case 
squeezing is preserved in both channels because the field entering channel a 
comes out of channel b with opposite squeezing and the same happens with 
field entering channel b.At intermediate lengths of the coupler the squeezing is 
not completely preserved. 

A very interesting role is played by the detuning parameter . In general [14] 
if 8 # 0 some noise is added to both channels and squeezing is reduced, and 
for some special values of 8 , noise is absent. Let us consider tor example 
the case in which 8= VT K. . In this case y - 2k and for the same coupler 
length L— tf/2k if a squeezed field entered channel b and a coherent or vacuum 
field channel a then we have at the output 
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( 19 ) 


< (Afc?) 2 > « * < (A Pfe a- 1. 

< (A b) 2 >& = < (a£?)^> to* 

< (A P) z >t>= < (A h^bo. . 

We can see that changing the detuning parameter from zero to V3K 
switches from one channel to another.TNs result is rather interesting for the 
purpose of measurement.The squeezed state is detected by interfering it with a 
coherent reference light and looking at fluctuationsThe switching behaviour just 
described allow to preserve both the squeezed state and its reference beam. 


5 Directional and contradlrectional coupler with modes with small 
different frequency propagating Inside 


We have studied the problem of propagation of radiation in a coupler 
assuming two different frequencies inside the channels t with the hypothesis that 
each channel can support one only guided mode : this is possible if the two 
frequencies are quite similar. In general for a coupler the more realistic 
description of the field propagating inside all the structure is the one which takes 
into account the superposition of the single modes propagating in each channel 
( so called supermodes); in the case of different frequencies this approach is 
particularly convenient and it is the one that we have adopted but in its 
quantum analogous, i.e. introducing this concept in the statistical dependence of 
the modes supported by the structure. 
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The motion equation of the operator describing the propagation inside the 
structure is given by ( Heisenberg form) 

( 20 ) 

where i is the index corresponding to the mode ( i- 1,2) and this equation is 

* A 

related to the momentum operator G , that for this case is given by 

= />£ kjaf (z) V 2 ) + h (X* ai + U) «<*) + hc • )• ( 21 ) 

>■1 

where kf= is the mode wave vector , x *s the coupling constant , which 

depends on the refractive index n(©/ ) distribution inside the coupler . It is very 
interesting fo observe that the G operator looks like the one of a second order 
nonlinearity for a bulk material. 

Using the approach of the supermodes we can describe the two fields of 
different frequency supported by the strucure as 

1 1> = 2" 14 (| 1/rt>+ uii 1 1oof> + «21|2 ooP> ) 

1 2> = 2” 14 (| 2irP + U12 1 1ot/*» + U22| 2 ouf> ) (22) 

being uj,k a function related to the transformation law of the coupler , 
containing all the informations about the structure . such as the coupling 
constant , the detuning parameter , etc. ( see functions C a£ and G a,b of the 
provious paragraph ). 

To follow the statistics of the field we start from the characteristic function ( the 
antinormal one) from which it is possible to derive ail the factorial moments and 
the photon counting distribution. As in the previous paragraph we suppose the 
input state is a superposition of a coherent state and noise , including 
squeezing . 
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Due to to the hypothesis of the supermode we can write the charateristic 
function for aH the fields Pi and fte , Ca (Pi, | te) , but we can follow also the 
behaviour of each separate mode Ca (Py) l 8 ] : 

Ca„(Pi,P 2)= exp(£[-Sy < JP/| 2 + + c.c.) + (&ty- c.c.) + 

' b i z 

(noise) ( squeezing) ( coherent) 

+ (— Si2«iPi P 2 + Pip2 + c.c.)\}. 

( interference of noise ) (23) 

The output characteristic function is of the same form as the input, where all the 
features of the coupler are inside the B and C coefficients of the eq.(23). 

Several cases of inputs states have been studied, such as coherent , two-photon 
coherent , two-mode squeezed states and all factorial moments have been 
calculated [8] finding as the detuning parametr plays a very important role on the 
evolution of the fileds : it adds addidionai noise if it Is non zero [8]. 

It is interesting also to follow the photon counting distribution which put into 
evidence the switch properties of the structure always starting from the hypotesis 
of supermode supported by the coupler . An example is shown in Rg.2 , where 
the detuning parameter 5 is zero, the input state in the first channel is a two 
photon coherent state in the first mode , with a * small amount of 
squeezing" .and a coherent state in the other mode . The picture shows the 
marginal photon number distribution in the channel 2 ; at a suitably distances the 
sub-Poissonian behaviour turns super-Poissonian, which characterizes the field 
in the squeezed vacuum state: this confirms the switching of figth of certain 
photon statistics from one mode to the other one. 
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Fig.2 • The marginal photon number distribution for 5 «0 and K «i for the 
channel 2 


Conclusions 

The propagation of ligth in a linear directional coupler can be studed without 
taking into account the dispersion of the dielectric constant until c.w. field 
propagation is considered; of course dispersion must be taken into account in 
non stationary rases and when the structure of the propagating device supports 
different frequencies. 

The ability of the coupler to switch from one channel to the other by introducing a 
phase lag allows to change the squeezing directions, until the £ parameter 
is of suitably values; in general a detuning different from zero reduces the switch 
properties of the coupler and adds additional noise to the propagating fields. This 
effect is in turn evident also on the photon counting distribution. 
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NONPERTURBATIVE METHODS IN THE PROBLEM OF 
MULTIPHOTON EXCITATION OF ATOM BY SQUEEZED 

LIGHT 


A.V.Belousov and V.A.Kovarsky 
Institute of Applied Physics Academy of Sciences of Moldova 
Kishinev, 277028, Moldova 

Abstract 

The multiphoton detectors for the strong squeezed light vacuum are considered. Te re- 
sult is compared with the perturbation theory. It is shown that as the degree of squeezing is 
increased the statistical factor decreases. 


Multiphoton transitions in atoms due to squeezed light were analyzed for the first time by 
Yansky and Yushin [1] by using perturbation theory. On the other hand, at present parametric 
generators of squeezed light are discussed [2]. They allow us to obtain high density of photons 
N ~ 10 20 — 10 21 in resonator with volume V ~ 1cm 3 for stored energy density > 1 J. Although 
experimentally such photon densities are not reached, it is of interest to describe physical processes 
in atoms interesting with intensive squeezed light. For the squeezed vacuum |0 >,, as is known, 
N =,< 0|a + a|0 >,= |i/| 2 (a + (a)- are operators of appearing and disappearing of quantum of 
electromagnetic field), v — |i/|e‘* is squeezing parameter of Stoler unitary transformation [3, 4] of 
operators a + (a) to the new variables of squeezed field 6 + (6) : 

b = pa + i /a + 

b + = p*a + + i/*a; |/x| 2 - \v\ 2 = 1 (1) 

For the squeezing degree v ~ 10 10 — 10 11 the criteria for application of perturbation theory 
methods are not satisfied. In fact, let us coincides two level system with nonzero average dipole 
moment d in the excited state (2) (neglect for simplicity the dipole moment in the ground state (1)). 
The characteristic theory parameter p appearing due to multiphoton transition on the degenerate 
level (2) has the form [5] 

p-Fdfhu (2) 

where F is the amplitude of the intensity of electromagnetic field with frequency u. Parameter 
p > qo (go is the number of photons participating in the transition) is reached for N ~ 10 20 — 
10 21 ( 9o ~ 3 100). 

In the paper [6] the statistical factor X(os) — fW^ was calculated for the multiphoton 
transition on the degenerated level of hydrogen atom for the source of gauss electromagnetic field 
(G) and pure coherent source (5). It was shown that with the increase of radiation intensity the 
difference in statistical properties of multiphoton excitation of atom disappear. The expression was 
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received for the probability of coherent multiphoton transition in the presence of probe radiation 
with intensity T and frequency 







( 3 ) 


where q 0 = (A - hQ)/hu, A is electron excitation energy, 7 is damping constant of excited 
electron state, J n (x ) is the Bessel function of real argument. Using the formula (3) gives us 
methodical advantage because it permits to realize the rearrangement of multiphoton process 
with the frequency of probe radiation. Let us consider the statistical factor X(ss) = (W^ , 

where W 5 is the transition probability under the action of squeezed light. S - matrix formalism 
is used for calculating W s . Confining to the second order of perturbation theory on the probe 
radiation. We have: _ _ 

W S (Q) — ™ / dt exp[tg 0 wt - 7t]J'(t) (4) 

“ 1/-OO 

where I‘(t) is generating function of transition probability: 

/'(*) =< G(t) >. 


The evolution operator G(t) satisfied the motion equation: 

ihG(t) = { 3 (t)a + g-(t)a + ]G(ty,G(0)= 1 

g(t) = tue - *" 4 ; v = dnfahu/V) 1 ^ 


( 5 ) 


The brackets < • • • > in (5) denote the averaging over squeezed state, d 22 in (5) is dipole moment 
in electronic state (2), d 22 « lOeoao for the level with the main quantum number n = 3(ao is the 
Bohr radius, e 0 is the electron charge). The solution to (5) may be presented in the following 
normally ordered form [7]: 

G(t) = 

B(t) = drg(r) (6) 

A(t) = -T* f dr i f <fr 2 <7(ri)<7*(r 2 ) 

n Jo Jo 

Let us use back transition to (1): 


a = n*b — ub + 
o + — pb + — i/*6 

With the Backer • Hausdorff transformation 

e A . e B = . JIAM 

[[A,B],A] = [[A,B],B] = 0 
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it is easy to recieve the following expression for the generating function of quantum transition 
under the action of squeezed light 

f‘\t) = tfit). < . Jbt'+bw ip >a 

4* } (t) = exp{-|^| a |5| 3 - |(fiV + c.c.)} (7) 

The value /9 characterizes the initial coherent state \/9 > . In the case of squeezed vacuum we 
have /^(t) = I^ 3 \t). The received exact expression for the generating function does not 

permit to make analytical calculation of the transition probability and creates certain difficulties 
for numerical calculations. This expression differs from the known formulas in [7,8] obtained 
in perturbation theory in two positions. Firstly, in (7) the reemitting of photons is taken into 
account, secondly, anomaly correlation functions with nonequal number of operators a and a are 
not discarded. The first condition for the strong field is strictly necessary. The second condition 
may be used for both weak and strong fields, as will be shown below. Taking into consideration 
the remarks let us simplify the common expression for the transition probability. Present formula 
(6) in antinormal form and rewrite Tq (t) : 

+ e-W* V , < 0|a n a +m |0 > f (8) 

mini 

mjtn 

The presentation of the evolution operator G(t) in antinormal form is caused by simplicity of 
calculations, for example: 


, < 0|aa + |0 >,= 1 + M 2 = ImI 2 = N + 1 

The last term in (8) is the contribution of anomaly correlation functions and do not gives the 
contribution in multi-photon processes. Thus, we leave the first member in (8). We find: 

#>(() = .-MW ■ Ioflflr VM) (») 

where Io(x) is modified Bessel function. Let us consider the photon density \v\ > 1 corresponding 
to perturbation theory. In this case (see Appendix) it may be shown that statistical factor (x(s6)) 

ty(») 

X(,S) = = ( 2 7o - 1)!! (10) 

This result coincides with the known conclusion in [1], In Fig.l the calculation of statistical factor 
X(jf) in nonperturbative approach is given. Dashed line corresponds to perturbation theory. For 
comparison the same Fig.l gives the statistical factor X(as)- Naturally, near field intensity which 
corresponds to the suppression coherent multiphoton excitation effect [10], the statistical factor 
increases drastically, which creates additional possibilities for experiment. 
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I 10 20 30 40 ai IA 

Fig.l. Dependence of x on a W\ 2 - Cnrve 1 corresponds X(»f)» 2 -X(as) 


Appendix 


Let us use the expression for the multiplication of coherent state lor > and squeezed state \(3 >, 

< a\0 >,= ^=exp{-i(|a| 3 + \0 \ 3 + -or* 3 + — 0 1 ) + -<**£} 
yA 1 * M M M 


Rewrite A mm as: 


A mm = ± / d 3 Qf|a| 3m | , < 0|c* > | 3 = 
= - f°° dxe~* x m Io(x-) 


'8 



( < ^ 2 ° f — d(Rea)d(Ima) - is the measure of integration in complex plane a. So, the generating 
function may have the form: 

f‘\t) = - I” dxe-*I 0 (x^-)J 0 (2\B\V?) 

^ Jo M 

After calculating this integral we obtain the generating function (9). Let us use the summation 
formula for the Bessel function [11]: 


~r w 

J 0 (2a sin x/2) = ^ J%(a)e ikx 


OO 


Let write the expression for the multiphoton transition probability under the action of the 
squeezed light: 

LL * * il ’ 


here we denote; 


f 9 = f” cf«-*/ 0 (*M)J=(2v^) 


a = v 2 f{huf 

The last integral is known [ll]. We receive: 


W< J > 


M (go!) 2 § 2«(ife!)2 + 9o)t X 

x 2 ^ 2(90 + 1/2, qo + 2k + 1; g 0 + 1, 2qo + 1; — 4o), 


where 2 F 2 is the common hipergeometricaJ series. At a < 1, 2 F 2 ~ 1. We use the integral 
representation for the factorial. It is possible to sum up the series: 


qo- 


PM is Legandre polynomial. In the approximation \u\ > 1 (/x > l). Let us use the 
asymptotic expression [ll]: 


We receive: 


qo'- 


W(,) ~ ^rp-( 2 ?o - J ) !! = ^ W (2go - 1)!! 
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Emission of resonance fluorescence by an atom near the surface of a four-wave mixing phase 
conjugator is considered. The dipole radiation Field, regarded as a Heisenberg-operator field, is 
decomposed into plane waves with the aid of Weyl's representation of the Green's function for the wave 
equation. Each plane-wave component which is incident on the surface of the nonlinear medium, is 
reflected as its phase-conjugate image. Summation of all reflected plane waves then yields the phase- 
conjugate replica of the incident dipole radiation. This field adds to the radiation which is emitted by the 
atom into the direction away from the medium. The condition under which squeezing occurs in the 
emitted resonance fluorescence is investigated. 


I. INTRODUCTION 

Squeezing in resonance fluorescence from a two-state atom was first considered by 
Walls and Zoller.l They derived conditions on the optical parameters for which the 
emitted radiation would exhibit squeezing, and it appeared that only for a very limited 
range of the parameters squeezing could occur. On the other hand, squeezed states of the 
free electromagnetic field can be generated through four-wave mixing as two-photon 
coherent states. ^ In this paper we consider a combination of these two processes: a two- 
state atom with transition frequency co 0 is close to the surface of a four-wave mixer in 
the phase conjugation setup. The nonlinear transparent crystal is pumped by two 
counterpropagating laser beams with frequency (0 p , as shown in Fig. 1. Then, an 
incident plane wave with frequency co is reflected as a wave with frequency 2co p - co , 
and this wave counterpropagates the incident wave. This device will be referred to as a 
phase conjugator (PC). When an atom in the neighborhood of this PC emits 
fluorescence, then part of this radiation will be incident on the PC, and will be reflected 
as its phase-conjugate replica. The total radiation field then is the sum of regular 
fluorescence, which is emitted directly into the direction of the detector, and the phase- 
conjugate image of the incident field. In addition, we shall assume that the atom is 
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driven by a laser with frequency to L , and this field propagates parallel to the surface of 
the crystal. 




II. PTPOLE RADIATION 

An electric field E(r , t) has a Fourier transform, defined as 

E(r,o)=f dt e 1C0t E(r,t) (1) 

J— 90 

In terms of this transform, the positive-frequency part of E(r,t) is defined as 

E(r, t) (+) = — f" dm e~ iox l(f , (0) (2) 

2 n J o 


and the total field can then be written as 
E(?,t) = E(r,t) (+) + H.c. 
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(3) 



Here, the field is a quantum operator field, and the t-dependence signifies the Heisenberg 
picture. 

For a (quantum) dipole £(t), with Fourier transform jl(co), which is located at 
position h, the Fourier transform of its electric field is given by 

i 1 o - * „ik|r-h| 

E p (r,(o) = -^— -{lc j!(re)-i-[jI(co)»V]V}-^— ^ , (4) 


with k = co / c > 0. The subscript p indicates that this field is the particular solution for a 
dipole in empty space. We shall assume that the plane z = 0 is the surface of the 
medium, and that the atomic dipole position vector is given by h = he z , h > 0. In order 
to obtain the field reflected by the PC, we expand the dipole field into plane waves. 
Then for each wave its phase-conjugate image is a counterpropagating wave, multiplied 
by the appropriate Fresnel coefficient, and shifted in frequency according to the rule of 
Fig. 1. The decomposition of the field Ep(f,co) is accomplished by using Weyl's 
representation of the Green's function for the scalar wave equation: 


e ik|r-ii| 

|r-h| 


i r°° r°° 

— f da [ dj5 

' 7T J—oo J— do 


2n 


J_ giax+iPy+iy|z-h| 

Y 


(5) 


where y is given by 


Y = 


V k 2 -a 2 -p 2 

iVa 2 +P 2 -k 2 


( 6 ) 


It is understood that we take the form for which the argument of the square root is 
positive. When we substitute (5) into (4) and carry out the V operations, then the result 
is the desired expansion into plane waves. The polarization of the waves is determined 
by the dipole operator, and this has to be decomposed into surface- and plane 
polarization components. The details of this lengthy calculation can be found in Refs. 3 
and 4. Furthermore, we have to make an asymptotic expansion in order to find the field 
in the radiation zone. This was done with the method of stationary phase. 5 
Subsequently, the inverse Fourier transform has to be calculated, to obtain the positive- 
frequency part of the field. The final result for the radiation field, evaluated at the 
position of a detector, located under an angle 0 with the normal to the surface, is 


2 „-ioo„T 


E(r , t) (+) = 6 2 ° {M - ? (? • M)} 


4ite 0 rc 


(7) 
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Here, x = (h / c)cos9, (O 0 is the atomic transition frequency, and the Heisenberg operator 
M(t) is given by 


M(t) = jl(t)^-P* e _2ic ° pt il(t) (_) (8) 

The positive-frequency part of the dipole operator is proportional to the atomic lowering 
operator, and the negative-frequency part is proportional to the raising operator. 


m. driven atom 

Now assume that the atom is irradiated by a nearly-monochromatic laser beam, with 
an electric field of the form 


E L (t) = E 0 Ree L e 


-i(o> L t+<K0) 


(9) 


The phase «>(t) is a random process, which accounts for the laser linewidth. We take the 
phase to be the independent-increment process, leading to a Lorentzian laser Jineshape 
with a width equal to X. This field couples to the atomic dipole as -P- #e l m the 
Hamiltonian, giving rise to stimulated transitions between the two levels. The equation 
of motion for the atomic density operator c in the rotating frame, and averaged over the 
stochastic laser phase, can readily be solved. For the matrix elements we obtain: 


<e|ct|e>= 

<e|a|g>= 


1 fl*n+APn(A 2 +y) 

2 Qq 1 ! 4 " A(l + E o )(A 2 +r l^) 


Q 

2 


A(A-irj) 


Q^ri + ACl + PoXA^+T?) 


( 10 ) 

(ID 


Here we introduced the notations: A = (0 L ““o ^ A ( 1 + P o) 7 2 ’ and =|Q| ’ Wlth 

Q the (complex) Rabi frequency of the transition, A the Einstein coefficient for 

spontaneous decay, and P 0 the absolute value of the Fresnel reflection coefficient. 


IV. DEFINITION HF SQUEEZING 

The electric field of the emitted radiation is given by Eq. (7). The slowly-varying 
amplitude of the resonance fluorescence, with respect to the incident field, is given by 

E a (t) = E(t) (+) e i(a>LtH(t)_a) + H.c. < 12 > 
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with E(t) (+) the projection of the field from Eq. (7) onto a fixed polarization direction. 
Angle a can be varied in an experiment. For a = 0 or a = 7r / 2 this corresponds to the 
in-phase and out-of-phase quadrature component of the field, respectively. The 
Heisenberg uncertainty relation for quadrature fields with different values of a is 

^a(OAE a .(t)>^|<[E a (t),E a .(t)]>| , (13) 

and with Eq. (12) this becomes 

(AE a (t)) 2 (AE a .(t)) 2 > <[E(t) (+) ,E(t) ( - ) ]> 2 sin 2 (a-a') . (14) 


Then we define the field E a (t) squeezed, if 

(AE„(t)) 2 < |<[E(t) <+ >,E(t) ( ->]>| . (15) 

holds. From Eq. (14) it follows that when E a (t) is squeezed for a certain value of a, 
then the quadrature component of the field which is 90° out of phase with this E a (t) 
must have enhanced fluctuations. 

As a measure for the amount of squeezing we introduce the normalized quantity 
__(AE„) 2 -|<[E(t) w ,E(t)<->]>| 

s = -J , (16) 

<E«> 

so that squeezing occurs under condition 

s<0 (17) 


V. CONDITION FOR SQUEEZING 

The squeezing parameter s can readily be evaluated, given the solution for the atomic 
density operator a. It appears that parameter a can be chosen, such that it minimizes s, 
but this choice depends in a complicated way on the phase of the atomic transition dipole 
moment, the phase of the Rabi frequency, and the normal distance between the atom and 
the surface of the medium.^ For this optimum value of a, parameter s is found to be 

_ T A(A 2 + T| 2 ) 

(1 + P 2 )[Q 2 ti + A(1 + P 2 )( A 2 + rj 2 )] 2 
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(18) 


x[^ (A+ |l-P 0 2 |Ti) + A|l-P 0 4 |(A 2 +r| 2 )] 

Therefore, squeezing occurs when the following condition on the optical parameters 
holds: 

(1 + P 0 2 )[O 2 r| + A(1 + P 2 )( A 2 + 1 | 2 )] 2 < 

<A(A 2 +n 2 )[^o(A+|i-p 2 i'n)+A|i-p 4 i(A 2 +n 2 )] (19) 

If we set P 2 = 0 in Eq. (19), then we recover the result for a free atom. 8 When we set 
Q 2 = 0 , which corresponds to the case without the driving laser, then it is easy to verify 
that in this situation squeezing never occurs. Figure 2 shows the region were squeezing 
occurs, as a function of the laser power and the phase-conjugate reflectivity, and for zero 
detuning A and laser linewidth X . 



Fig. 2. Squeezing occurs when the reflectivity and the laser power are such that the 
corresponding point in this plane is within the loop. 
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Abstract 

An historical account is given of the circumstances whereby the uncertainty relations were 
introduced into physics by Heisenberg. The criticisms of QED on measurement-theoretical 
grounds by Landau and Peierls are then discussed, as well as the response to them by 
Bohr and Rosenfeld. Finally, some examples are given of how the new freedom to advance 
radical proposals, in part the result of the revolution brought about by “uncertainty,” was 
implemented in dealing with the new phenomena encountered in elementary particle physics 
in the 1930s. 


1 Introduction 

I must thank the organizers of this conference on Squeezed States and Uncertainty Relations for 
the kind invitation to speak here. For some years I have studied and written on the history 
of modern physics, and so I assumed that I was to speak on some topic in that field. Let me 
say why a talk on the history of physics may be relevant, and why I have chosen the title as I 
have. According to a Greek historian of the period just before the Christian era, Dionysius of 
Halicarnassus, “History is philosophy from examples.” But why should physicists care anything 
about philosophy, by examples or otherwise? Because physics was and is natural philosophy, and 
never more so than when we deal with uncertainty relations. 

I will begin by discussing the general significance of the Heisenberg uncertainty relations, how 
they entered physics, and what interpret ational (i.e., philosophical) problems they were intended 
to solve. I will then mention the criticisms that Lev Landau and Rudolph Peierls addressed 
to the measurement problem in QED, criticisms which led Niels Bohr and Lon Rosenfeld to 
attempt to justify the real existence of quantized electromagnetic fields. But I will not be so 
foolhardy as to review this subject in technical detail, when I am in the presence of so many 
experts on quantum optics. Instead, I shall ask how the establishment of a quantum mechanics 
that accepts the impossibility of exactly describing an atomic system in classical terms, influenced 
the thinking of physicists as they tried to understand the phenomena of subatomic, i.e., nuclear 
and subnuclear, systems. For, after the introduction of “uncertainty,” physicists felt permitted to 
advance hypotheses that would have been unthinkable before the quantum mechanical revolution 
of 1925-26. 

In particular, I shall discuss some bold developments during the 1930s in quantum field theory 
and in nuclear and cosmic ray physics, three subjects whose confluence gave rise to the new field 
that is now called elementary particle physics. [1] 
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2 The Origin of the Uncertainty Relations and of Com- 
plementarity 

In a recent biography of Heisenberg by David Cassidy, entitled Uncertainty, the author begins a 
chapter, which is called “Certain of Uncertainty,” as follows: 

On March 22, 1927 Werner Heisenberg submitted a paper to the Zeitschrift fuer 
Physik entitled “On the perceptual [anschaulich] content of quantum theoretical kine- 
matics and mechanics.” The 27-page paper, forwarded from Copenhagen, contained 
Heisenberg’s most famous and far-ranging achievement in physics-his formulation of 
the uncertainty, or indeterminacy, principle in quantum mechanics. Together with 
Bohr’s complementarity principle, enunciated later that year, and Born’s statisti- 
cal interpretation of Schrdinger’s wave function, Heisenberg’s uncertainty principle 
formed a fundamental component of the so-called Copenhagen interpretation of quan- 
tum mechanics— an explication of the uses and limitations of the mathematical appara- 
tus of quantum mechanics that fundamentally altered our understanding of nature and 
our relation to it ... [This] marked the end of a profound transformation in physics 
that has not been equalled since. [2] 

The development of quantum mechanics by Heisenberg, Born, Jordan, Bohr, Schroedinger, 
Dirac, and others in 1925-26 marked the end of a period, beginning with Planck’s introduction 
of the quantum of action in 1900, that was characterized by efforts, sometimes described as 
“desperate,” to apply the well-established Newtonian particle and Maxwellian wave concepts, 
even if modified by Einstein’s relativity and restricted by the quantum rules of Bohr-Sommerfeld. 
But quantum mechanics entailed a whole new epistemology. Common-sense notions of causality, 
separability, locality, visualizabilty, and measurability demanded, at the least, reinterpretation, 
and perhaps utter abandonment at the quantum level. Heisenberg’s uncertainty principle lay at 
the very heart of all this consternation and excitement. How did it first appear? 

After Born, Jordan, and Heisenberg set out the principles and methods of matrix mechanics, 
Schroedinger introduced wave mechanics, and soon proved that the two very different approaches 
would always lead to the same predictions. (The equivalence of wave and quantum mechanics was 
independently shown by Wolfgang Pauli.) This immediately raised the old spectre of the wave- 
particle paradox in a new context, as did the experiments of 1927 on electron diffraction. (However, 
histories of quantum mechanics emphasize the theory, and they do not seem to take much notice 
of the latter.) After 1927 it became necessary to take seriously the matter waves of Louis de 
Broglie, and to explain how the de Broglie-Schrdinger wavelike electron could be the same object 
that leaves a well-defined track in a Wilson cloud chamber. Bohr and Heisenberg, then Bohr’s 
assistant in Copenhagen, had been very concerned about this paradox the previous year, and to 
help clear up the matter, Bohr invited Schroedinger to visit them. Accordingly, Schroedinger took 
the train to Copenhagen from his post in Zurich, in October 1926. The Austrian physicist still 
adhered to a “realist” view of electron waves, and rejected any notion of “quant um-jumping,” that 
is, the transfer of energy in discrete amounts, rather than continuously. 

By all accounts [4], poor Schroedinger was attacked so vigorously by the usually congenial 
Bohr that he became ill and took to bed. Bohr, however, pursued him even into the sickroom, 
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and would not allow him to rest. Nevertheless, Schroedinger left Copenhagen without giving up 
the reality of his waves and still refused to concede the existence of quantum jumps. [4] According 
to Heisenberg, the result of the visit was a continued preoccupation by Bohr and himself with the 
problem of interpreting the quantum theory. As Heisenberg described it: 

For all that, we in Copenhagen felt convinced toward the end of Schroedinger’s 
visit that we were on the right track, though we fully realized how difficult it would be 
to convince even leading physicists that they must abandon all attempts to construct 
perceptual models of atomic processes. During the next few months the physical in- 
terpretation of quantum mechanics was the central theme of all conversations between 
Bohr and myself . . . Since our talks often continued till long after midnight . . . both of 
us became utterly exhausted and rather tense. Hence Bohr decided in February 1927 
to go skiing in Norway, and I was quite glad to be left behind in Copenhagen, where 
I could think about these hopelessly complicated problems by myself. [5] 

Recalling a conversation with Einstein, who had maintained that it was only the theory which 
decides what* we can observe, Heisenberg began to question what we really see when we examine 
an electron track in a cloud chamber: 

In fact, all we do see in the cloud chamber are individual water droplets which must 
certainly be much larger than the electron. The right question should therefore be: Can 
quantum mechanics represent the fact that an electron finds itself approximately in a 
given place and that it moves approximately with a given velocity, and earn we make 
these approximations so close that they do not cause experimental difficulties? A brief 
calculation . . . showed that one could indeed represent such situations mathematically, 
and that the approximations are governed by what would later be called the uncertainty 
principle of quantum mechanics. [6] 

Upon Bohr’s return to Copenhagen, there was “a fresh round of difficult discussions,” in which 
Bohr insisted that the correct solution was to be given by the principle of complementarity. “But 
he soon realized,” said Heisenberg, "... that there was no serious difference,” and that the matin 
problem remaining was how to convince other physicists of the new way of looking at the world. 
That would not be easy. Comparing the scientist’s voyage of discovery with that of Columbus, 
Heisenberg said: 

In science, too, it is impossible to open up new territory unless one is prepared to 
leave the safe anchorage of established doctrine and run the risk of a hazardous leap 
forward . . . When it comes to entering new territory, the very structure of scientific 
thought may have to be changed, and that is far more than most men are prepared to 
do. [7] 

For a brief period, Bohr and Heisenberg had had a falling-out, since Heisenberg wished to 
base his uncertainty relations entirely upon the particle viewpoint of matrix mechanics, while to 
Bohr the indeterminacy was related to the necessity of including in the discussion the comple- 
mentary wave aspect of matter and of radiation. However, the two had reconciled their views 
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by October 1927, when Bohr gave a major address at the Fifth Solvay Congress in Brussels, es- 
sentially repeating a speech that he had made a month earlier at Como, Italy at a conference 
on the centenary of Alessandro Volta. At the Solvay conference, there began the famous and 
long-lasting Bohr-Einstein debates on the interpretation of quantum mechanics, the forerunner of 
the Einstein-Podolsky-Rosen arguments and Bohr’s reply. [8] 


3 The Measurability of Quantum Fields 

In the spring of 1929, Heisenberg gave a set of lectures on quantum theory at the University of 
Chicago, a major portion of the lectures being concerned with a critique of the wave and particle 
concepts in interpreting experiments on Wilson photographs, x-ray and electron diffraction, etc. 
He also analyzed the spreading of wave packets, and he obtained uncertainty relations for elec- 
tromagnetic fields, e.g., those holding for the simultaneous measurement of a component of the 
electric and a compnent of the magnetic field, both being measured in the same volume element. 
His conclusion was that: “After a critique of the wave concept has been added to that of the 
particle concept all contradictions between the two disappear, provided only that due regard is 
paid to the limits of applicability of the. two pictures.” [9] 

In his Chicago lectures, Heisenberg gave three “proofs” of the relation 


*E,AH V > ( 1 ) 

for the fields averaged over a cubic cell of side SI. However, as shown later by Bohr and 
Rosenfeld, due to the presence of a 6- function involving the time difference in the commutator of 
two field components, the inequality (1) is ambiguous. When the averaging is more appropriately 
done over a space- time region, rather than space only, the right-hand side of (1) becomes zero. 
[10] Bohr and Rosenfeld concluded: “From this it follows that the averages of all field components 
over the same space-time region commute, and thus should be exactly measurable, independently 
of each other.” [11] 

The work of Bohr and Rosenfeld was in large part a response to a criticism of QED, based 
on measurement theory, that had been made by two very young (and rather brash) theorists, 
namely Lev Landau and Rudolph Peierls. In 1929 Landau was visiting physics centers in Western 
Europe on a grant from the Soviet Union, spending some time with each of Ehrenfest, Pauli, 
Heisenberg, Rutherford, Kapitza, and Born. However, for the most part he stayed in Copenhagen 
with Bohr, who (we know from his correspondence) was at that time concerned and, rather 
uncertain, about the uncertainty relations for two electromagnetic field components. [12] Visiting 
Zurich at the beginning of 1930, Landau began working on problems of QED with Peierls, who 
was then Pauli’s assistant. In December of 1930, Landau again visited Zurich, and he and Peierls 
wrote a paper arguing that QED was essentially meaningless, because a fundamental limitation 
made the measurement of electromagnetic fields impossible in the context of quantum theory. 
Obviously, this paper was intended to (and did) generate a major controversy. [13] 

According to Rosenfeld: 
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There was indeed reason for excitement, for the point raised by Landau and Peierls 
was a very fundamental one. They questioned the logical consistency of quantum elec- 
trodynamics by contending that the very concept of electromagnetic field is not sus- 
ceptible, in quantum theory, to any physical determination by means of measurements^ 

The measurement of a field component requires determinations of the momentum of 
a charged test-body; and the reaction from the field radiated by the test-body in the 
course of these operations would (except in trivial cases) lead to a limitation of the 
accuracy of the field measurement, entirely at variance with the premises of the theory 
... On the other hand, ... the occurrence of irregular fluctuations in the value of any 
field component . . . was known to be responsible for one of the divergent contributions 
to the self-energy of charged particles. Landau and Peierls, somewhat illogicaUy, tried 
to bring it into relation with their alleged limitation of measurability of the field, and 
this only further confused an already tangled issue. [14] 

As noted above, after two years of soul-searching, and by the use (in thought experiments) 
of classical test bodies, the consistency of QED as regards measurements was proven, for, again 
according to Rosenfeld [15]: 

So long as we treat all sources of electromagnetic fields as classical distributions of 
charge and current, and only quantize the field quantities themselves, no universal scale 
of space-time dimensions is fixed by the formalism. It is then consistent to disregard 
the atomistic structure of the test-bodies and there is no restriction to the logically 
admissable values of the charge density. [16] 

Surely this is one of the few examples of a problem of physics reduced to one of mere logic. As 
in much of Bohr’s work on measurement theory, a great deal of effort went into assuring readers 
that they need not worry further about the puzzling issues that gave rise to the paper. Abraham 
Pais quotes approvingly a friend’s remark on Bohr-Rosenfeld: “It is a very good paper that one 
does not have to read. You just have to know it exists. [17] 

4 The Legacy of Uncertainty: The Positron and the Neu- 
trino Conjectured 

After the probability interpretation and the (quite separate) measurement problems of non- 
relativistic quantum mechanics had been “solved,” or at least put in abeyance for a time, most 
thoughtful physicists felt that the first order of business was to look at other fundamental issues 
of the theory, especially those related to the striking new phenomena then being revealed by ex- 
periment. At least one important era of research had been successfully concluded; Dirac in 1929 
expressed it as follows: 

The general theory of quantum mechanics is now almost complete, the imperfec- 
tions that still remain being in connection with the fitting of the theory with relativity 
ideas . . . The underlying physical laws necessary for the mathematical theory of a 
large part of physics and the whole of chemistry are thus completely known. [18] 


123 


Dirac admitted that there remained great practical difficulty in actually solving the compli- 
cated equations for atomic and molecular systems, but he failed to mention that there were also 
“fundamental" questions remaining even in nonrelativistic quantum mechanics; for example, the 
treatment of collective behavior like superconductivity. As the quotation above shows, the fun- 
damental problem that concerned Dirac at this time was the relativistic theory of the electron 
itself, and this also appeared to be implicated in at least three other problematic areas, namely: 
quantum field theory, nuclear physics, and the cosmic rays. [19] _ 

Problems associated with the theory of the electron had been present almost since the turn of 
the century. The existence of a finite-sized concentration of electric charge appeared to require a 
new stabilizing force to prevent its explosion. As a constraint on the structure, physicists (notably, 
H A. Lorentz) advanced the hypothesis that all the mass of the electron was electromagnetic in 
origin. In classical models, this required the (spherical) electron to have a radius 



( 2 ) 


c and m, being the mass and charge of the electron, c the velocity of light, and a a dimensionless 
constant of order unity, whose value depended on the assumed structure of the electron. (We shall 
assume in what follows that A * 1). Letting the radius tend to zero gave the electron am infinite 
self-energy, i.e., an infinite mass. There was difficulty in reconciling a finite electron with the 
theory of relativity, and Lorentz had suggested that within the electron radius tq, physical laws 
that were different from the usual ones might apply. [20] 

The problem became acute with the advent in 1925 of quantum mechanics, in which the 
electron was treated as a point particle. The most obvious relativistic generalization of the 
Schroedinger equation, the Klein-Gordon equation (“the equation of many fathers”), did not 
give the correct fine structure of the hydrogen spectrum, which Arnold^ Sommerfeld had somehow 
managed to obtain (without electron spin!) by using the Bohr-Sommerfeld “old” quantum theory. 
The problem in quantum mechanics was that the electron spin was not properly taken into ac- 
count. Dirac set out to find an equation that would give the right spin and magnetic moment to 
the electron (he referred to these as “duplexity phenomena”) by remedying the “incompleteness of 
the previous theories lying in their disagreement with relativity, or alternatively, with the general 
transformation theory of quantum mechanics.” [21] 

Dirac’s new electron theory was spectacularly successful in treating the fine structure of hy- 
drogen, Compton scattering, the electron’s magnetic moment, and other important physics-but it 
also gave rise to new puzzles. The chief difficulty was the presence of negative energy states, which 
were meaningless in a relativistic theory, since an electron in such a state would have a negative 
mass. Dirac tried to prevent electron transitions to these negative energy states by declaring that 
they were all filled, and hence, by the exclusion principle, unavailable in practice. If occasionally 
“holes” did occur, they would act in every way as positive electrons. 

Later, the one-electron theory of Dirac, with filled vacuum states, was supplanted by a quantum 
field theory, which was then combined with the quantum field theory of the electromagnetic field 
that Dirac (and also Pascual Jordan) had pioneered in 1927. The theory of the two fields in 
interaction became known as quantum electrodynamics (QED). [22] However, this completely 
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relativistic theory was itself plagued by serious inconsistencies, of which the most egregious were 
the so-called “divergences,” namely, infinite predictions for the physical mass and charge of the 
electron. These divergences arose when virtual (i.e., energy- nonconserving intermediate) states 
were summed over, according to the rules of perturbation theory. The lowest approximations 
did give finite results, and were in surprisingly good accord with experiment. It was, therefore, 
assumed that the theory was correct at lower energies, but that it broke down above some critical 
interaction energy. In a suitably modified QED, it was argued, the small value of the expansion 
parameter (the dimensionless fine-structure constant, a = 1/137) would validate the perturbation 
expansion. 

Quantum mechanics can be expressed either in configuration space or in its complementary 
energy-momentum space, the two spaces being related by the Fourier transform theorem. Thus, 
a critical high energy can be related to a critical small distance. QED was working well at the 
energy scale that corresponds to the Compton wavelength, but it was assumed that it would very 
likely break down at the classical electron radius r 0 , which is 137 times smaller than the Compton 
wavelength. That might account, it was thought, for the apparent contradictions to accepted laws 
of physics that were puzzling physicists around 1930, especially in the higher energy nuclear and 
cosmic ray phenomena, since r 0 = 10~ 13 cm is almost identical with the known range of nuclear 
forces. [23] This distance was also a natural fundamental length at which to expect a breakdown 
in the classical theory, as Lorentz had, in fact, predicted at the beginning of the century. One 
of the principles guiding the development of quantum theory had been that classical physics is a 
limiting case of quantum physics (Bohr’s Correspondence Principle); it was not forgotten in the 
1930s. 

Bohr suggested just such a breakdown of known laws in his Faraday lecture to the British 
Association in London in 1930, and repeated the idea at a conference in Rome in October 1931. 
[24] To Dirac he wrote: “I . . . believe firmly that the solution to our present troubles will not be 
reached without a revision of our general ideas still deeper than that contemplated in the present 
quantum mechanics.” [25] Heisenberg, who adopted the same belief as Bohr, tried to make a 
theory involving a minimum length, introducing a space that was a lattice-world, rather than a 
continuum, a concept to which he returned several times later on in his life. As the appropriate 
lattice spacing he proposed the distance h/2cMc, where M is the mass of the proton. Thus this 
distance is about 2000 times smaller than the electron’s Compton wave length. He motivated his 
choice by the argument that distances smaller than the uncertainty inherent in a measurement 
with the most massive known elementary particle, the proton (i.e., the uncertainty in position 
'' determination by an ideal hypothetical proton microscope) were meaningless. This, then, was one 

legacy of the uncertainty relations. [26] 

Let us now leave aside the problems of QED and consider the conventional picture of the 
structure of the nucleus around 1930. In 1930 it was believed that there were only two elementary 
particles, the proton and the electron (described in an Encyclopedia Britannica article by Robert 
Millikan as negative and positive electrons). These particles interacted according to the laws of 
Maxwell and of quantum mechanics to produce ordinary matter. Thus all matter, atoms and their 
nuclei were supposed to be electrical in nature. (The only additional fundamental interaction was 
gravity-curved space-time perhaps-although if all mass were truly electromagnetic, then perhaps 
gravity itself was intimately entangled with electromagnetism. (The notion of a unified field, was 
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considered by Einstein, Hermann Weil, Theodor Kaluza and Oskar Klein, and others.) 

One of the most immediate difficulties with the electron-proton nuclear model was /3-decay 
Without the neutrino, not yet postulated by Pauli, any theory of /?-decay inevitably violated 
energy and momentum conservation. These days we may find it surprising that the generation of 
quantum revolutionists did not insist upon the preservation of the basic conservation laws. (Indeed, 
Bohr rather preferred the idea that energy was not conserved in individual elementary processes, 
but only statistically. He argued that in that case, the first and second laws of thermodynamics 
would have a comparable statistical foundation. [27]) 

Some other difficulties of the electron-proton model were [28] : 

• The symmetry character of the nuclear wave function depends upon the parity 
of the atomic mass number A, not Z, as the model predicted. [The number of 
fermions in the nucleus in the model is 2A-Z]; when A-Z is odd the spin and 
statistics of the nucleus were given incorrectly. For example, nitrogen (Z = 7, A 
= 14) was known, from the molecular band spectrum of N%, to have spin 1 and 
Bose- Einstein statistics. In the e-p model, it was composed of 21 fermions-so it 
should have had half-integer spin and should have obeyed Fermi-Dirac statistics.] 

• No potential well is deep enough and narrow enough to confine a particle as light 
as an electron to a region the size of the nucleus. [The argument for this is based 
on the uncertainty principle and on the relativistic electron theory.] 

• It is hard to see how to “suppress” the very large (on the nuclear scale) unpaired 
magnetic moments of the electrons in the nucleus, which would conflict with the 
data on the hyperfine structure of atomic spectra. 

The great attraction of the electron- proton model was that it was a unified theory. Indeed, no 
more unified theory has existed between that of Thales of Miletus (who is said to have believed that 
everything is made of water) and modern string theory. The only problem was that the electron- 
proton model could not coexist with quantum mechanics. But could it be that quantum mechanics 
was the correspondence limit of some more general dynamical theory that might relinquish even 
more of measurability than quantum mechanics did? For example, the observables in the new 
theory might be represented by operators that were non-associative, as well as non-commutative. 

Such was the thinking as the thirties began: A new physics was in the offing, a new revolution 
in physics as one penetrated below some minimum distance. In part that thinking was correct-a 
new physics was in the offing. But it was not to be a physics of new laws, but one of new particles. 
The particles were new, but they obeyed the known laws of relativity, quantum mechanics, and 

quantum field theory. _ , , . 

The first of the new particles, the neutrino, was proposed by Pauli in a famous letter, dated 4 

December 1930 and addressed to a meeting on radioactivity in Tuebingen (via Hans Geiger an 
Lise Meitner). The letter began: “Dear radioactive ladies and gentlemen.” The new proposal had 
probably more a conservative than a radical character. One of the suggested neutral fermions 
was supposed to sit with each electron in the nucleus, thus solving the spm-statistics difficulty. 
In /3-decay, it would accompany the emitted electron, thus permitting the conservation of energy 
and momentum. Pauli called the particle a “neutron,” and indeed it was meant to accomplish 
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a part of what was later done by the neutron and the neutrino together. (Of course, it still did 
nothing to help the “confinement” and the hyperfine structure difficulties of the electrons in the 
nucleus. It should also be noted that Pauli’s neutron was a purely conjectural particle, designed 
to be almost undetectable. The actual neutrino was detected only on the 1950s.) 

Pauli was very uncertain about his neutron-neutrino idea, and while he told people about it 
privately, he did not want the idea to be published. One of the first times it was mentioned in 
print was in a report given by S.A. Goudsmit at an international conference in Rome in October 
1931. [29] However, at the same meeting, Bohr discussed “Atomic stability and conservation 
laws,” saying about /3-decay: 

If energy were conserved in these processes, it would imply that the individual 
atoms of a given radioactive product were essentially different, and it would be difficult 
to understand their common rate of decay. If, on the other hand, there is no energy 
balance, it is possible to explain the law of decay by assuming that all nuclei of the 
same element are essentially identical. This conclusion would also be in accord with 
the general evidence on the nuclear statistics of non-radioactive elements, which has 
revealed the essential identity of any two nuclei containing equal numbers of protons 
and electrons. [30] 

A proposal rather close to our present idea of the neutrino was first presented by Pauli at 
the Seventh Solvay Conference in October 1933, a year and a half after the neutron had been 
discovered. A few months later, Fermi made his /3-decay theory, conserving all important physical 
quantities and fitting the (3 - decay lifetimes very well. Nevertheless, in October 1934 at an inter- 
national conference in London- Cambridge, the preferred theory presented was not Fermi’s, but a 
non-conserving theory proposed by Guido Beck and Kurt Sitte and openly advocated by Bohr. 
[31] 

5 The Legacy of Uncertainty: The Neutron and the Fermi- 
Field 

The annus mirabilis of elementary particle physics was the year 1932. Here is how the discov- 
eries went: January, deuterium (Urey et al.); February, the neutron (Chadwick); April, the first 
accelerator induced nuclear reactions (Cockroft and Walton); August, the positron (Anderson); 
September, the cyclotron (Lawrence). In the same year, 1932, Heisenberg wrote a three-part paper 
which introduced a neutron-proton model of the nucleus. [32] 

Heisenberg’s model is widely praised in nuclear physics textbooks, and some of the physicists 
who were active in nuclear theory during the 1930s (e.g., Bethe) have said that it allowed them to 
use quantum mechanics, because it effectively took electrons out of the nucleus. In Heisenberg’s 
model, nuclei are built of protons and neutrons interacting through charge-exchange forces. In 
the Hamiltonian describing the nucleus, only neutron and proton space and spin coordinates 
appear, and the isospin operators are introduced to change the nucleon type. Thus, if one ignores 
the frequent mention and use of nuclear electrons in the Heisenberg paper, treating it as pure 
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phenomenology of nuclear systematics, it is possible to argue that Heisenberg s model makes 
quantum methods available to nuclear physics (although the usefulness of such a partial approach 
had already been demonstrated by Gamow in his a-particle model of the nucleus). 

However, there are still electrons, and they play an important role, in Heisenberg’s “neutron- 
proton model” of the nucleus. For example, the neutron is an electron-proton compound; the 
charge that is exchanged to provide the attractive binding force is an electron; in /3-decay ra- 
dioactivity, the electron is emitted without a neutrino (and it is thus an energy, momentum, 
and angular momentum non-conserving theory); in addition to the electrons bound in neutrons 
and particles, there are other “free” nuclear electrons to account for the frequent occurrence of 
interactions involving high energy radiation, e.g., Bremsstrahlung. 

It is difficult for us to see how so radical a departure from physical norms could have been 
tolerated. It is, in fact, so difficult that most textbook authors are embarrassed to reveal that 
Heisenberg’s fundamental theory violated almost all conservation laws (charge is an exception 
to this rule), or that half of the Heisenberg work consisted of wrestling with this devil! In the 
Hamiltonian, one sees that the neutron is treated as an electron-proton composite of spin 1/2, 
obeying Fermi statistics, while the proton is an elementary fermion. The p-p interaction is pure 
Coulomb; the n-n interaction is a double exchange, as in the hydrogen molecule, or more generally, 
as in covalent bonding; the n-p interaction is one-electron exchange, as in the ion H % . It was only 
after the success of the Fermi /?- decay theory that Heisenberg accepted the idea of the neutrino 
and the “elementary” neutron, and he was one of the first to do so! [33] 

Fermi’s theory of /3-decay contributed much to the solution of the difficulties of nuclear struc- 
ture theory, aside from being a good account of this special form of radioactivity. Embracing 
Pauli’s neutrino (so christened by Fermi after Chadwick’s discovery of the proton’s neutral part- 
ner), the theory treated the emission of an electron-neutrino pair, coupled in a “four-vector” state, 
much like the emission of a photon from an excited atom. The photon was not “in the atom” to 
begin with, but it was created in the transition. Thus electrons and neutrinos need not be inside 
nuclei. Advances in radiation theory using QED also showed that the large observed radiative 
interactions were made by virtual electron-positron pairs in the nuclear Coulomb field- these were 
the “low-mass” radiating charges of the nucleus. The radiative processes consisted of, besides 
Bremsstrahlung, pair production and pair annihilation. [34] 

The upshot was that it became unnecessary to postulate the existence of electrons in any 
nucleus, even those that /3-decay. Heisenberg enthusiastically accepted the idea of the Fermi-field, 
not only for /3-decay, but also as the nuclear analog of the electromagnetic field. Thus, much as 
atoms were held together by the exchange of electromagnetic quanta, the photons, nuclear forces 
were to be carried by the quanta of the nuclear field, i.e., electron- neutrino pairs. The small value 
of the Fermi coupling constant, fitted at low energies to the observed rates of /3-decay, would be 
compensated in the case of nuclear binding, where higher virtual energies were dominant, by large 
matrix elements of the interaction. Indeed, these matrix elements were more than large-they were 
infinite! Thus, if the integrations in calculating the matrix elements were cut off at a suitably 
chosen high energy (again implying a characteristic length), it was possible to fit the required 
strength of nuclear binding forces. [35] 

Unfortunately for the many physicists who had been attracted by the high degree of unification 
presented by the Fermi-field theory of nuclear forces, it was not possible to fit both the strength 
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and the range of nuclear forces simultaneously by the choice of cutoff. That such a procedure 
would fail by many orders of magnitude became clear to Heisenberg when he worked out the 
details; independently, this result was found and published by two Russians, Igor Tamm and 
(once again) Dmitri Iwanenko. [36] 

Meanwhile, in far-off Japan, a young physicist of the next scientific generation, Hideki Yukawa, 
advanced boldly to the next step. Challenging the new orthodoxy of quantum mechanics and 
quantum fields, just as the previous generation had done in postulating and developing those 
new dynamical systems, Yukawa decided that a new field should have a new quantum, not the 
electron, not the electron-neutrino pair, but a quantum all of its own. He called this the “heavy 
quantum,” or the “U-quantum,” of the nuclear force field, which he called the U-field. 

This scientific revolution that has been called, by Yoichiro Nambu, the paradigm of modern 
elementary particle theory, namely, the identification of forces and their representation by quantum 
fields, having their characteristic quanta, came about this way, as Yukawa relates it: 

The crucial point came to me one night in October [1934]. The nuclear force is 
effective at extremely small distances, on the order of 2 x 10~ 15 cm. That much I knew 
already. My new insight was the realization that this distance and the mass of the 
new particle that I was seeking are inversely related to each other. Why haul I not 
noticed that before? The next morning, I tackled the problem of the mass of the new 
particle and found it to be about two hundred times that of the electron. It also had 
to have the charge of plus or minus that of the electron. Such a particle had not, of 
course, been found, so I asked myself, “Why not?” The answer was simple: an energy 
of 100 million electron volts would be needed to create such a particle, and there was 
no accelerator, at that time, with that much energy available. [37] 

After presenting this paper at a physics meeting, and after submitting the article with his 
theory to a journal in November 1934, Yukawa felt that his struggle with the problem of nuclear 
forces had been, for the time being at least, resolved. He concluded his account of his scientific 
life up to that time as follows: 

I felt like a traveler who rests himself at a small tea shop at the top of a mountain 
slope. At that time I was not thinking about whether there were any more mountains 
ahead. [38] 

I too feel that it is time now to rest, without proceeding further with this description of the 
legacy of uncertainty. 
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Abstract 

The q uan t um non-demolition measurement of the cyclotron excitations of the electron 
confined in a Penning trap could be obtained by measuring the resonance frequency of the 
flyj ftl motion, which is coupled to the cyclotron motion through the relativistic shift of the 
electron mass. 


1 Introduction 

The process of making a measurement on a quantum mechanical system introduces quantum 
noise to that system. A quantum non-demolition measurement (QND) scheme seeks to make a 
measurement of an observable by feeding all the introduced noise into a conjugate variable to 
that under consideration. An ideal QND observable is one which has always the same values in 
repeated series of measurements. It means that the total Hamiltonian of the system plus the 
interaction with the measurement device must commute with the observable to be measured at 
given times, for a stroboscopic QND, observable or at any times for a continuous QND observable 
[!]• r _ - 
Recently there has been a number of theoretical papers [2, 3, 4, 5, 6] proposing schemes for 
QND measurements and fewer experimental realizations mainly in the optical regime [7, 8, 9]. 
In this paper we present another scheme which could be easily verified because the system is 
well known and studied. The system is an electron confined in a Penning trap [10]. Penning 
traps for electrons, protons and ions have been extensively used for high precision measurements 
of fundamental constants and laws of Nature, like for instance the p- factor of the electron and 
the CPT invariance [11]. In this paper we will show that it could also be used to give a QND 
measurement of the excitation number of the cyclotron motion. 
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2 The Penning trap 

A Penning trap consists of a combination of constant magnetic field and quadrupolar electrostatic 
potential in which a charged particle, for instanoe an electron, can be confined. It is composed 
by two end-cap and one ring electrodes to which a static potential Vo is applied [11]. There 
is also a homogeneous magnetic field Bo along the symmetry axis of the trap assumed as the 
z-axis. Neglecting the contribution of the spin, which we keep locked, the Hamiltonian for the 
electron of charge e and rest mass mo in the trap is given by the following expression 

H= M p -l A ) +eV (1) 

with 

— # 

A = 

V = 

The typical experimental values are 

Bo 
Vo 

Zo 

where zo specifies the dimension of the trap. It is easy to show that in terms of rising and 
lowering operators the Hamiltonian (1) becomes [10] 
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The axial angular frequency is given by 


Vz = 



and the magnetron frequency by 



The ranges of frequency in the experimental situation are: 


u/ c /2n ~ 164 GHz 
u x /2n ~ 64 MHz 

uj m /2i r ~ 11 kHz. 

Thus each frequency belongs to a very different band of the electromagnetic field. 


( 9 ) 

( 10 ) 


3 The measurement model 


The question one can rise is: how can we measure the various frequencies of oscillation? In 
order to make a measurement we need to couple the system to what Feynman called the “rest of 
Universe” [12]. It turns out that the best way of measuring the properties of the various motions 
of the electron is to measure the current induced by the axial motion of the electron along the z- 
axis [13]. Indeed, the electric charges induced by the oscillatory motion on the end-cap generate 
a current which can be measured. 

The system plus the measurement device is represented in Fig 1. Here L is the inductance of 
the measurement device and R its resistance. The induced current dissipates on the resistor R 
which is in thermal equilibrium at temperature T c*4 K. u(t) represents a stochastic potential 
which gives the effect of thermal fluctuations or Johnson noise. 

The axial motion plus the read-out are described by the following Hamiltonian 


H' 


A . TOowf 2 , 1 






2 L 


2 mo 2 2 C 

+oo 
0 ' 


( 11 ) 


where we have considered a thermal bath with a continuous distribution of modes linearly coupled 
to the electronic circuit; 4> is the electric flux in the inductance L, Q is the electric charge on the 
capacitor C which is the capacity of the trap; az represents the induced charge due to the axial 
motion of the electron [14] with a = ote/2zo where 2zq is the distance between the two end-caps 
and or is a constant of order of unity which takes into account the curvature of the capacitor 
surfaces. 

However, if we wish to measure the properties of the cyclotron motion we need a coupling 
between the axial motion and the cyclotron motion. In earlier experiments with the Penning 
trap [10] this coupling was introduced by adding an inhomogeneity on the magnetic field B 0 by 
means of a “magnetic bottle”. 
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4 The Hamiltonian of the system 


The precision of the measurements is, however, so high that we cannot get rid of the relativistic 
corrections; then, the coupling between the two modes is also given by the relativistic shift of 
the electron mass [15]. In such a case the system’s Hamiltonian we have to consider is 



Hty, = Hsr + Hrc 


(12) 

Hnr — (f- -Aj + eV 


(13) 

Hrc ~ c A 

)‘ 

(14) 

Finally w6 can write the following Hamiltonian of the quantum system. 


H^, = hu c ala c 
2mo 

1 hu e 1 

2 \l>c) 2m 0 c 2 J 

-w<‘W’ + 

P A z , .2 

' 8 mgc 2 2 

(15) 


where we have completely neglected the magnetron motion which is not coupled to other motions. 
It is now easily seen that the coupling between the axial motion and the cyclotron motion is due 
to the relativistic shift of the mass. 
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5 The QND observable 

If we now introduce as before the coupling with the external world, the total hamiltonian becomes 


H = hu"a\a c + hn{a\a c ) 2 + 


+ 


A . 

2mo 


1 - 




mod* V 


(, 


^ + j)] - 4 


SmoC 2 + 2 + 


(az + Q) 2 <f> 2 


2C 


,2 +°° 

+ + ] dn [wn) + k(a)Q? + fiV(ft)] (i6) 


with 






hu > 2 

2moC 2 ’ 



It is evident that a^a c =» h e is a QND observable because 


(17) 

(18) 


[n c , H) = 0. ( 19 ) 

The axial motion of the electron represents the probe that enables us to measure the proper- 
ties of the cyclotron motion. Indeed, the axial frequency now depends on the cyclotron excitation 
quantum number tic, which is a constant of the motion, at least as long as we can neglect the 
spontaneous emission of the cyclotron motion. It has been measured [10] that the spontaneous 
emission coefficient is 7 C 1 cs 1 s thus, if the measurement is performed in a time much shorter 
than 77 * we can neglect the spontaneous emission of the cyclotron motion and perform a QND 
measurement of the excitation number n c . It has also been shown [16] that 7 C could be re- 
duced by the cavity effect [17]. Indeed, when the characteristic length of the cavity of the trap is 
shorter than half wavelength of the cyclotron motion, the cyclotron spontaneous emission should 
be inhibited. 

One can also show that the anharmonidty of the axial motion is very small and can be 
neglected. It turns out that it is (u x /uj c ) 2 times smaller than the anharmonidty of the cyclotron 
motion. Thus the equations of motion now are: 


' * - >, *i 

P. - j[ H,p.\ 

• <j = 

v K I 

3H O 

+ = ~dQ = ~%~% + f + 


( 20 ) 
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By making a Markov approximation in the equation of motion for the variables of the thermal 
bath, we can write the following equations [18] 


t 


z 


< 


Pz 

4 


4> 




^-7 Q+m 


( 21 ) 


where 7 represents the rate at which the axial motion dissipates its energy due to the coupling 
with the rest of Universe represented by the read-out apparatus. Of course, in such a case one 
has to sustain the axial oscillation with am oscillating external potential V ( t ) tuned at the axial 
frequency of the electron. In the experimental situation is always 


huj z « ksT 


with fc e the Boltzman’s constant. Then, it is possible to show [18] that the statistics of the noise 
term £(t) is that of a white noise with expectations 


(m = 0 

K(t)£(t')> = 2 7 fc fl r 6 (t- 0 - 

By introducing the Fourier transforms defined by 

—OO 


( 22 ) 


(23) 


we can write the linear system: 


iuz(u>) 

pM 


m 

aQ(uj) 
1 C 

mu>lz(u) 

+iup(uj) 



iuQ(u>) 

az( u) 

C 


+ (i + iun-) 


_ 


0 

0 

0 


= i(v) - V(u>) 


with 



(24) 


(25) 

(26) 
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The determinant of the homogeneous system is 

A = [u] - u 2 )(ul - v 2 + i%uj) - —u> 2 (27) 

me 

with 



i.e., the characteristic frequency and the bandwidth of the electronic circuit respectively. 
The solution of the algebraic system is easily obtained and we get: 


z(u) = 

2 (*»-«*») 

(28) 

pM = 


(29) 

= 

(«"> - V(u] ) 

(30) 

*«) = 

({( U ) _ v(w)) . 

(31) 


We see that at u = u x both Q and 4> are zero and the current which dissipates energy on the 
resistor is only due to the induced charge on the end-caps. 


6 Output statistics 


The signal to be measured by the read-out is the voltage at the extremes of the resistor R which 
is proportional to the induced current. The induced current is proportional to the axial velocity 
of the electron through 


/(f) = az(t) = 


QP(*) 

TO 


(32) 


thus the fluctuations of the measured potential are directly connected with the fluctuations of 
the axial momentum of the electron: 


Vout(v) — i(v)R + £(w) (33) 

where £(u/) takes into account the Johnson noise on the resistance R. The spectral density of 
the output voltage is given by: 


(LMtM) - (VovtMXW^)) = 


For simplicity we take the driving potential V (f ) noiseless then we get: 


<pMp(u/)> 

<pMeV)> 

<IM£V)> 


/ a y uu/ [(|(w)f(u/)) + V(u>)V(u/) 
~ \LCJ A(u)A(u/) 

a iuj(i(u)j(u/)) 

LC A(cj) 

llrfeksT 6(tjj + a /). 


(34) 

(35) 

(36) 

(37) 
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VoutW 

V ou.(®z) 



FIG. 2 The two resonances of the normalized output variances of the signal for 
^ Q x . The value of the maximum at w c* u) x is not shown because it goes out of 
the scale. Its value is 80. 


Thus eq. (34) becomes 

— Vout(uj) 6{fjJ + J) 

with 

V (uA _ 2L k T [ 1 i {JRMJjJ 1 {(a 2 R/m)ul - 2 - a; 2 )] \ 

K ~‘ ( ) 7e bT l 1 + M - w 2 )(w| - u/ 3 ) - a^/mC ] 2 + [7.w(a^ - w 2 )] 1 J ‘ 

7 Conclusions 


(38) 


(39) 


In Fig. 2 we plot V ou t(u)/V out ( i u>x) versus u for a given value of u € ^ Q x . We see two maxima 
for u > 0; one is for u = u e and the other for u cs u M . As soon as we tune the electronic 
frequency u e in resonance with u xi we obtain only one maximum for u = u x (Fig. 3). From 
eq. (26) we see that the resonance frequency depends on the quantum number he of the cyclotron 
motion. In Fig. 4 we show the top of the curves obtained with he = 0 and he = 1. In order to 
discriminate between the two maxima we need a sensitivity A Q x /u x ~ 7 x 10" 10 which is slightly 
above the experimental limit, as long as we know, which is extimated to be Ad x /u x ~ 10~ 9 [10]. 
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V ou.(" z ) 



FIG. 3 The resonance of the normalized output variance of the signal for a j e = u x . 


Vputfo) 

Vout^ 



FIG. 4 The amplified top of the resonance of the output variances of the signal 
for n c = 1 and n c = 0. 


141 



8 Acknowledgments 

We acknowledge the financial support of the University of Camerino through its 60% Research 
Funds. 

References 

[1] V. B. Braginsky and F. Ya. Khalili, Quantum Measurement , edited by K. S. Thome (Cam- 
bridge University Press, 1992). 

[2] C. M. Caves, K. S. Thome, R. W. Drever, V. D. Sandberg and M. Zimmerman, Rev. Mod. 
Phys. 52, 321 (1980). 

[3] G. J. Milbum and D. F. Walls, Phys. Rev. A 28, 2055 (1983). 

[4] N. Imoto, H. A. Haus and Y. Yamamoto, Phys. Rev. A 32, 2287 (1985). 

[5] B. Yurke, J. Opt. Soc. Am. B 2, 732 (1986). 

[6] R. M. Shelby and M. D. Levenson, Opt. Comm. 64, 553 (1987). 

[7] M. D. Levenson, R. M. Shelby, M. Reid and D. F. Walls, Phys. Rev. Lett. 57, 2473 (1986). 

[8] A. La Porta, R. E. Slusher and'B. Yurke, Phys. Rev. Lett. 62, 28 (1989). 

[9] P. Grangier, these Proceedings. 

[10] L. S. Brown and G. Gabrielse, Rev. Mod. Phys. 58, 233 (1986). 

[11] H. Dehmelt, Am. J. Phys. 58, 17 (1990). 

[12] R. P. Feynman, Statistical Mechanics, (Benjamin Reading, 1972). 

[13] H. Dehmelt, in Advances in Laser Spectroscopy, eds. F. T. Arecchi, F. Strumia and H. 
Walther (Plenum, New York 1983). 

[14] D. J. Wineland and H. G. Dehmelt, J. Appl. Phys. 46, 919 (1975). 

[15] A. E. Kaplan, Phys. Rev. Lett. 48, 138 (1982). 

[16] G. Gabrielse and H. Dehmelt, Phys. Rev. Lett. 55, 67 (1985). 

[17] E. M. Purcell, Phys. Rev. 69, 681 (1946) 

[18] C. W. Gardiner, Quantum Noise, (Springer, Heidelberg 1992). 


142 



N94-10579 


“PHASING” OPERATOR FOR TWO OSCILLATORS 

IN CLASSICAL FIELD 


Jong-Jean Kim and Je-Hwan Koo 

Physics Department, Korea Advanced Institute of Science and Technology, 
371-1 Kusong-dong, Yusung-ku, Taejeon 305-701, Korea 

Dong-Jae Bae 

Physics Department, Pohang Institute of Science and Technology 
P.O.Box 125, Pohang 790-600, Korea 


Abstract 

The origin of the Dicke cooperative states, ad hoc assumed for superradiance in the 
system of molecules where no mutual interactions exist but all encountering the same field 
of radiation, was studied by considering two harmonic oscillators driven by a common field 
of radiation. A phasing operator as <t> N = D(a)+P N D(a), where D(a ) is the displacing 
operator and P N the projection operator for constant energy N for two oscillators, was 
derived. The eigen states of the phasing operator are found to show a finite correlation 
as for the Dicke cooperative states. 


1 Introduction 


he important notion put forward by Dicke [1], that molecules can not be treated as independent 
when the molecules are interacting each with a common field of radiation, introduced the well 
nown phenomena of superradiance with the ad hoc assumption of cooperative states. This ad 
hoc assumption of the Dicke’s cooperative states may be a natural consequence of the fact that a 
forced quantum oscillator can be described in terms of the Glauber’s coherent states [2], However 
it may be more enlightening to examine in rigorous quantum mechanics how two independent 
molecules (harmonic oscillators) are getting correlated simply by having separate interactions 
with a common field of radiation. 


Furthermore, it may be more interesting if we restrict the interaction between the radiation 

and the molecular system to be “elastic” , that is , no net transfer of energy between the molecular 
system and the radiation field. 


Naively this restriction may correspond to an elastic light scattering from the two molecule 
system and a possibility of phasing or correlation of the two molecules by this continuous scattering 
oi light ( more correctly a driving field of radiation in the elastic channel of interaction). 
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2 Two Driven Oscillators 

We consider two harmonic oscillators driven by a classical field : 

H = huiafai + 4a 2 ) - xo(a+ + <*i + a+ + a 2 )E{t) 


( 1 ) 


where we do not have a direct coupling between the two oscillators. This system seems to be com 
sidered as trivial because a single harmonic oscillator driven by a classical field is fully understoo 

[31 ' Since we will be extending the solutions of the single harmonic oscillator driven by a classical 
field to the two oscillator problem of Eq.(l), we want to recollect here some important results 

a driven harmonic oscillator [3] : 

D(a)|0) = exp(aa + - a*a)|0) = |a) (2) 

£>(a)|n) = ((a + - a*) n /V^!)|a) ( 3 ) 

where D(a) is the displacement operator, | a) coherent state of Glauber, 

a = (ixo/h) E(t) exp iuitdt, exp (aa + - a a) = exp(-|a| 2 /2)exp(aa + )exp(-a a). 

J — oo 

We address now to the two oscillator problem of Eq.(l). 

Suppose the two oscillators are prepared in a state \N) of total energy - * 2 , “ ^ 

let \N)be driven by a classical field D(o) but we restrict the driven system D(a)\N) to remain 

^ ^he ^ju aiftmrf m ech ani c al matrix element corresponding to this process may be written as 


(N \D + {a)P N D{a)\N) 

where Pjv represents the projection operator for states of total energy N : 


p N = ^\N - n)|n)(n|(7V - n| 


( 4 ) 


( 5 ) 


n= 0 


( 6 ) 


Alternatively we may define a new operator : 

= D + (a)PND{a) 

and Eq.(4) can be written as (N\*n\N) (7) 

This implies some particular \N) states can become eigen states of the operator 
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3 Evaluation of (N |$/v|iV) 


For two harmonic oscillator states of total energy N we can write 

N 

I A'} = 5>|JV-n)|n> 


( 8 ) 


71—0 


From eq.(3) and eq.(8) we obtain 

0(o)|JV) = ((4 - - <*;)"/%/( N - n)!V®) | a > (1| |a)( 2 ) (9) 


n=0 


where the suffix (1) and (2) refer to the oscillator index. Equation (5) can be rewritten as 
Pn = £ ((a^) JV - n (a+r/v'(iV-n)!v^) |0) (2) |0) (1) {0| (1) <0| (2) (a n 2 a?-' /Vri y/(N - n)l) (10) 


From eqs.(6), (9) and (10) we obtain 

w = f; i £ ifcHiW - 

71=0 m=0 

/VJ.Vri.y/(N - n)\y/(N - m)!}|a) (1) |a) (2) | 2 (11) 

Making use of a|a) — a| a) and a n (a + — a*) m — (a + — a*) m a n + m!(a + — a*) m ~ n / (m — n)! 
we can obtain 

N N 

{N\* n \N) = ^|^c m (0| (2) (0| (1) {^(a 2 + -a;r-7v / ^(m-n)! 


71=0 771 = 0 


+(a 2 ~ a 2 ) mQ; 2 lVm\Vn\}{^/(N - m)! (af - aj) n m / y/(N - n)!(n - m)\ 
+K ~ a-) N - m ^/y/(N - m)W(N - n)!}|o> (1) |a> (2) | 2 (12) 

Since we are dealing with two identical molecules and the same common field of radiation we may 
set <*i = o; 2 = a and make use of the following [3], 

a|0) = 0, (0|or) = exp(-|a| 2 /2) 


(13) 


to obtain 


N N N 


(N\$ n \N) = XI S S W { ex P( — 2|or| 2 )/«!(7V - n)!}{\4nV (N - m)! S n 


71=0 771=0 / = 0 


+ (-l) w -» VmT |a| 2 < JV - n )/(m - n)V(W-m)! 

+ (-l) n v/(iV - m)! |a| 2n /(n - m)!V^! 

+ (-l) N \a\ 2N /y/^\y/{N - m)! }{y/(N - l)\y/US ln 

+ (-1 ) N ~ n >/n |a| 2(N - n) /(/ - n)V(JV-/)! 

+ (-i)V(^-O! H 2n /(" - 0!v7i 

+ {-l)"\a\ w /y/fiy/(N- 0- ) 


(14) 
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Since | N) of eq.(8) can be represented by a (N+l)-dimensional state vector, can be defined 
as a (N+l)x(N+l) matrix operator to give 

N N 

(N\* n \N) = 'EY, c "<*n ( 15 > 

771=0 /=0 

where we find, from eq.(14), the (l,m) matrix element of the operator as follows: 

N 

= y~](exp -2\a\ 2 /n\(N - n)!){Vrn!V(7V - m)! S mn 

n =0 

+ (-l) (Ar-n )\/m! |a| 2(;v - n) /(m - n)V(W-m)! 

+ ( — l) n \/(-N — m)! |a| 2n /(n — m)!Vm! 

+ (-i) w |a| w /v^>/(^- ™) ! Kv^-O^ Si n 

+ (-1)*-"%//! |a| 2(N " n) /(/ - n)ly/(N-l)\ 

+ (-i)V(^-oi i«r/(« - 0^ 

+ (-l) N |a| 2JV /v//!V(iV - /)!} (16) 

We can check for the correct limiting values: 


Bm *!?(«) 

a — *-0 


lim (N\* n \N) 

Or — ► () 


= <5, 




TV 


= E 


n =0 

TV 


TV 

]T Cm (AT^n)!J 6„ 


m =0 


= 5 Z i^i 2 = 1 


n =0 


4 <J>jv As Phasing Operator 

In order to probe into the physical meaning of the operator we illustrate for the simplest 
nontrivial case of N = n\ + n 2 = 1 . 

The $jv operator is then given in the form 


4>°° ^j 1 \ 


and the matrix elements are obtained from eq.(16) as follows: 

4>?° = =exp(-2|a| 2 )(4-8H 2 + 8H 4 ) 

S? 1 = 4>{° = exp(-2|a| 2 )(-8|a| 2 + 8|a| 4 ) 
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Diagonalizing the matrix of eq.(17) gives the eigen values Aj and A 2 as 

Ai = $°° + $ 01 , 

A 2 = 

The corresponding eigen states |A,) and |A 2 ) are obtained as follows: 

= ^d°)(l)l 1 )(2) + |1)(I)|0)( 2 )), 

= ^d°)(l)l 1 )(2) - |1>(1)|0) (2) ) 

Correlation or phasing of two oscillators can be measured by a value of 
x 2 are the two harmonic oscillator coordinates of displacement [4], 

We can see easily 

(°l(2)(l|(l)*l -22|1)(1)|0)( 2 ) = (0| (1 ){l|( 2) Xi -*2|l)(2)|0)(i) = 0 
for the case of a = 0, but for our eigen states of we obtain 
(Ai|x! • x 2 |Ax) = (A 2 |xx • x 2 |A 2 ) 

= 2 X ° {(°l( 2 )( 1 l(i) a +a 2 |0}( 1 )|l)( 2 ) + (l|(2)(0|(j)ajaJ jl)( 1 )|0)( 2 )} 


We can thus see that the two noninteracting molecules in the common driving field of radiation 
find themselves as correlated. The correlated eigen states of the concerning Hamiltonian of eq (1) 
can be found as the eigen states of the phasing operator as introduced in eq.(6). 

The existence of the correlated eigen states of the two oscillator Hamiltonian thus justifies 
the ad hoc assumption of the Dicke cooperative states for independent molecules all in the same 
common field of radiation. 


(18) 


(19) 

< Xi • x 2 > where Xj and 
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Abstract 

«houn that the usual one and two -mode aquaazing era based on 

0 f tha SU(1 1) group. Generalised squeezing is 
reducible representations of the SU(1 U M 1 J ot4Clon , en # . ch lrr#d ucibi* 

sactor UC *Two*moda Iquwzing entangles the modes 

S*S 2 S •S^f'SrSS; subadditivity property of the 
entropy. 

1 . Yny redact ion 

, i , h - v- •xnlelned that two-mode squeezing is based 
In a recant paper [ 1 sufl 1) The various irreducible sectors 

sua.i, 

which will lead to this type of squeezing, are presented. 

crruW— trs: ‘ tn “ 

S dl.euo.lon of ch. f.njor 

bo.od on Information chanty ~thodo fur th.r atudy. 

antanglamant is a very interesting problem that requires rurtner 7 

2 . Gintrtl l^id on* -no do tout! lllJL 

Ua consider tha harmonic oscillator Hilbert space H and express it as 

( 1 ) 

tho 


H • H ♦ H. 
o 1 


where H is the subspace spanned by the even * ld#r th# l 

subspacS spanned by tha odd number eigenstates, 
corresponding projection operators to those subepaees. 
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( 2 ) 


% " l | 2N > < 2N | 
N-0 


- l | 2N + 1 > < 2N ♦ 1 | 
1 N-0 


*0 + *1 " 1 


Th« on* nod* squeezing operator* *r* defined as: 


S (r, 9, A) - *xp [- - r e’** 


1 

2 


k + ‘ r K J *xp (iAK ) 
2 ° 


1 + 1 

K - - a a + - 

2 4 


K - - « +2 • K 1 2 

*+ “ • ; K - — a 

2 - 2 


[K o . K ± ] - ± K ± ; [K , K + J - 2 K 


(3) 


K “ K o * _ < K + K * K K.) - k(k-l) - . — 
2 16 


They fora a r*duclbl* r*pras*ncaelon of SU(1,1). More *p*clflcallv 

Ch ! n 7 1/4 lrr,duclbl * ^presentation whan chay act on H only- 
and the k - 3/* irraduclbl* raprasancaclon whan ehay act on H, only°f31 
Ralacad to this la ch* fact that: 1 y lJ ’ 


(S(r, 9, A), » o ) - [S(r, 9, A), sj - 0 


(4) 


sector^* f0ll0Wing unlCary operator squeezes Independently each Irreducible 


U<r 0 # o A o : r l # l V - S <V V % + S(r lt 9 V A^ ^ (5) 

This Is nor* general chan tha operator of *qu.(3). Only in th* special 


r o - r l 


'o-'i 


A o ■ A 1 


( 6 ) 


*\r? tOT (5) r * d Y c# * to th * °P*ro«or (3). Acting with th* operator (5) 
on a coharant stata | A >, we gat a ganer.lis.d squeezed stata: 


I A ; r 9 A 
o o o 


r l # 1 *1 > - V(r • A 

•LAI O O O 


" S <V 9 o' V % I A > + S < r i> V V I A > 


A 1 ) | A > 


(7) 


jt4e J n th# c »« of oqu.<6> this reduces to tha usual squeezed 
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IMUU ill! 



In systems described by the Hamiltonian 


H - w 


+ 

'a a 


(u 


+2 


* 2 
+ "o O 


* + 
o 


(Mi 


+2 


+ /* 


V ) 


( 8 ) 


ordinary coherent states will evolve into the generalised squeezed states 
(7). In the special case u - M, the Hamiltonian (8) reduces to the 
Hamiltonian * 


+ 2 + 2 

which is sssocistsd to ths usual squstzsd states. 


(9) 


3- Generalised two-nodg squeezing 

4 c 7?*- «Ppro pr i* c « group for the study of two-mode quadratic Hamiltonians 

1 * J S Lwi R) [41 ‘ In chl * P*P* r w * * ha11 onl y consider its subgroups SU(1 1) 
and SU(2) in connection with the Hamiltonians: 


H, - w, a, a, + u 


1 a x * L + u 2 * 2 *2 + M *1 *2 + M * 


* . + ♦ 
1 *2 


H- - w, a, a, + w 


1 a t a x + « 2 a 2 *2 + ^ *1 * 2 + M 


* + 


l 2 


( 10 ) 

( 11 ) 


correspondingly . Both of these Hamiltonians have bean used extensively in 
quantum optics problems [5]. 7 

Starting vtch cho SU(1,1) group wo oxproao tho cvo-oodo Hllborc opoco .1 


"a 1 "« * J \ 


( 12 ) 


w * 1#r# ** • ub *P*ce spanned by the number eigenstates 

Hjj ■ ( | N ♦ k, H > ; N - max (o, - k) • ) ( 13 ) 

We also introduce the corresponding projection operators 
\ - £|N+k, M>< * + k, N | 

E Hr"* 1 d4) 

The two -mode SU(1,1) squeezing operators are defined as 

1 u ! 

S(r. t, A) - exp [ - - r a' lf K + - r e l# K ] exp (l A K ) 

2 + 2 * ° 






1 * 2 ' 



+ 1) 




1 

4 


(15) 
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Th*y fom a raduelbla raprasantatlon of SU(l.l). Mora specifically, 
wh«n thay act on the space only, they fora tha 


i - 


1 * |k| 


(16) 


irraducibla raprasantatlon of SU(1,1) which belongs In cha dlacrata sarlaa. 
Noca also chat 

(S(r, 9 , X) , » k l - 0 

Tha following unitary oparator squeezes Indapandancly aach Irraducibla 
sac tor: 

U((r k , # k . V> * E S(t k' V % <l8> 

In tha spaclal casa 


••• “ r .l “ r o ” r l " ••• 

... - 

" X .l “ X o " X 1 " •’ 


(19) 


tha oparators (18) raduca to tha oparacora (15). 

Acting with tha oparators (18) on two -.ode coharant statas wa gat 
ginirtllstd cwo-nod* squicztd stztii . 

U ( lr k # k V ) I Aj, A 2 > - I S(r k , # k . X k ) » k I A 2 > (20) 


In tha spaclal casa of aqu.(19) thay raduca to tha usual two-oda 
squaazad statas. In systems dascrlbad by tha Hamiltonian 

H - a t + a x + w 2 a 2 + * 2 + ? <M k *1 *2 * **k *1 *2 } *k 


( 21 ) 


ordinary coharant statas will avolva Into tha statas of aqu^JO) . In tha 
spaclal casa chat all tha tu ara aqual to aach othar, tha Haalltonlan ( ) 

raducas 4» th«~tUmlltonlan (10) . 

In cha casa of tha SU(2) group wa axprass tha two-mode Hllbart spaca as 
H A X H B “ ^ H 2J+1 

J - 0. 4. 1 <22) 

whara H 2J+l Is cha subspaca spannad by tha number alganatatas 


H 


2j+l 


- { | N. 2J-N> ; N - 0 (2J) ) 


(23) 


Ua also Introduca tha corraspondlng proj action oparators 
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( 24 ) 


* 21+l - | J I N, 2J-N> < N, 2j-N| 
N-0 


I 


"2J+1 " 1 


The SU(2) squeezing operators are defined as: 

1 i j ^ ij 

T (r, 8, X) - exp [ - - r e J + - r e J ) exp (i*J 0 > 

2 2 


J + ' *1 + *2 : J _ " *1 *2 + 1 J o " j {m l *1 * *2 + V 
J 2 - [ - im* a t + * 2 + » 2 )1 ( - »i + * 2 + *2 + 1)1 


(25) 


They form a reducible representation of SU(2). Whan they act on the 
space H- . only, they form the j irreducible representation of SU(2). Note 

also that. 

[T (r. i, X), * 2J+1 1 - 0 (26) 

Tha following unitary operator parform* SU(2) rotations indapandantly on aach 
irraducibla factor: 

U ({r 2j+l* # 2J+1' X 2}+1 ]) " ^ T(r 2j+l* # 2j+l* A 2j+1 ) *2J+1 <27) 

In the special case: 



The operators (27) reduce to the operators (25). Acting with the 
operators (27) on two-mode coherent states we get the states: 


U (+*j Jn . < 2J+l . » 2J>1 )) I V *2 > - 
1 T (t 2J-l' *2J-l' '2J*l I *2’ *2 > 


They will be formed during the time evolution of ordinary coherent 
•cates in systems described by the Hamiltonian: 


H - «i a x + a t ♦ « 2 a 2 + e 2 + £ * 2J+l <M 2J+1 « 2 + + " 2 j+l \ * 2 > 


In tha spacial cat a that all tha ar * 

Hamiltonian (30) raducaa to tha Hamiltonian (11). 


to aach othar, 


tha 


(30) 


Tha uncartainty propartiaa of tha atataa (20), (29) hava baan ttudiad in 
[1], Tha rasults prasantad thara show that both of chasa atataa axhibit 
aquaazing. 
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In this section we use quantum information theory methods for tha study 
of two- and three-mode eorralatad systems. Let p ba a two -mode density 
matrix and <Nj>, <N,> tha average number of photons in tha two modes. As in 
our previous work [6] we define the information contained in this density 


matrix as 


I - $ 


S(fi) - S[ Pl th (KXf) x p 2 th «N 2 »J - S (p) 


S(p) • - Tr p in fi 


p, th «N.» - 


(1 + <N 1 >) l+N i 


I M t > < I ; i - 1, 2 


Following the negantropy ideas of Brillouin ve subtract here the entropy of 
the system from the maximum entropy that Che system could have had, with the 
average number of photons inthe two m od es been kept fixed. The maximum 
entropy is equal to tha entropy of a thermal system with an average number of 
photons in the two modes <Nj>, <N 2 >. Taking partial traces, we define: 


'l - Tr 2 ' 


'2 ' Ir l ' 


and express the information (31) as [7, 8] 

1 - X l + *2 * *12 

I t - S (p t Ch «K t » ) - S(p t ) 

J 12 " S<P t ) + S(, 2 ) - S(p) (33) 

1, is the information in the mode i; and I,« is the information in the 
correlation between the two modes. The subaddltlvlty property ensures that 
the I. 2 is non-negative. Numerical evaluation of the quantities I., 1_, I 
for several examples has been presented in [1]. 12 12 

A non- trivial extension of these ideas occurs in the case of three 
correlated modes. The Information in this case is given by 

1 “ s * S( '> 

P th - 0 * «N 1 » x p 2 th «N 2 » x p 3 th «N 3 » (34) 

We define 


'ij " Tr k ' 


'i " Tr Jk ' 


l l “ S[ 'i ^i^J • 

I ij - S(p t ) ♦ S(p t ) - S(, ) (35) 

I, is the information in the mode i. I is the information in the 
correlation’ between the modes (i.J). Us^then express the total information 
in the three -mode system as: 


1 “ h + X 2 + *3 + X 12 + *23 + 1(12 : 23> 
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whara 


1(12 ; 21) - S(p l2 ) + S(p 22 ) - S(p) - S(p 2 ) (37) 

Th* strong subadditivity property [9) snsurss that tha quantity 1(12 ; 23) is 
non-nagativa. For syaaatry raasons, somabody alght ba tamp cad to aplit 
1(12 ; 23) as: 

1(12 ; 23 > " ^3 ♦ A (3g) 

so that ha can axprass tha information I of aqu.(36). as tha sua of tha thraa 
informations in tha thraa aodas; tha thraa Informations in tha corralatad 
pairs of aodas; and tha quantity A charactarislng tha corralatlon batvaan 
all aodas. Howavar tha quantity A is not nacassarlly posltlva and its 
intarpratation as information would ba incorract. Tharafora, tha inforaation 
I of a thraa -aoda systaa is tha sua of tha thraa informations in tha thraa 
modas; tha two corralatlon informations in two of tha pairs; and tha 
Inforaation 1(12 ; 23) of aqu.(37) which dascrlbas naw typaa of corralatlons 
in tha thraa -aoda systaas. This rasult can ba usad as a "guida" of how to 
study tha antanglaaant of thraa systaas. It is saan that thraa systaa 
antanglaaant is a non- trivial ganarallsatlon of two systaa antanglaaant . 


5. Discussion 


In many casas tha concapt of squaazlng is basad on raduclbla 

Ch * S ? (l,l> ( ° r SU(2>) * roup - In thM * ««T.nt 

SU(1,1) (or SU(2)) rotations on aach lr raduclbla sactor laad to ganarallsad 
squaazlng. Thasa ldaas hava baan appllad to both ona-aoda and two-aoda 
squaazlng. 


J wo '“ od * ■quaazing corralatas tha two -aodas and inforaation thaory 
jJ? h * V * b ** n u ** d * or th * ,Cud y of thasa corralatlons . Tha 
subadditivity and strong subadditivity propartias of tha antropy hava baan 

J?" of w Cwo * nd ^raa corralatad systaas. correspondingly. It 
has baan shown that tha antanglaaant of thraa systaas is a non- trivial 

i^thi^di race ion **** * nc * n * 1 *** nt of two systaas. Furthar work is raquirad 
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Abstract 

The completeness properties of the Schrodinger minimum uncertainty states (SMUS) 
and of some of their subsets are considered. The invariant measures and the resolution 
unity measures for the set of SMUS are constructed and the representation of squeezing and 
correlating operator and SMUS as superpositions of Glauber coherent states on the real line 
is elucidated. 


1 Introduction 

In the present paper we consider the completeness properties of the set (and some subsets) of the 
states, which minimize the Schrodinger-Robertson uncertainty relation [1] 

> ^(1 +4c 2 ), (1) 

where a q and a v are the dispersions of the quadrature operators Q and P ([Q, P] = t ), 

< 7 , = (X 2 ) - { X ) 2 , X = Q, P, 

and c is their covariation, 

c = (l/2)(QP + PQ)-(Q){P). 

We call such states Schrodinger minimum uncertainty states (SMUS). In fact they were intro- 
duced by Dodonov, Khurmyshev and Man’ko [2] and studed as correlated states (see Ref. [3] 
and references therein). When the covariation is zero, c = 0, one gets the Heizenberg minimum 
uncer tainty states (HMUS) and when in addition to this the dispersions are equal, <r t = a p , the 
corresponding MUS are the Glauber coherent states (CS) (4). 

FYom the group-theoretical point of view SMUS are equivalent (5) to the group-related CS (6) 
with maximal symmetry [7], the group in this case being the semidirect product H w g> SU(l, 1) 
(see also [8]) of the Heizenberg-Weyl group H w and the quasiunitary group SU( 1, 1) ~ Sp(2, R). 
Up to a phase factor they coinside [5] with the Stoler states [9], known also as squeezed states 
or two-photon CS [10] widely used in quantum optics (see for example the review papers [11, 12] 
and references therein). The stable time-evolution of SMUS, which is important for the squeezing 
and correlating processes, is considered in [5]. In other notations it was in fact obtained in [13]. 

SMUS are continuous set of states, which is clear from the definition. For such sets of states 
the completeness properties (in the Hilbert space H) are very important for the applications in 
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mathematical and theoretical physics. In the weak sense [6] the completeness of a continuous 
set of states |x) is defined as a dense subset in H, while in the strong sense it is defined as the 
(integral) resolution of the unity operator 

1 = J |x)(x| (2) 

where dfz(x) is a positive measure in the label space X 3 x. Such complete set of states |x) is called 
(in general sense) CS [6]. The group-related CS are always complete in the weak sense, while the 
resolution of unity has to be proved in every case. A sufficient conditions is the square integrability 
of the corresponding representation of the group involved against the invariant measure. 

In this paper we consider the resolution of unity (2) for the set of SMUS and for some of 
their subsets. First we construct the corresponding invariant measures and check the square 
integrability against them. Since the latter failed to be valid we look and find the noninvariant 
measures, which provide the resolution (2). We call such measures the resolution unity measures 
(RUM). In other notations (i.e. in no relation to SMUS) for the H W X> Sf/(l,l)-CS RUM were 
considered in [8], 

According to the definition of CS they are always over complete (at least in the weak sense 
(6]) in H family of states. Then it worth looking for a more simple subset of CS which is also 
complete in H or in some subspace (or even subset) of H. We consider this problem in the last 
section. In particular we construct the squeezing and correlating operators as integral along the 
real line of projectors on the Glauber CS and reproduce the result of J anszky and Vinogradov [14] 
for the superpositions of Glauber CS along the real axis. 


2 The Invariant Measures and RUM for SMUS 

Up to a phase factor SMUS can be written in the form [5] of the H W Z> SU( 1, 1)-CS with maximal 
symmetry 


16 n) 

m*) 


-W(6 T /) ex P 




|o>, 


(l-|*| a ) 1,4 exp 


l l^ + ReUV )' 

2 1 - |6 J J ’ 


( 3 ) 


where at - (l/y/2 ){Q - iP) is the boson creation operator, [a, at] == 1, rf is arbitrary complex 
number and £ belongs to the unit disk, |£| < 1. One also has the relation to the Stoler states 
\z;a) (i.e. the squeezed states or the two-photon CS) 

16 v) = !*;<*) = exp - * a2 )] l a > 


where |a) is the Glauber CS and 

( = e'*tanh |r|, » ? = a'-{d\ a' = a cosh |z| + ae'* sinh |r|. 

The second momenta and c are expressed in terms of ( in [5, 15] and in terms of z in [8]. 
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The Hu'S SU{ 1, 1)-CS ( 3 ) are related to the representation T(g), generated by the semidirect 
sum algebra h w 3) su( 1 , 1) (known also as the one mode two-photon algebra) 

h„ = lin. env. {l,a,at}, 

su(l,l) = lin. env. = l -a\ AT + = i( a t) 2 ? K 0 = i( a t a + i)j ; 

T[g) = exp(7/f + - + iu>K 0 ) exp(if + aa t — aa) 

= T(~f,u)T(t,a), g = g{-y,w,t,a). (4) 

In terms of the above group parameters the invariant measure is a product of the SU ( 1 , 1 )- and 
the ^-invariant measures, 


^(7.w;t,a) = #7 <Pu<Padt, A 2 = 4 | 7 | 2 — ^w 2 . (5) 

But the representation ( 4 ) is not square integrable against the invariant measure ( 5 ) on the group 
manifold. Then we have to look for the invariant measure d/z(£;j?) on the factor space G/K 3 (£; rj), 
which is a label space for the SMUS Eq. (3), 

j (t \ 

(«) 

This measure is not a product of the SU(l, l)-invariant measure on the label space Di 3 ( and 
the H w — invariant measure (Pt) on the label space C 9 i). And we still do not have the square 
integrability, i.e. the right hand side of the Eq. (2) with |i) = I^jj) and dfi(x) = dp(£; 7) goes to 
infinity. 

Let us now look for the noninvariant resolution unity measure (RUM). The noninvariant RUM 
if exists is highly nonunique. It is clear from the definition of RUM as a measure providing the 
resolution (2), that if dfi(x) is a RUM for a group-related CS |i) then 


dn,(x) = dfi(g ■ x), (7) 

where g • x denotes the action of the group element on x € X, is a set of RUM. It is an open 
problem whether the noninvariant RUM exists simultaneously with the invariant one. For the 
Glauber CS |a) the invariant measure cPa is the only RUM. In our case of SMUS the simplest 
noninvariant RUM reads (in Stoler parameters) 


dno(z,a) = —e~ zt d 2 zd 2 a, 


( 8 ) 


which can be expressed in terms of (, 7 by means of the relations obtained above. The other 
measures dfi g {^\ r/), Eq. ( 7 ), are obtained by means of the group action 


\u-vi u-v{ J 


( 9 ) 


where g = 0(7, u>; t,a ) and u, u are the new SU(1, 1) parameters, 


iu 

u = cosh A - — sinh A, 


v = — ^ sinh A, 
A 


1 


A 2 = 4 | 7 | 2 - y. 
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As we have already noted the RUM for the H W Z> SU{ 1,1)-CS were constructed in Ref. [8]. 
With the Note added in proof in [8] their measure should read (however we were not able to obtain 
the resolution of unity by means of this measure) 




2 J r(2)exp [Re(£q 2 )/(1 - |(| 2 )] 
(1 - |£| J ) 3 ' J 


3 Completeness of Some Subsets of SMUS 

The two parameters subset \( 0 ;r,) of SMUS with fixed £ 0 (i.e. with fixed second momenta of the 
quadrature operators) forms a strongly complete system in H 


f du{r)) = 1» dv(rf)--(l |£o| J ) 

J c 


( 10 ) 


which in Stoler parameters is known [16] and corresponds to the generalized Glauber CS (i.e. 
to the H W -CS with the squeezed and correlated vacuum as the initial vector ). Such resolution 
of unity was used in [16] for construction of new quasi probabilities “based on squeezed state . 
Note that the RUM in (10) is /^-invariant and is obtained (up to a constant factor) from the 
H w %> 5(7(1, l)-in variant measure (6) by fixing £ = {o- If we fix the other complex parameter 
n = n 0 we get the subset {\£-,r, 0 )} (this is SU( 1,1)-CS with Glauber CS as initial vedtor) which 
however is not complete even in the weak sense in H since the SU( 1, 1) representation involved 
here is not irreducible. If we put i|o = 0we obtain the complete (but only in the weak sense) 
set of even 5(7(1, 1)-CS |£;+> [15] in the subspace W + of even functions. The state |£;+) is in 
fact squeezed (and/or correlated) vacuum. In the subspace H- of odd states we have the strongly 
complete system of the odd 5(7(1, 1)-CS |£; — ) [15], 

( 11 ) 
( 12 ) 


K;-> = (l-|^) 3/4 exp[e(at)V2]|l), 
dv(£)\£, -)(-',£{ = 1-7 dv(0 “2 ir (1 _ |^| 2 ) 2 ’ 


where |1) is the first exited state and du{£) is the 5(7(1, l)-invariant measure The state l|;+) is 
the squeezed vacuum, and \£; -) is the squeezed one-photon state. Note that \£\ -) is not SMUS. 
The second momenta <r t , o v and c in this state obey the equality 


„J„J = i(l + 4c’ + 8), 


(13) 


i e If- -) is another type of MUS. As in the case of squeezed ground state it is correlated when 
\m( # 0 and <r, - 0 when £ - 1. In the subspaces H ± there are also strongly complete sets of 
even and odd CS |a)± [17], which are linear combinations of two Glauber CS |a) and I - <*)• 

Let us consider the subset of SMUS |{;r>) with fixed £ = (o and Imr? = ^.o^hat is with fixed 
second momenta <r, = <r ? , 0 = <7 0 and c = Co and fixed first momentum (P) = P = Po- This is 
the one parameter set of states ~ Reij € IR- It is the set of CS for the commutative 

subgroup generated by the unit operator and by P. It is also the subset of general Glauber CS 
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along the real axis, the initial vector being the squeezed and correlated vacuum, displaced by 
Po ■ The unitary representations of the group of translations (by q along the real line) are highly 
reducible thereby the set { |< 7 ; £o,Po)} is not complete in H even in the weak sense. Let for simplicity 
Po = 0 and consider the operators 


B((o) = / \q\(o)(to;q\dq. (14) 

B((o) is an unbounded (Hermitean) operator, well defined in the Hilbert space H with the following 
property: it leaves the set of SMUS stable, that is the states | ij>') = B(( 0 )\^) is SMUS if \xp) 
is. Moreover if |g) is the Glauber CS on the real line then (one can calculate that) Z?(£ 0 )|?) 
is an arbitrarily squeezed and correlated state. Thus B(£ 0 ) is an (one dimensional) integral 
representation of the squeezing and correlating operator. One can also get am arbitrary SMUS by 
means of a fixed operator 

B= / |g)(g|d? = BUo = 0), 

J R 

but acting on different states | V 1 ) • The obtained state B\xp) is clearly a superposition of the CS 
I q) with the weights tp(q) = ($|V>). If (but not only if) IV 1 ) is SMUS then B\d>) is also SMUS with 
arbitrary c and <r q > 1 . The representation of squeezed states as superpositions of Glauber CS on 
the real line was recently considered by Janszky and Vinogradov [14] in the form / R | q)G{q)dq, 
G(q) being the Gaussian weight function. 
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Abstract 

A pair of correlated photons generated from parametric down conversion was sent to two 
independent Michelson interferometers. Second order interference were studied by means 
of a coincidence measurement between the outputs of two interferometers. The reported 
experiment and analysis studied this second order interference phenomena from the point of 
view of Einstein-Podolsky-Rosen paradox. The experiment was done in two steps. The first 
step of the experiment used 50 psec and 3 nsec coincidence time window simultaneously. The 
50 psec window was able to distinguish a 1.5 cm optical path difference in the interferometers. 
The interference visibility was measured to be 38% and 21% for 50 psec time window and 
22% and 7% for 3 nsec time window, when the optical path difference of the interferometers 
were 2 cm and 4 cm, respectively. By comparing the visibilities between these two windows, 
the experiment showed the non-classical effect which resulted from an E.P.R. state. The 
second step of the experiment used a 20 psec coincidence time window, which was able to 
distinguish a 6 mm optical path difference in the interferometers. The interference visibilities 
were measured to be 59% for an optical path difference of 7 mm. This is the first observation 
of visibility greater than 50% for a two interferometer E.P.R. experiment which demonstrates 
nondassical correlation of space-time variables. 


1 Introduction 

Two photon interferometry has drawn a great deal of attention recently because it provides a tool 
to study the foundation of quantum mechanics and the fundamental properties of the electro- 
magnetic field. A two photon interference experiment using two independent interferometers was 
proposed by J. D. Fransonfl] which constituted a new type of E.P.R. experiment for space-time 
variables. Since then several experiments have reported the second order (second order in inten- 
sity, fourth order in field) interference effect. [2]-(5] These experiments have shown visibility less 
than 50% when the optical path difference of the interferometers are greater than the coherence 
length of the optical beam. The reason that the visibilities are less than 50% is due to the use 
of large coincidence time windows in these experiments. It has been pointed out that classical 
models predict a maximum of 50% visibility for these experiments. [2) [3] (6) Quantum theory pre- 
dicts visibility greater than 50% for certain entangled states we called E.P.R. state. To make the 


163 


type of argument presented by E.P.R.[7] this state must be produced. For this experiment a short 

coincidence time window is needed to prepare an E.P.R. state. 

Recently, a large set of measurements for a two photon interference experiment have been 
carried out in our laboratory. In this experiment parametric down conversion is used to produce 
the correlated two photons. The intensity of the down converted radiation used for the experiment 
is sufficiently low so that a two photon state is produced such that each beam contain at most 
one photon. Each photon is passed through an independent Michelson interferometer and is then 
detected by a coincidence counter. If the interferometers are set so that the optical path differences 
are longer than the coherence length of the fields, there is no first order interference (first order in 
intensity, second order in field). However, there is second order interference if the optical paths of 
the two interferometers are approximately equal. The interference arises from the frequency and 
wave n umb er correlation in a given pair generated by the phase matching conditions, wi +wj = w, 
and kj + k a = kp, where u> p and k, are the pump frequency and wave number. The second order 
interference is measured by studying the visibility of the interference fringes that are generated 
by varying the optical path difference of the interferometers. The visibility of the interference 
can be estimated by classical and quantum models. The classical model never predicts visibility 
greater than 50%. However, for idealized condition, the quantum model predicts a 100% visibility 
when the coincidence time window is shorter than the optical path difference. In this case, the 
registration time of one photon traversing the long path and the other following the short path of 
the interferometers is outside the coincidence window and will not be registered by the coincidence 
counter. As shall be explained below, the use of a short coincidence time window is equivalent to 
preparing a type of entangled state discussed in the original E.P.R. paper. [7] 

We report in this paper an experiment which for the first time shows second order interference 
visibility greater than 50% for two independent interferometers. We also show in detail how the 
E.P.R. state is generated for the coincidence counting experiment. 


2 E.P.R. Paradox and E.P.R. State 

The E.P.R. paradox was based on the argument that non-commuting observables can have simul- 
taneous reality. (7] E.P.R. first gave their criterion: if, without in any way disturbing the system, 
we can predict with certainty (i.e., with probability equal to unity) the value of a physical quantity, 
then there exists an element of reality corresponding to this physical quantity. The gedankan ex- 
periment discussed by Einstein, Podolsky and Rosen was modified by Bohm in 1951. [8] In Bohm’s 
version a singlet state | rp) of two spin j particles is produced by some source, 

1 1>) = i=[| n+)® I n,-)- | n~)® | n+)] (1) 

where | hj±) quantum mechanically describe a state in which particle j has spin "up” or "down” 
along the direction n. For this state, if the spin of particle 1 is measured along the x -axis, particle 
2 will be found to have its spin oppositely aligned along the x-axis with unit probability. Thus, 
the x-component of the spin of particle 2 can be measured without in any way disturbing it and 
so is an element of reality according to the E.P.R. criterion. It is similarly found that the other 
components of the spin of particle 2 can be determined as elements of physical reality and must 
exist without considering which component is being measured. Of course, this point of view is 
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different from that of quantum mechanics. Philosophical arguments aside, the predictability of 
the spin of particle 2 with 100% certainty after measuring the spin of particle 1 is a mathematical 
consequence of quantum theory applied to state of the form (1). States of the type (1) are a 
particular type of entangled state, [9][10] which will be called E.P.R. state. It is the E.P.R. state 
which leading to the nonclassical interference behavior of the two particle system. It is the E.P.R. 
state has no classical analog. 

The existence of polarization E.P.R. states have been experimentally demonstrated.fi 1]- [14] 
The new type of E.P.R. experiment considers the measurement of position and time correlation 
in contrast to the historical measurement of polarization correlation. The key element is to seek 
an E.P.R. state for space and time variables. This is closer to the original E.P.R. gedankan 
experiment for the determination of position and momentum of a photon. In this case, see FIG. 1 
the two-photon E.P.R. state sought is of the form, 

Vepr = + #(Si,S 3 ) (2) 

where the first amplitude corresponds to the photons both passing along the longer arms of the 
interferometers and the second amplitude corresponds to them both following the shorter arms. It 
is clear that this is an E.P.R. state of the type defined above, if photon 1 is determined in the long 
(short) arm, then, photon 2 follows the long (short) path. The photon path is then an element of 
physical reality according to the E.P .R. criterion. In practice state (2) is produced by p aram etric 
down conversion. If we assume perfect phase matching, then because + k 3 = constant, a 
momentum measurement of one photon determines the momentum of the other. So the momentum 
of the photon is also an element of physical reality. If this state does exist, in idealized conditions, 
its signature is an interference visibility of 100% when the optical path difference of the two 
independent interferometers are equal. 

However, the output of the interferometers is not state (2), but rather the state 

* = *(£i.£a) + #(S,,S 3 ) + *(Li,S a ) + #(£,,/*) (3) 

whidi differs because of the presence of the last two terms, which corresponding to one photon 
passing the long arm and another passing the shorter arm of the interferometers. State (3) can not 
give any determination of the paths of the photon. It gives a maximum of 50% visibility, which 
can not be distinguished from a classical model. However, it will be seen in the next section, 
that according to quantum mechanics, the last two terms of (3) can be suppressed by using a 
coincidence time window which is shorter than the optical path difference of the interferometers. 


3 Theoretical Discussion 

Our version of the new type of E.P.R. experiment is illustrated in FIG. 1. The photon pair gener- 
ated from parametric down conversion is sent through two independent Michelson interferometers 
I and II. The optical path differences A I, = L x - 5, and AL, = L 7 - S 3 can be arranged to 
be shorter or longer then the coherence length of each beam of the down conversion field. The 
coincidence measurement is between the two output of the interferometers. 

The two photon state of the parametric down conversion can be considered as, 

i » = Jdk 1 J <*M(*i + k 3 - ife,)^*,) | ib,)® | Jfc 2 ) (4) 
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FIG. 1: Schematic diagram of the experiment 
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where k\ is the signal, k 3 is the idler and k p is the pump wave number, the S function comes from 
the perfect phase matching condition of the parametric down conversion, A(k) is the wave packet 
distribution function and its width determines the coherence length of the wave packet. After 
leaving the interferometers, the wave function becomes, 

* = \fdk 1 Jdk 3 6(k 1 + k 3 -k,)-A(k 1 ) 

(5) 

•[| k 1L ) | * u )+ | k lS ) | k 3S )+ | k lL ) | k 3S )+ | Jt l5 ) | k 2L )) 

where | kmf) =| ki)e"^ M, \ tp is the phase shift caused by passage of the wave through the system. 
The four terms of state (5) corresponding to the photons which have followed the long-long, short- 
short, long-short and short-long paths of the interferometers. State (5) is not an E.P.R. state, the 
coincidence rate can be estimated as, Re = Rco | ^ | 3 , 


Re = Real dkiF(ki) • {1 + coskjAXi + cos(fc, - 
+$ cos[ki(AI x + AL 3 ) - kj,AL 3 ) + 1 cos[^i(ALi - A L*) + k,ALt\) 


( 6 ) 


where | A(k x ) | 3 = F(ki). Function F(ki) will generaly have about the same width as | A(k) | 3 . If 
ALj and A L 3 are greater than the first order coherence length of the wave packets, the second, 
third, and fourth terms in (6) will vanish. The last term contains cos[ki(AZ! — A L 3 ) + 
consequently, so long as | ALj — A L 3 | is less than the first order coherence length of the wave 
packet, this term gives rise to the interference fringes. If | AZ»j — A L? | « coherence length 
(equal optical path difference) then the visibility of these fringes attain their maximum value of 
50%. 

A similar result can be obtained from a classical modeL[6][15] In the classical analog to the 
above experiment the electric field leaving the interferometer i will be 


Ei = -j*J dM(*,)e’ ( *r-“i‘> • (e^s* + e^ s *>) 


(7) 


where we neglect the polarization vector. The intensity is given by 


I' = \fdk i \A i (k i ) | 3 (1+cos*,) (8) 

where Si = fc,A£, = — p{Si). The modulation as a function of the optical path difference 

A Li is determined by the width of the function | A,(k,) | 3 and gives the first order interference 
coherence length of the field. 

Now suppose the second order interference is measured, the coincidence counting rate oc< 
I\I 3 >, where the bracket denotes an ensemble average, 


< I x l 7 >= fdktfdk, <| Ai(Jfci) | 3 | A 2 (k 3 ) | 3 > 

(9) 

• cos 3 (* l ^ 1 ) cos 3 (^ 2 ^ 2 ) 

In order to model parametric down conversion it is necessary to account for the correlation in 
the two beams that is imposed by the phase matching condition. To do this assume perfect phase 
matching and take 

<1 Ai(k 3 ) | 3 | A 2 (k 3 ) | 3 >= S(k t + k 3 -kp)- G(k t ) 
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so that 


Rg = iJj o / dk\G{k\ ){1 + cos fcjALj + cos(kp Atj)AXj 

(10) 

+1 cos(Jbi(AXi + AIj) — fcpAi?] + | cos[ki(A2a — AZ- a ) + k,,AL a ]} 

It is the same as (6) which we have derived from the state (5). 

It is not surprising that a classical model gives the same answer as that of quantum mechanics, 
because the above calculations have dealt with the wave nature of radiation for both the quantum 
and the classical models. However, if one can take advantage of the particle nature of the photon, 
the quantum prediction will be different. This idea has been demonstrated in the early polarization 
E.P.R. experiment using a coincidence measurement to produce an E.P.R. state.(13] For the two 
photon interference experiment a coincidence measurement is not enough to suppress the last two 
terms of (5) unless the coincidence time window is shorter than the optical path difference of the 
interferometers. Then the registration time difference in which the photons follow the long-short 
and short-long paths are outside the time window, i.e., the last two terms of (5) will not be 
registered by the coincidence counter. (16] This "cut off” effect will result in an E.P.R. state, which 
has no classical analog, 

'll = iy dki J dk 7 S(ki + fcj - k F )i4(ki) • [| *il) | k 3 L,)+ | kis) | kjs)] (11) 

E.P.R. state (11) can provide 100% interference visibility, 

Re s R# J dkiF(ki) • {1 + cos[kj(AZii - A L 2 ) + kpALj]} (12) 

To realize 100% visibility, besides equal optical path difference in the interferometers, a pump 
field with zero band width is required along with perfect phase matching for the parametric down 
conversion. One can easily arrange a narrow enough spectral band width of the pump field by 
means of a single mode laser as was done in this experiment, but, in principle, it is impossible to 
achieve perfect phase matching. When the finite size of the crystal and the finite interaction time 
of the down conversion is taken into account, the 6 functions of (ij + k t — k,) and (u>i +o>j — u> r ) are 
replaced by functions with non-zero widths giving + ka = k, ± At and + u* = u/ p ± Au>.[17] 
In this case (12) becomes, 

R e = R <a j dkiF(ki) ■ {1 + cos(MAL, - AI a ) + ipAI, ± A*AI a ]} (13) 

The uncertainty AJfc will reduce the interference visibility. 

A detailed and careful study of the influence of the coincidence time window and the non- 
perfect phase matching can be found in reference (6). For a quasi monochromatic wave model, 
which is reasonable for parametric down conversion, the general solution of Re may be written as 

R* = Rtsoifo + f\ cos(ki(AIi - AIj) + kpAIj]} (14) 

where we tssvme that the optical path difference is much longer then the coherence length of 
the down conversion b eams and ignore the trivial terms. The f’s depend on the detail of the 
experiment, in particular the coincidence time window and the uncertainty A k. For a large 
coincidence window, U/io attains a maximum value of 50%. When the time window becomes 
shorter and shorter especially shorter than the optical path difference of the interferometers, fi/fo 
reaches 100% for zero A k. 
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4 Experiment 

The experimental arrangement is shown in FIG.l. A 351.1 nm single mode CW Argon laser 
beam was used to pump a. 50 mm long potassium dihydrogen phosphate (KDP) nonlinear crystal 
for optical parametric down conversion. The coherence length of the 351.1 nm pump beam was 
measured to be longer than 5 meters. The KDP crystal was cut at TYPE I phase matching 
angle for generation of and wj photons. Both degenerate and nondegenerate (in frequency) 
photon pairs have been used in the experiment. In the degenerate case, Aj m A 2 = 702.2 nm. 
The emiss ion angles were about 2® relative to the pump. In the nondegenerate case, 632.8 nm 
and 788.7 nm signal and idler pair were generated. The signal and idler photons were emitted 
at angles 1.8®and 2.3°relative to the pump beam, respectively. The signal and idler photons then 
were selected by pinholes and sent to two independent Michelson interferometers I and II. The 
interferometers are 5 m apart in order to have space-like separated detections. Two Geiger mode 
avalanche photodiodes Di and Dj with 1 nm spectral filters (centered at 702.2 nm for degenerate 
case and 788.7 nm and 632.8 nm for nondegenerate case, respectively) were used for monitoring 
the first order and the second order interferences by means of direct counting and coincidence 
counting. The coincident circuit provides 20 psec, 50 psec and 3 nsec time window. Nj, Nj, N e 
which corresponding to the number of counts from detector 1 , detector 2 and from the coincidence 
time window were recorded simultaneously. The above measurements have taken advantage of the 
state-of-the-art millimeter lunar laser ranging high resolution timing diagnostic technique, which 
has been developed at the University of Maryland. 

The optical path difference ALj = L\ - Ij and ALj = Li - S 7 of the two independent 
Michelson interferometers I and II can be changed by step motors continually from white light 
condition to about 7.2 mm which is longer then both the coherence length of the down converted 
fields and the 20 psec time window. It is also possible to move one of the mirrors discontinuously 
to a maximum A L = 12 cm. 

The experiment was performed in two steps. First, we used a 50 psec and a 3 nsec time window 
simultaneously for the coincidence measurement. By comparing the interference visibilities for 
A L > 1.5 cm between the 50 psec and 3 nsec coincidence window, we expect to see the "cut off" 
effect. 702.2 nm, photon pairs were used for the first step measurement. 

1: A Li < coherence length 

We have measured the first order and the second order interference visibilities when both A L\ 
and A Li were shorter than the coherence length of the field. We have also measured the first and 
second order interference visibilities when the optical path difference of one interferometer was 
shorter than the coherence length and that of the other was much longer than the coherence length. 
Fig. 2 (a,b) shows the second order and the first order interference visibilities with ALi= 5 mm 
and A Li scanned starting from the white light condition. 97% second order and 82% first order 
interference visibilities were observed at the beginning of the scan. All reported values are directly 
measured without noise reduction and theoretical corrections. 

2: A Li > coherence length 

Fig. 3(a,b,) reports two typical second order interference visibility measurements in which 
Aijwas set to a value which was longer than the coherence length and ALi was scanned from 
white light condition. For each data point, the visibility was calculated from measurements similar 
to these shown in fig. 2. It is clear that the interference disappeared at about A L\ = 500/im which 
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Fig. 2(b): First order interference near white light condition, showing visibility 82% 
(noise was not subtracted). 
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Fig. 3(a): Second order interference visibility with 50-psec coincidence window 
(ALi= 1.8 mm, AL X scanned from white light condition). 



Fig. 3(b): Second order interference visibility with 50-psec coincidence window 
(A Lj= 4 mm, AL X scanned from white light condition). 
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corresponding to the first order coherence length of the field (determined by the band width of 
the spectral filter) and reappeared around A L\ = A Lj. These measurements were repeated many 
times. 

Fig. 4 and table 1 report the second order interference visibility measurement for AL\ — A Li 
with 50 psec time window and 3 nsec time window. The interference visibilities were measured to 
be (38 ± 6)% and (21 ± 7)% for the 50 psec window and (22 ± 2)% and (7 ± 3)% for the 3 nsec 
window, when the optical path difference of the interferometers were 2 cm and 4 cm, respectively. 
The ratios are about 1.7 ± 0.3 for AL = 2 cm and about 3.0 ±1.6 for AL — 4 cm, respectively. 
The "cut off” effect is clearly demonstrated. However, we still need a visibility more than 50% in 
order to have a unambiguous quantum result. 

The second step of the experiment used a 20 psec coincidence time window. Higher interference 
visibility ( >50% ) was expected at AL > 6 mm. In this experiment, 632.8 nm and 788.7 nm photon 
pairs were used for the measurement. The wavelength 632.8 nm was used for easy alignment. We 
used a CW He-Ne laser beam as input signal to match the 632.8 nm down conversion mode. Both 
632.8 nm and 788.7 nm radiation have much longer coherence length due to the stimulated down 
conversion (or so called induced coherence). The parametric amplified signal and idler radiation 
were used for careful alignment. High visibility first order interference of the stimulated down 
conversion beams were observed before taking date. 

Fig. 5, 6 and 7 report the experimental results. Fig. 5 (fig. 6) is a typical measurement in 
which ALi(ALi) was fixed at 7 mm and ALi(ALi) scanned around 7 mm. Fig. 7. reports the 
measurement in which both interferometers were scanned around 7 mm. The 7 mm optical path 
difference was much longer than the coherence length of the down conversion beam, no first order 
interference can be observed in Nj or Nj, however, the coincidence measurement N c showed clear 
interference fringes in the above measurements. The fringe visibilities are 59% with a period of 
632.8 nm and 59% with a period of 788.7 nm for the type of measurements in fig. 5 nd fig. 6, 
respectively. When both A Li and ALj are changed together the visibility is 58% with a period 
of 351.1 nm. The solid curves in fig. 5, fig. 6 and fig. 7 are the fittings for 632.6 nm, 788.7 nm and 
351 nm, respectively. The standard deviation for these measurements is about 2%. 

In summary: 

1. The existence of E.P.R state has been observed by means of: 

(1) . the "cut off" effect, i.e., the interference visibility comparison between 50 psec and 3 nsec 
coincidence time window. 

(2) . direct measurement of more than 50% interference visibility for a 20 psec coincidence 
time window. This is the first observation of visibility greater than 50% for the two independent 
interferometers experiment. 

2. The second order interference coherence (second order in intensity fourth order in field) is 
not limited by the coherence length of the pump beam only, but also by the non-perfect phase 
matching of the parametric down conversion. The uncertainty of the correlation in frequency 
determines the second order coherence length. We believe it is the non-perfect phase matching 
of the down conversion that reduced the visibility of the second order interference fringes in our 
experiment. 

We acknowledge many fruitful discussions with C. O. Alley. This work was supported by the 
Office of Naval Research under Grant No. N00014-91-J-1430. 
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TABLE I: Second order interference visibility for equal optical path difference with 
50-psec and 3- nsec coincidence time window. 


Second Order Interference Visibility 
Equal optical path difference 
Lj - Sj = L2 - S2 

Lj-Si 

(mm) 

3-nsec 

window 

50-psec 

window 

Visibility ratio 
CVsO-p*«/^3-nsec) 

0 

(95±1)% 

(97±3)« 

1.02 ± 0.03 

1.1 

(39 ± 2)% 

(46±5)% 

1.18 ± 0.14 

1.8 

(40±2)% 

(47±5)% 

1.17 ±0.14 

4.0 

(33±2)% 

(42±5)% 

1.27 ±0.17 

20.0 

(22 i2)% 

(38±6)% 

1.72 ±0.32 

40.0 

(7±3)% 

(21 i7)% 

3.00 ±1.63 
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Fig. 4: Second order interference visibility for equal optical path differences with 
50-psec and 3- nsec coincidence time window. 



Fig. 5: Second order interference fringes for 632.8 nm (Aij = 7 mm, A Li scanned 
around 7 mm, 100 second for each point) with 20-psec coincidence time window. 
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Li • Si tyi m) 

Fig. 6: Second order interference fringes for 788.7 nm (AL*= 7 mm, A£>i scanned 
around 7 mm, 100 second for each point) with 20-psee coincidence time window. 



Fig. 7: Second order interference fringes for 351.1 nm(AX>i = AI?, ALi and A L* 
scanned together around 7 mm, 100 second for each point) with 20-psec coincidence 
time window. 
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Abstract 

According to Heisenberg’s uncertainty relation, in quantum mechanics it is not possible 
to determine simultaneously exact values for position and momentum of a material system. 
Calculating the mean value of the Hamiltonian operator with the aid of exact analytic Gaus- 
sian wave packet solutions, these uncertainties cause an energy contribution additional to 
the classical energy of the system. For the harmonic oscillator, e.g., this nonclassical energy 
represents the ground state energy. It will be shown that this additional energy contribution 
can be considered as a Hamiltonian function, if it is written in appropriate variables. With 
the help of the usual Lagrange-Hamilton formalism known from classical particle mechanics, 
but now considering this new Hamiltonian function, it is possible to obtain the equations of 
motion for position and momentum uncertainties. 


1 Introduction 

According to quantum mechanics it is in principle impossible to simultaneously determine the ex- 
act values of two canonically conjugate variables like position and momentum. These values can 
be given only with a finite uncertainty, a mean square deviation or fluctuation (x ) = (x ) — (x) 
and (p 2 ) = (p 2 ) - (p) 2 , where the brackets (...) denote quantum mechanical mean values. The 
lower bound of these uncertainties, the minimum uncertainty product is defined by Heisenberg’s 
uncertainty relation 


V = <*W> = 



(i) 


In this paper the most simple but also most important one-dimensional problems, the free motion 
and the harmonic oscillator (HO) will be discussed in detail (the results for the free motion can 
be obtained in the limit u — * 0, where u> is the frequency of oscillation). The corresponding 
time-dependent Schrodinger equation (SE) (in position space), 

t ft | #(*,*)= + *(*,<), ( 2 ) 


has exact analytic Gaussian-shaped wave packet-type (WP) solutions ^(x,t). The uncertainty of 
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position, reflecting the wave aspect, causes the finite width of this function, which can be time- 
dependent as it is known from the spreading of the “free-particle” WF. The particle aspect is 
expressed by the fact that the maximum of the WP follows the trajectory of the corresponding 
classical problem. 

Calculating the mean value of the Hamiltonian operator H 0 p with the help of the Gaussian 
WPs to obtain the energy of the system, 


(E) = {Wop) = ^ (p 1 ) + (l») 

= ^ + ?"’<’>’> + <^> +?"’<*’» 
— Ed + E . 


( 3 ) 


the uncertainty of position and momentum causes, that in addition to the classical energy Ed, a 
contribution E occurs. 

In classical mechanics, the (conserved) energy E c / of the system is equivalent to the Hamilto- 
nian function, Ed = H, which also determines the dynamics of the system via the Hamiltonian 
equations of motion. 

In this work, it will be shown that in analogy to classical particle mechanics, the additional 
contribution E in (3) can be considered as Hamiltonian function for the position and momentum 
uncertainties. Therefore, the dynamics of these properties reflecting the (nonclassical), wave 
aspect, i.e. the equations of motion, can be obtained from this Hamiltonian function in exactly 
the same way as it is known from the formalism for classical particles. 

For this purpose, E has to be expressed in terms of appropriate variables and corresponding 
canonically conjugate momenta to provide the Hamiltonian Hl . 


2 Appropriate Variables for the Uncertainties 

Using the Gaussian WP- solutions of the SE, exact analytic expressions for E c i and E can be ob- 
tained. In the case of the HO E just represents the groundstate energy, usually given in the form 
Egs = However, there is much more information contained in £, especially connected with 
the dynamics of position and momentum uncertainties. In order to extract this information, the 
Gaussian WP used to calculate the mean values shall be given in the form 

^L(x,t) = JV(f)exp jt'[y(*)i 2 + ^(p)x + tf(0]} , (4) 

where x = x — (x) = x — tj( t) (the explicit form of N(t) and K(t) is not relevant for the following 
discussion). The maxi mum of the WP at position x = (x) follows the classical trajectory rj( t). 

The WP width yj (x 2 ) is connected with the imaginary part y / of the complex coefficient of x 2 in 
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the exponent, y(t), via 


— - ft _ 1 

m ^ 2 m(x 2 ) a J (<) ' 

Inserting the WP into the SE proves that ( x ) = r/(t) obeys the classical Newtonian equation for 
a corresponding point particle, 


77 + u > 2 77 = 0 . 


( 6 ) 


To determine the time dependence of the WP width, the complex (quadratically) nonlinear equa 
tion of Ricatti-type, 


2 h . .2 ft x2 , 

— y + (— y) + w 2 = 0 , 

m m 


( 7 ) 


has to be solved. With the help of the new variable a(t) introduced in Eq.(5), the complex Ricatti 
equation can finally be transformed into the real (nonlinear) Newton-type equation 


In contrast to the equation for the WP maximum, Eq.(6), the equation for the QP width, Eq.(8) 
contains an inverse cubic term on the rhs. v n 

Additional insight into the dynamics of the investigated systems can be obtained by linearizing 
the Ricatti equation (7) with the help of 


2h A 

-y = r, 

m X 


( 9 ) 


introducing a new complex variable A = u + iz = ae’ v , 
motion 


to provide the complex linear equation of 


A + A = 0 , 


(10) 


which has exactly the same form as Eq. (6), but now for a complex variable. 
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It can be shown [1-3] that in cartesian coordinates, z is directly proportional to the classical 
trajectory, 


£ 2 “£° = <*> = ,(<) , (») 


an d in polar coordinates, the absolute value a is identical with or(t) = (2m(£ , )/M 1 from Eq. (8), 

- « *od - (in polar coordinates), respec- 
tively, are not independent of each other, but coupled via the relation 


A * A A 2 * 1 

zu — uz = a p = 1 • 


( 12 ) 


The physical meaning of this relation is that A(t) moves m the complex plane like a particle in a 
real two-dimensional plane with conserved angular momentum. Therefore, the 1/a -term in Eq. 
(8) represents the “centrifugal force” for this motion in the complex plane. 


3 Lagrange and Hamilton Functions for Uncertainties 

In Eq (5) it is shown how the mean square deviation of position, (x 2 ), is connected with y / or a 
(and thus A), respectively. In a similar way the momentum uncertainty (p ) is connected with y R 

and yj or a and p (and thus A, respectively, via 


(p 2 ) = h 


2 SR 




2 yi 


) 


(13) 


Therefore, the energy contribution E can be written as 


E = ^(AA* + w 2 AA*) = j (d 2 + or 2 <p 2 + w 2 a 2 ) 


(14) 


Assuming that a and p are the required appropriate generalized coordinates, still the canonically 
conjugate momenta have to be determined in order to express £ in a proper Hamiltonian form In 
analogy to classical mechanics, a Lagrangian function for the position and momentum uncertain 
ties can be obtained by simply changing the sign of the potential energy contribution into minus, 

leading to 


C L (a, p, d, p) = ^ (d 2 + aV “ “> 2 a 2 ) • 


(15) 
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Thus, the generalized momenta are given by 


dt L 

da 



(16) 


dti 


dip 



(17) 


With the help of these definitions, the energy fluctuation E can be written in the correct Hamil- 
tonian form 


Hl 


= ¥+ 


Py , h 2j 
— — + — or 
ha 2 4 


(18) 


This Hamiltonian function Hl provides the equations of motion for the variables describing the 
wave aspect in exactly the same way as the classical Hamiltonian function of particle mechanics 
yields the equations of motion for the variables describing the particle aspect. 

In addition, an interesting consequence follows from Eq. (17), defining the angular momentum 
p As mentioned in the previous section, this is an angular momentum property connected with 
the motion of A in the complex plane under the additional condition, that the “conservation law 

<p = \ is fulfilled. 

However, inserting this into (17) shows that the conserved angular momentum-type quantity 
p„ has the constant value 



(19) 


a value that usually does not describe an orbital angular momentum but the nonclassical angular 

momentum-type property spin! ... . . 

Furthermore, it should be mentioned that the uncertainty product (1), if it is written in terms 

of the new coordinates and momenta, takes the form 


U(t) = pl + (<*p a ) 2 . 


( 20 ) 


From Eq. (19) follows that p* = H 2 /4, i.e. it is just the (constant) minimum uncertainty. The 
second term, however, represents the square at the position-momentum correlations, as 

([x,p] + > = (ip + px) = 1 1 (AA-) = #da = 2 (op.) (21) 
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is valid. 

For p Q = 0 and thus a = 0, i.e. the WP width is constant and no correlations between position 
and momentum exist. 


4 Conclusions 

The information on the dynamics of the considered systems contained in the time-dependent SE 
can also be obtained from a corresponding Newtonian equation for these systems, if a complex 
variable is used, where the imaginary part of this variable is proportional to the classical trajectory 
and the real part is uniquely connected with the imaginary part. The connecting relation expresses 
a kind of conservation of angular momentum for the two-dimensional motion in the complex plane. 
In polar coordin ates, the absolute value of the complex variable, a(t), is directly proportional 

to the WP width \J (x 2 ), and thus to the uncertainty (x 2 ). 

It is possible to express the difference between the mean value of the Hamiltonian operator, 
(Hop), and the classical energy, E c /, in terms of the coordinates a and <p and the corresponding 

canonically conjugate momenta. Thus, it is possible to write E in the form of the Hamiltonian 
function Hi, where from the correct equations of motion for the “wave properties” (uncertainties) 
can be obtained in exactly the same way as the equations of motion for the particle properties 
can be obtained from the classical energy, respectively Hamiltonian function. 
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Abstract 

The problem of a quantum particle coupled to a quantum-mechanical heat bath has a 
broad and general description in terms of a generalized quantum Langevin equation, as 
described in a series of papers by Ford, Lewis and O’Connell. Here we show how a squeezed- 
state environment may be incorporated in this general framework. 

1 INTRODUCTION 

In a paper entitled "Quantum Langevin Equation", Ford, Lewis and 
O’Connell [1] gave a broad and general description, in terms of a generalized 
quantum Langevin equation (GLE), of a quantum particle, moving in an 
arbitrarily external potential and coupled to a quantum-mechanical heat bath. 
Related papers included an extension incorporating the presence of an external 
time-dependent field [2]. In Ref. 1 , we presented the general form of this 
equation consistent with fundamental physical requirements, in particular 
causality and the second law of thermodynamics. Next, we discussed an 
independent-oscillator (10) model of the heat bath and we showed that, in 
addition to being a simple and convenient model with which to calculate, the 
most general GLE can be realized with an 10 model. In addition, the 10 model 
incorporates many other models that have appeared in the literature, in 
particular the blackbody radiation heat bath. 

In the 10 model, the quantum particle is surrounded by an infinitely large 
number of heat-bath particles, each attached to it by a spring. In Ref .1 , the 
heat-bath is taken to be at temperature T. Here, we assume that the modes of 
the bath are squeezed and our purpose is to outline what aspects of Ref. 1 need 


183 


to be modified as a result. As it turns out, the only changes occur in expressions 
involving ensemble averages, specifically the autocorrelations of the random 
(noise) force F(t) and the oscillator position x(t). 

2 DISCUSSION 

As before, the Hamiltonian of the 10 system is 

H “£ +v(x)+ ^(ft + M <qi - x 4 (i> 

Here m is the mass of the quantum particle while mj and coj refer to the mass and 
oscillator frequency of heat-bath oscillator j. In addition, x and p are the 
coordinate and momentum operators for the quantum particle and qj and pj are 
the corresponding quantities for the heat-bath oscillators. Also, V(x) is a one- 
dimensional potential (but generalization to three dimensions is 
straightforward[1]). Use of the Heisenberg equations of motion lead to the GLE 
describing the time development of the particle motion: 

mX+f dt' n(t • t')x(t') + V’(x) = F(t), (2) 

where the dot and prime denote, respectively, the derivative with respect to t 
and x. In addition, \i( t) is the memory function: 

p(t) = X mj^f 005 (G>jt)0(t). ( 3 ) 

i 

where 6(t) is the Heaviside step function. Also 

F(t) = X mjcafqf (t) ( 4 ) 

j 

is the random (fluctuation) force, where qj^t) denotes the general solution of the 
homogeneous equation (corresponding to no interaction). In Ref. 1 , to find the 
expression for the (symmetric) autocorrelation of F(t), we assumed that in the 


184 


distant past the oscillators are in equilibrium at temperature T and with respect 
to the heat-bath Hamiltonian. This led to the result 

l{F(t) F(t') + F(f) F(t)) 

= 1 I dco Re[p(co + iO + )]h to (5) 

71 Jo 

x coth (hco/2kT) cos [co(t - 1')], 

where p(co) is the Fourier transform of the memory function p(t). To get the 
corresponding result in the case of a squeezed bath, we essentially have to 
generalize the expressions for <qjqk> etc. appearing in Eq.(4.12) of Ref. 1. To 
this end, it is convenient to use the familiar oscillator operators a, a + and aj, af . 

As a result, using the procedure of Ref. 1 , we obtain 

1 <F(t) F(t’) + F(t’) F(t)> 

= ^ hmj cof((<af aj> + 1/2) cos coj(t - 1 ') 
j 

+ Re <aj aj> cos coj (t + 1') 

+ Im <aj aj> sin coj (t - 1')} 


= — \ dco Re p(co) Trco {<a + (co) a(co) + 1>) cos co(t - 1') 

n )o 2 

+ Re <a(co) a(co)> cos to (t + 1') 

+lm <a(co) a(co)> sin to (t + 1*)}, 

where the second equality follows from the use of the expession for Re p(co) 
given by Eq. (4.16) of Ref. 1. 

In the particular case of the bath being in a thermal state, at temperature 
T, the last two terms on the right-side of Eq.(6) are zero and Eq.(6) reduces to 
Eq.(5). In the case of a squeezed bath, all of the terms in Eq.(6) are non-zero 
and detailed expressions for the various quantities may be found, for example, 
in the work of Gardiner et al. [3]. 
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As in the case of a thermal bath, the result for the symmetric position 
autocorrelation viz. 1/2 <x(t) x (t') + x(t') x(t)> is given by the right-side of Eq.(6) 
except that the integrand has an additional factor |a(co)|2, where a(co) is the 
generalized susceptibility. Such a relation is, in essence, a generalization of 
the fluctuation-dissipation theorem to the case of a non-thermal bath. 

In conclusion, the results of Refs. 1 and 2, supplemented by Eq.(6) of the 
present paper, provide a general framework for discussing the problem of a 
quantum particle in a heat-bath whose modes are squeezed. 
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Abstract 

The notion of squeezing in spin systems is clarified and principle for spin squeezing is 
shown. Two twisting schemes are proposed as building blocks for spin squeezing and are 
shown to reduce the standard quantum noise, f , of the coherent 5-spin state down to the 
order of S 1/3 and Applications to partition noise suppression are briefly discussed. 

1 Introduction 

First, we will review the uncertainty relations and coherent states of spin [1] compared to those of 
boson. Then we will define squeezing in spin systems and show the principle for spin squeezing [2]. 
Secondly, we will propose fundamental schemes for spin squeezing, namely, one-axis twisting and 
two-axis counter-twisting , and discuss their limits [2]. Finally, applications are briefly discussed. 


2 Uncertainty Relations — Spin vs. Boson — 

Let us begin by comparing spins and bosons with respect to their uncertainty relations (TABLE I.) 
The spin commutation relation is [5,, 5j]=*5*, where 5 IJ( * are orthogonal spin components and the 
relation holds for any permutation of z, k. The same is true for associated uncertainty relations, 
(4S t 2 )(45j 2 )>|(S*)| 2 /4. This is quite different from the boson uncertainty relation since the right 
hand side (RHS) is state-dependent [3]. 

The coherent states can be defined as the minimum and equal uncertainty state; the state that 
minimizes the left hand side with the two uncertainties being equal. The eigenstate of the spin 
component of a certain direction ( 0.<t > ). S e , <t ,=S x sin 6 cos <£+ S„ sin 0sin <j>+S t cos6. with eigenvalue 
5 satisfies this condition if 5* is the eigen component (which is S ) and 5, and Sj are normal 
components (whose variances are 5/2). This state is called a coherent spin state (CSS), Bloch 
state, or directed angular momentum state [l]. 

Before talking about squeezing, let’s look at the linear motions. A linear Hamiltonian propor- 
tional to an arbitrary spin component rotates the spin vector about an axis. This is a precession. 
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TABLE I. Spin vs. bosop with respect to uncertainty relation, coherent state and squeezing 


Boson 


Uncertainty 


Relations 


Coherent 

States 


Translation 


Squeezed 

States 


Squeezing 
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It is regarded as a translation of the state on the spherical phase space of the spin. Although the 
rotation may change the uncertainties of the original spin components, the coherent spin state 
remains the minimum and equal uncertainty state as long as the component on the RHS is taken 
parallel to the mean spin vector. 

Now let’s discuss squeezing in a spin system. In a boson system, it is always regarded as 
squeezing if a certain quadrature amplitude has a variance smaller than the square root of the 
RHS of the uncertainty relation; that is 1/4. If we define the squeezing of spin likewise [4] — a 
certain spin component has a variance smaller than the square root of the RHS we can squeeze 
the spin by just rotating it. If this were really squeezing, the experimentalists would be very 
happy since they could do this easily. Unfortunately, it doesn’t offer any improvement beyond the 
standard quantum limit. 

The quantum limit of spin systems can be attributed to the directional uncertainties of the 
spin vector. Therefore the uncertainties normal to the mean spin vector are the relevant quantities 
to be squeezed. To eliminate the superficial coordinate dependency, we write the criterion of the 
spin squeezing as (AS^ 2 ) < S/2 (one of the component normal to the mean spin vector has a 
variance smaller than S/2) [2]. 

The next problem is how to squeeze the spin. Boson squeezing is regarded as attenuation of 
one quadrature amplitude and amplification of the other by the same factor. This can be done 
by a degenerate parametric amplifier described by a quadratic nonlinear Hamiltonian. Geomet- 
rically it is an area-preserving linear transformation on the boson phase space R 2 . The global 
shrinking/stretching is possible because boson phase space is an open plane. 

In the spin case, permutative commutation relations obviously prohibit such a simple atten- 
uation/amplification. In other words, global shrinking/stretching is impossible on the spherical 
phase space S 2 of spin. The squeezing of spin is inevitably localized in phase space and, therefore, 
can be quite different from that of bosons. 


3 Squeezed Spin States 

Let’s see how spin can, in principle, be squeezed. An S-spin system can be considered as a 
collection of a number, 2S, of 1/2-spins. In the coherent spin state pointing up, all spins are 
up (Fig.l (ft)). Therefore the z-component of the total system is S. However, whether the x- 
component of each spin takes 1/2 or -1/2 is completely independent and random. Therefore the 
variance is simply the sum of individual variances, 1/4, which is S/2. The same is true for the 
y-component. These uncertainties are the origin of the standard quantum noise of the CSS. The 
spin vector S is like a cone rather than an arrow. The diverging angle of the cone decreases with 
increasing S, since the base radius of the cone is proportional to vS. 

In practical applications, it is desirable to reduce quantum noise for a given S. We have just seen 
that the origin of the standard quantum noise is a lack of quantum correlation among individual 
spins. If they are correlated, fluctuations of individual spins can cancel each other out (Fig.l (b)). 
We refer to such a state as a squeezed spin state (SSS) [2]. Such a state can be conceived as an 
elliptical cone [5]. 

One way to establish the quantum correlations among individual spins is to let them interact 
with each other. This is a nonlinear interaction. Another way is to let them interact with an 
already correlated system such as squeezed light. 
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3.1 One-axis twisting 

Let's consider the simplest nonlinear Hamiltonian, the square of a spin component, for example, 
H = This interaction leads to S+{p) = S + (0)exp[i/i(S t + l)j, a rotation proportional to 

5 r , where p is the strength of the interaction. If the initial state is on the equator of the sphere 
(Fig. 2 (a)), the interaction twists the noise distribution (Fig. 2 (b)). 



4 ^ 4 ^ 


(a) /i = 0, CSS ||,0) (b) p = 0.2 (optimum) (c) p = 0.4 (excessive) 

FIG. 2. Quasi-probability distribution Q(0,<£) [6] for one-axis twisting. (5 = 20, p = 2x0- 
The increased and decreased variances are, 

V* ~ f(pS ) 2 

V_ « + ±(p 2 S)>] > 24 _1/3 5 1/3 

squeezing swirliness (at p. = 2 

where /i5 > 1 and pt 2 S 1 are assumed. The noise distribution is stretched by a factor of /iS in a 
certain direction, while it is shrunk by the same factor in the orthogonal direction. This is nothing 
but squeezing. However, the stretching of the distribution is not exactly along a geodesic of the 
sphere, it is slightly S-shaped. The second term arises from this non-ideal effect, swirliness. The 
deviation from the geodesic becomes comparable to the reduced width of the distribution when \i 
is increased to the order of 5 _2/3 . Then the variance reaches its minimum of S 1/3 . Because of the 
svrirliness, it is impossible to further reduce the quantum noise by means of one- axis twisting. 
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3.2 Two- ax is counter-twisting 

The swirliness can be canceled out if we twist the noise distribution simultaneously clockwise and 
counterclockwise about two orthogonal axes both normal to the mean spin vector (Fig. 3 (b)). 
This can be done, for example, by the following Hamiltonian, 

We refer to this as two-axis counter-twisting. The noise distribution is shrunk along a geodesic 
and stretched along the orthogonal geodesic until it spans almost half the sphere. If we twist the 
distribution more, it splits into two and no further improvement occurs. 





(a) // = 0, CSS |0,0) (b) p = 0.203 (optimum) (c) p = 0.248 (excessive) 

FIG. 3. Quasi-probability distribution Q(0,<ji) for two-axis counter-twisting. ( S = 20, p = 4\t). 


3.3 Limits of noise reduction 

Let’s compare the minimum variances of two 
kinds of squeezed spin states. The dots show 
the exact minimum attainable variances cal- 
culated numerically (Fig. 4). The variance 
of the ordinary coherent spin state increases 
linearly with S. One-axis twisting can reduce 
it to the order of S’ 1 / 3 . Two- axis counter- 
twisting can further reduce it to 1/2. 


FIG. 4. Minimum variances vs. S 



4 Applications to Partition Noise Suppression 

There are many systems which can be described as a spin system. Spin squeezing described 
here offers better performance in these systems. For example, dispersion-less beamsplitters and 
interferometers for bosons and fermions can be described as a spin system with 5 being the 
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half of the total particle number N passing through them [7, 5]. The operator S z corresponds 
to the half of the particle number difference N A — Nb between two paths (A and B), and S+ 
transfers a particle from one path (A) to the other (B). The outputs of 50% beamsplitters (i.e., 
{S z ) = 0) have the number and phase partition noises 6N={[A{N a - N B )] 3 y /2 =2{AS t 2 ) i/i and 
6d>={\A{<t> A - <£B)]V /2ss {^S y J ) 1/2 /l{Sx)|- For ordinary linear beamsplitters, they are 6N=VN 
and 6^1/ \fN since the output is in CSS |ar/2,0>. Their ratio can be changed by spin squeezing 
without violating the uncertainty principle 6N6<j> > 1. Physically, they can be realized as nonlin- 
ear interferometers. Both self-phase-modulation Hj=h X {N 2 A + Nj,)=2k X (N 2 /4+S* t ) of particles 
in both paths and mutual-phase-modulation Hi=h X N A N B =h X {N 2 /4 — S 2 ) between particles in 
different paths lead to one-axis twisting. Optical Kerr effect and Coulomb interaction give these 
number-dependent phase modulations. These nonlinear beamsplitters can achieve either 6NzzN 1/6 
or 6<t>*N~ s/6 [8]. 


5 Summary 

In summary, We have clarified the notion of squeezing in a spin system. Spin is squeezed if one of 
the components normal to the mean spin vector has a variance smaller than S/2. We have shown 
the principle for spin squeezing. The spin can be squeezed by establishing quantum correlations 
among elementary spins. We have proposed the fundamental schemes for spin squeezing. One-axis 
twisting can reduce the noise down to S and two-axis counter-twisting can reduce it to 1/2. 
We have also discussed possible applications of spin squeezing to the sub-quantum-limit partition 
of quanta. Partition noise in either particle number or phase can be suppressed with a nonlinear 
beamsplitter which performs spin squeezing. 
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Abstract 

We compute the quantum entropy for monomode and two-mode systems set in squeezed 
states. Thereafter it is also calculated the quantum entropy for angular momentum algebra 
when the system is either in a coherent or in an intelligent spin state. These values are 
compared with the corresponding values of the respective uncertainties. In general, quan- 
tum entropies and uncertainties have the same minimun and maximun points. However for 
coherent and intelligent spin state it is found that some minima for the quantum entropy 
turn out to be uncertainty maxima. We feel that, the quantum entropy we use provide the 
right answer since it is given in an essentially unique way. 

1 INTRODUCTION 

Some years ago Deutsch [1] proposed a new definition for the quantum uncertainty of a physical 
observable which immediately was taken up by Partovi [2] to carefully analyze the measurement of 
the system (x,p). Time ago, trying to understand the physical properties of supercoherent states 
[3] we started to call this new quantity S($, |V> >) S -| < 0|y> > | J ln | < $\<p > | 2 the quantum 
entropy of the system $ in the state \tp >. In this article we keep using this notation which we feel 
is more appropriate. There will not be any sort of ambiguity with the standard use of the density 
operator for the statistical quantum entropy since in the following calculations we will only deal 
with pure states. 

Our motivation is to go further with the quantum entropy and to calculate its values for 
physical systems less trivial than the monomode (x,p) one. We take the two-mode system when it 
is set on a two-mode squeezed state and the non-canonical, finite, angular momentum algebra of 
o servables when it is either in a coher ent (CSS) or in an intelligent spin state (ISS). Thereafter 

‘Talk given at the Squeezed States Workshop, U. Maryland 28-30 march 1991 
Fax address:(5S) (2) 9621695; e-mail emsca!usb!aragone@sun.com 
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we estimate the (Heisenberg like) uncertainties I of these different systems and compare them 
with those previously obtained for the quantum entropy. Roughly speaking S a In / implying 
coincidence of their extremals. It will be seen that, however, for ISS, it happens that states which 
minimize the quantum entropy are local maximuns for corresponding uncertainty. 

In the next section we study the continuous, canonical cases of monomodal and two-modes 
systems. The third section deal with the three-dimensional angular momentum algebra. In the 

last one we discuss the results we have obtained. ,-a- 

The problem we are interested in is to compute the quantum entropy S( , |0 ) °_ 1 

physical systems * = {(x,p); (*±,p ± ); (*)} and if possible to determine the states for which 
5($ u >) attains its minimum. In this work we do not solve this problem in its full gen y. 
We calcule S($, |V> >) for some subspaces of |t/> > and we find the states belonging to these 
subspaces for which 5 is extreme. We take the oportunity to compare with uncertainty functionals 
naturally related to these systems. It is worth pointing out what is the origin of the states we 
consider: all of them arise through the Heinsenberg relations, either by minimizing uncertain y 
functionals I(A,B,W >) or by introducing intelligent states, i.e. those states which satisfy the 
functional equation I(A, B, |0 >) = C([A, B), \x l> >) ( C is given below). 

2 ONE AND TWO MODE SQUEEZED STATES 

This is the continous and canonical case. We start considering the monomodal case where » = 
{x p) and the states 1 0 > for which we calculate 5(*„h6 >) are the squeezed states [4] (SS) 
(note the SS arise from the Heinserberg uncertainty relation). If we denote by |* > the standard 

coherent states , i m . /. ,t\ 

\z >= D(a,z)\0 >, D(a,z) = exp{za* — z a}, (la, 10) 


the SS are defined 

|z, rip >= 5i(r,<^>)|z >, 

Sj(r,y?) = exp{ir(e* J ' v a 2 - e 2w, (at)) 2 }. 

If one introduces the squeezed annihilation operator a(r, <p) 

a(r, <p) = S\ (r, y>)aS| (r, v?) = cosh r a + e 2 ** sinh r a^, 
the SS turn out to be their eigenvector with eigenvalues z , 

a(r,y>)|z,ry> >= z\z,rip > . 

Following Deutsch the quantum entropy S($i, |V> >) » s defined by 

5(*i, >) s 5(x, |z, rip >) + 5(p, | z,r<p >) 

where f oo , . , 2 . 

S(x, |z, r<p >) = — / | < x|z,r<p > | 2 In | < x|z,r<p >)| dx 

J — OO 


(lc) 

(l d) 

(2a) 

(26) 

(3a) 
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(36) 


= 2- 1 (l+lnM*e 7 )- 1 }), 

5(p, | z, r<p >) = - / | < p|z, rip > | 2 Ux | < p|z, >)| 2 dp 

= 2 _1 (1 + ln{jr(fle7) -1 }), (3c) 

where 

7 = (coshr + e 2,v sinh r)(cosh r — sinhre 2 '' < ’) -1 , 7“* = 7 (— r,<p). (3d) 

Consequently 5 has the value 

5($j, \4> >) = 1 + In* - + 2 _1 ln{l + sinh 2 2rsin 2 2<p}. (4) 

5(*i, | z,r<p >) attains its minimun 1 + In Jr in two cases: i. if r=0, i.e. for pure coherent states 
since \z, rip >= \ z > or ii. if <p = nx/2, n € Z which corresponds to the proper SS. In both cases 
one gets what it has been shown [5] to be the minimun of the quantum entropy for this simple 


system. 

To obtain the find results is eqs. (4a-b) we have used that [6] 

>}(x) =< x| z,r<p >= 

= x - «(/?e7)< exp(— i2~^Im z)exp{i2^Im z)exp{— 72 -1 (x — 2^./?ez) 2 } (5a) 

t{>{\z,r<p >}(p) =< p|z,r<p > 

= x~«(/Ze7 -1 )i exp(i2~i/m z)exp(— *2^7m z)exp{— (2 7 ) -1 (p — 2i/mz) 2 }. (56) 

The two-mode system $ 2 — {x,, p,, i 6 (1,2)} has two annihilation and two creation operators 

= [a, , a ; ] = 0 (6) 

The two-mode coherent states are defined by 

|z >= D(a, z)|0 >2= {D{a u z x ) ® D{a^z 2 ))\Q > <g>|0 > (7a) 

where in an obvious two-dimensional vector notation 

&|Z >= Z|z a ss (fli ® 12x2* ^2x2 ® ^ 2 ) ( <4) 

The two-mode SS are given by 

|z,ry? >= 5 3 (r,^)|z >, (8) 

S 2 (r,<p) S exp{r(e“ 2,v ’a 1 a 2 - e 2i *ajaj)}. 


Observe that 5 2 (r, ip) contains (ai,aj) corresponding with two modes we have now in the system. 
It is possible to generdize eqs. (2) to 

a(r, p) = Sj(r, <p)aS](r,ip) = coshr a + e^sinhro^at, (9a) 
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a(r, v?) |z, r^p >= z|zry? > . 


(96) 


these eqs. are based upon 

sj(r,<p)D(a,z)S 2 (r,<p) = D(a, A/(r,<p)z) = D(a,w), (10a) 

where is defined by 

w = M{r,<p)z = cosh r z - e 2,v sinhr<TiZ = (a,/?) T (106) 

(<Ti is the standard antidiagonal Pauli matrix). Computation of S($j, l z » r< ^ - > ) entails the eva- 
luation of S(x, |z,r<p >) and S(p, |z,r<p >), 

S($ 2 , |z,r<p >) = S(x,|z,r<p >) + 5(p,|z,r^> >) 

= - j I < x|z, r<p > I 2 In I < x|z, r<p > \ 2 <Px 

- j | < p|z,r<p > | 2 In | < p|z,r<p > 1 2 d 2 p 

= 2{1 -I- Inn- + 2 _1 ln{l + sinh 2 2r sin 2 2<p} = 2S($i,|z,r<p >). (11) 

As it happened for the monomodal case, there are two cases where the entropy has a minimun: 
i. for r = 0, wich corresponds to two-mode coherent states and ii. for <p = mr/2, these are the 
proper two-mode squeezed states. Calculation of fl(^ 2 ,|z,r<p >) (11) becomes straightforward 
after deducing the two (dual) representation of the wave functions < x|z,r<p >, < p|z,r<p >. It 
can be seen that 

| < x|*,r V > | J = *-'Rea{ 1 - (fle/?) 2 (flea)- 2 }*- 
•exp{— Aea(x - 2* flew) 2 - fle/?(x - 2*flew) T <7,(x - 2* flew)} (12a) 

| < p|z,r<p > | 2 = 7r _1 flea{ 1 — (fle/?) 2 (Aea) 2 }^- 
•exp{— flea(p -2^/mw) 2 - Re0 { p - 2»/mw) 7 V 1 (p - 2»/mw)} (126) 

The uncertainty /(x,p , | z,rtp >) for the monomodal case is the standard quantity (Ax) (| z,r<p >) 
(Ap) 2 (|.r,rip >). It turns out to be 

/($„ \z,r<p >) = 4“ l (l + sinh 2 2r sin 2 <p) 

Consequently, since S(* 2 , |z,np >) S C, + 2" 1 ln/($i, |r<p >) we observe that their minima 
coincide. For the two-mode system one has the uncertainty matrix [6] /($ 2 i |z , rip >) defined by 



7($j, |z , np >) = (Ax) 2 (Ap) 2 = 


( (Ax,) 2 

( Ax, )(Ax 2 ) \ 

( (Api) 2 

(Api)(Ap2)\ 

\ (Ax, )(Ax 2 ) 

(Ax 2 ) 2 ) 

\(Api)(Ap2) 

(Ap 2 ) 2 ) 


Minimum uncertainty states (MUS) are defined as those for which /($ 2 , \i> >) 2 l 2x2 /4. In 
the present case we have that 

/($ 2 , |z, r<p >) = 4 _1 (1 + sinh 2 2r sin 2 <p) l 2 x 2 - 

We have the qualitative situation already discussed for the monomodal case: minima of S($ 2 ) 
and 7(3> 2 ) coincide wuth either two-mode coherent or with proper squeezed states. Now we shift 
our interest to consider the less traditional, finite, non canonical system generated by 3-dimensional 
angular momentum algebra. 
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3 THE ANGULAR MOMENTUM ALGEBRA, COHE- 
RENT AND INTELLIGENT SPIN STATES. 

The three-dimensional angular momentum algebra * j provide a simple example of what one might 
think to be a general physical system. Its three generators i G (1,2,3) satisfy the commutation 
relations , . 

[J t ,Jj] = it tjl Ji. ( 15 ) 

In general we will think of a physical system $ A to be a set of observables $ A = {A„i € w„} 
constituting some algebraic structure (i.e. very often this structure is a Lie algebra). The natural 
generalization of the quantum entropy definition initially given (1] for $1 (eqs. (3)) is 

s(^,it/->)=E5(s4 i ,i0>) = -icEi <Q *i^ > i 2 m< q .iv>> r ( i6a ) 

i=0 1=1 a » 

where |aj > are the eigenstates with eigenvalues a* of the observable Ai, 

Ai|a, >= oti\oii > ■ (166) 

Actually, a physical system $ might be considered represented by different sets of observables 
{ B , } , • • ■ wich can be thought as equivalent quantum atlases which represent $. 

In terms of field theory one is thinking in the possibility of {£,} being a redefinition of the 

initial observables {A*}. . 

An already interesting, and non trivial example is whether, following this definitions of a phys- 
ical system, = {z,p} can also be represented by {N = a^a, ^}, the number and a convenient 
phase operator [7]. Of course, one expects that the quantum entropy of a physical system $ must 
be independent of its quantum representation, S($ A , |V> >) = 1^ >)• We will not dwell on 

this interesting point in this article. Entropic calculations will be compared with uncertainties, 
which do not have a clearly cut, inambiguous definition, as we will comment below. 

One of our main motivations of the present calculations is to better understand which are, for 
each specific given physical system, the states \4> > minimizing its quantum entropy, i.e. those 
states satisfying 

-J— S($,|0>) + A|V>>=O, <V#>=1- (17a -6) 

d\y> > 

Instead of directly solving this problem, which we cannot do now, we study the behaviour 
of S($, |t/> >) for subfamilies |t/> > having a relevant physical origin, related to or stemming in 

uncertainty relations. , f . 

It is worth recalling what is the general situation concerning uncertainties functionals [8J. 
Given two physical observables A\,Ai Schwarz’s inequality tell us that, for physical states \ip >• 

< V>| >= 1, 

I(A U A 2 , | t/> >) = 

(AAj)(AA|) > 4 -1 | < [Ai,A 2 ] > I 2 h C([Ai, A 2 ], |V> >)• (18) 

MUS (minimum uncertainty states) are those for which 7 has a local minimum and IS (intel- 
legent states) are states that satisfy the equality in eq. (18). The role of physical theories is to 


197 


provide the value of commutator [A X ,A 2 ]. In principle one may find \ipMUS IS, | ipj ^ MUS 
and U>musj >■ It seems that IS constitute a very large set, being the states corresponding to 
intersection of two functionals. 

$j has two properties: i. is finite, i.e. it has irreducible unitary representations which are finite 
(due to compactness of S0(3)) and ii. is non canonical, i.e. there are not additional observables 
Kj : [J,, Kj] = iSij • $7 is one the simplest physical systems where there are IS which are not 
MUS [8]. The two kind of states that will be considered here are the coherent (CSS) [9] and the 
intelligent spin states (ISS) [8]. 

CSS are given by 

|CSS >= |r >= R{r)\-j >= (1 + rT*)- J e Tj | — j > (19a) 

R(t) = exp{r7 + }exp{ln(l + rr*)J 3 }exp{-r*J_} 

= exp{— = (sin <p, — cosip, 0) (196) 

where 

0 

T = e-"* tan(-), 0 < 9 < *, 0 < ip < 2ir. (19c) 

ISS |u>j,„(r) > have been defined as those for which I{Ji, J 2 , |u>(r) >) = C(J 3 , |u>(r) >). They 
turn out to be 

K»( r ) >= a n Y l d%{y 2i e . T ' >J + 1 - j >}, 0 < n < 2 j (20a) 

where 

a„ s {Z X Y iC%d?[yz + rr*(y - 2 ){z - 2)J 2i >~i, (206) 

Y\F{y,z) = F{\ y z),T y = r(l -2 /y),T 2 = r* 2 (20c - d) 

In particular |u> >i 0 (t) >= | - r > and |tt> ii2j (r) >= j t > are CSS. We denote |m >, the 
respective eigenstates of J,, 

J,\m >i= m|m >, (21) 

We first calculate S($j, |r >). According to eqs. (16) 

S($j, |r >) = - £ £ I, < m|r > | 2 In |, < m|r > | 2 . (22a) 

»=1 ms— j 

It is immediate to obtain the values of , < m|r > and its associated probabilities 

|i,2 < f«|r > | 2 = 

{2(1 + rr*)} -2i a(;,m)|l,i + r| 2(,+m) |l,i - r| 2(j ~ m) , (226) 

| 3 < m|r > | 2 = {(1 + TT’)}- 2 >a(j,m) |r| 2 ^ +m >, (22c) 

a(>, m) = 2 j\(j + m)\/(j - m)!. 

No closed expression has been obtained for eq. (22a). The same happens with the entropy for 
ISS. Its value is 

S{$J> |u; n (r) >) = — jP ^2 |, < m|u> n (r) > | 2 ln |, < m|u> n (r) > | 2 (23) 
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where 


< u> n (r)|m >1,3= a n a(j,m)* £ 2 -m-,, (— 1 , -i) p {j + m + p)!(p!(j - m - p)!)~ l 


P = 0 


p=J+m+p 


5] (1, -»)«(*!(; + m + p - g )!)- V +m+ '-Vi +m+p - ? , 

1=0 

(24a) 

| < w„(t)| m > 3 | 2 = a n Q(;,m)i|r| 2 ^' +m J(pi +m ) 2 , 

(246) 

r = tan(^)e - ' n '/ 2 , n € Z, p k n s Y^{y^- k (y - 2)‘}. 

(24c) 


Fig. 1 shows the structure of S($j, |r >) in terms of the 0,<p p&r&metrization eq. (19c). 5 
has local minimums at ip = mr/2, 9 = tt/2. Details of the 9 dependence for y> = mr/2 appear in 
fig. 2,3. It can be also observed that the minimum values of S increase with j. 

Then we present in fig. 4 S($_/|u>y in (r) >) for the first proper ISS |tni il (r) > ( ,o(r) > and 
I u ’i, 2 ( t ) > are CSS), and just to have a better feeling of it behaviour we show, in fig. 5, the shape 
of S($j, |u>j, n (r) >) for j = 2, n s 1,3, proper non coherent intelligent spin states. 

Then, fig. 6 shows that the minimum for S occur for the central ISS, i.e. in case of j =2 
for |u> Jj2 (t ) >. In general it will occur for n = (j, j ± /2) according to whether j is integer or 
half-integer. 

What can be said about the uncertainties? 

In spite of arguments given [10] in favor of A J = (A J 2 ) 1 ! 2 as the right quantity one should 
take to define the uncertainty of ty (A J is a clear rotational invariant quantity), we will take 
partial and full quadratic uncertainties 7( Jj, Jj, |0 >), 

1(*J, 10 >) = I(Ju 10 >) + I(J 3 , 10 >) + I(J 3 , Ju 10 >) 

as the physical relevant quantities which provide an additional insight concerning informational 
behaviour of 4* j. 

It seems to us that quadratic uncertainties are the typical elements of a quantum mechanically 
based definition. 

As it is shown in figs. 7,8 there is a sharp qualitative difference in the behaviour of 7(4> j , \rp >) 
and I (./j , J%, |0 >). While I{J\, Jj, l^n^) > presents a local minimum at 9 = ir/2 (|r| 1); 

>) has a local maximum at this same point. 

Since 5($j, |u >) exhibits a local minimum at 9 = jr/2 and the full uncertainty shows a 
maximum, one cannot qualitatively relate anymore these two quantities through S SJ In I. these 
property is exhibit in fig. 7 where it is shown the anomalus behaviour of 7($j, |u> J)fl (r) >). Partial 
uncertainty for 7(Jj, J 2 , |tu Jin (r) >) is shown in fig. 8. Its behaviour is completely different of the 
full uncertainty. Partial uncertainty minima coincide with entropy minimums. 

4 CONCLUSIONS 

We have estimated the values of the quantum entropy (not to be confused with the statistical 
quantum entropy due to the statistical mixture of quantum states) for monomode squeezed and 
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Fig. 4 Quantum entropy for intelligent spin 
states ( ISS : j = 1, n = 1 ). 


203 



Fig. 5 Quantum entropy for intelligent spin 
states ( IS5 : j = 2, n = 1.-5 ). 
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Fig. 6 Quantum entropy for intelligent spin 
states ( ISS : j = 2, n = 2 ). 
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Fig. 8 Partial quantum uncertainty for 
intelligent spin states ( ISS : j = 1, n = 1 ) 
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two mode squeezed states. Calculations were extended to the angular momentum system 
where the states we used to probe S{$j) came from the natural generalization of the standard 
coherent states or by imposing intelligence, i.e. states which satisfy the now operatorial Heisenberg 
equality. 

In this case, the proper central IS were shown to be the best ones, i.e. they minimize 
We systematically compared the behaviour of S(<l>j) with that of I($j) just to understand why 
one must abandon the use of these latter quantities in favor of S($j). We observed the presence 
of anomalous behaviour in /($,/) when one considers ISS, giving additional support to the choice 
of S($ j) as the right physical quantity one has to consider for every physical system. 
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Abstract 

A review on the current efforts to approach and to surpass the fundamental limit in 
the sensitivity of the Weber type gravitational wave antennae is reported. Applications of 
quantum non- demolition techniques to the concrete example of an antenna resonant with 
the transducer are discussed in detail. Analogies and differences from the framework of the 
squeezed states in quantum optics are finally discussed. 


1 Introduction 

The importance of detecting gravitational waves, as frequently pointed out, consists not only 
in verifying one of the most direct and astonishing predictions of the simplest metric theory of 
gravitation, i.e. General Relativity, but also in the possibility to open new windows on phenomena 
in the Universe in which only violent releases of gravitational energy occur [l]. Gravitational waves 
have not yet been directly measured because of the extreme sm alln ess of the power emitted even 
by astronomical systems. The hypothetical sources which are strong candidates for emitting 
gravitational waves, according to our understanding of them actually only due to informations 
collected via the electromagnetic astronomy, are divided into two classes based upon the time 
evolution. Impulsive sources can be catastrofic events such as supernovae explosions and collapsing 
binary systems. The frequency spectrum of gravitational waves of this kind is flat up to 10 3 Hz, 
these impulsive phenomena having a characteristic duration of the order of milliseconds. One 
expects a perturbation of the metric tensor h % 10“ 21 — 10~ 18 for events in our Galaxy and 
h % 10- 23 — 10“ 21 for events in the Virgo Cluster. Periodic sources can be pulsars if they deviate 
substantially from axial symmetry. The expected frequencies range is in this case between 10~ 2 and 
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10 2 Hz, while h % 10 -27 — 10 -25 . The efforts to detect gravitational waves have been concentrated 
from the very beginning on the impulsive events because of the larger expected perturbation to 
the metric tensor. It turns out that the modulation of the space-time induced by a gravitational 
wave on an extended body can also be seen as a production of a force field in it. Detecting 
the gravitational wave is therefore translated into the problem of detecting this small force of 
geometrical nature and the displacements produced by it in a test mass. The displacement induced 
in a body of reasonable sizes, ^lm, has therefore an amplitude of the order of 10 -21 if the event 
is due to the a supernovae event in the Virgo Cluster. The accuracy required to measure such a 
small displacement is so high that the quantum nature of the detector has to be taken into account 
because the De Broglie wavelenght of a macroscopic test mass is of the same order of magnitude of 
the expected signal due to the gravitational waves. Here we report on the status of the art of the 
measurement techniques developed to allow monitoring of a class of gravitational wave detectors 
in a quantum regime. After a brief introduction for schematizing the detectors of gravitational 
waves and the sensitivity limit due to the fundamental noise in part 2, we introduce, in part 3, the 
quantum non-demolition measurement schemes for overcoming these limitations. The applications 
of stroboscopic and continuous quantum non-demolition schemes for a gravitational bar antenna 
resonant with the transducer are described respectively in part 4 and part 5. Conclusions deal also 
with the analogies and the differences from the quantum optics framework and the importance of 
this topic for understanding quantum mechanics applied to single macroscopic degrees of freedom 
repeatedly monitored. 

2 Weber gravitational antennae: fundamental sensitivity 
limits 

The gravitational wave detectors devised so far are based upon monitoring of the distance between 
two masses localized at different points. The equivalence principle requires a non-local, extended, 
structure of a gravitational wave detector because it is possible to nullify locally the effects of a 
gravitational field by means of a suitable choice of the reference frame. 

Let us consider two masses in free fall: what is then measured is their variable distance which is 
supposed to be much smaller than the gravitational wavelength. The effect of a gravitational wave 
coming along z axis with proper polarization is to increase of h/2 the distance along y axis and 
to decrease by h/2 the distance along x axis. A classification of the gravitational wave detectors 
divides these into non resonant and resonant detectors if the two masses are respectively free or 
elastically coupled. 

In non resonant detectors the distance between the two masses is measured by means of 
interferometric devices. The arms of the interferometer proposed so far are of the order of Km and 
use of multiple reflections allows to increase the physical paths by several orders of magnitude. 
In this contribution we will not be concerned with this kind of detectors but we shall instead 
consider the resonant detectors (Weber type gravitational wave antennae), the quantum limit in a 
interferometric antenna being enforced by the shot noise and the momentum fluctuations imparted 
by the photon flux to the central mirrow of the interferometer (2). 

Resonant antennae are tipically cylindrical bars of materials having low internal dissipations. 
The materials used are silicon, sapphire, niobium or a particular aluminum alloy (A1 5056) and 
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the mass of the antennae is of few tons. 

One can show that the motion of the ends of a cylindrical bar of mass M and length L 
oscillating in its fundamental longitudinal mode is equivalent to that of a harmonic oscillator of 
mass Mj 2 and equivalent length 4L/7T 2 . If x is the displacement from equilibrium position the 
equation of motion of the Weber oscillator is 


x + — + Uil X = -^-Lh (*) ( 1 ) 

where r 0 is the damping time, u> 0 is the proper frequency and h(t) is the amplitude of the incoming 
gravitational wave. The forcing term due to the gravitational field is proportional to the distance 
between the two masses. From this formula one can calculate the cross section for the transfer 
of energy from the wave to the antenna and one finds that this is proportional to the mass of 
the antenna and to L 2 . The proper frequency w Q is chosen to be tuned with the frequency of the 
expected wave (lO 3 ^^) and the corresponding wavelenght is very large compared to the size of the 
antenna. To amplify the extremely small oscillations coupling of the bar with another oscillator 
of very small mass is used [3], [4], In this case a system of two coupled harmonic oscillators is 
obtained in which the energy is continuosly transferred back and forth from M to m via beating. 
If the dissipations in the two oscillators are made negligible the amplitude of the oscillations in 
the second resonator is increased by a factor 1 /y/Ji with respect to the first resonator, where 
fi = m/M, provided that the frequencies of the two uncoupled oscillators are made coincident. 
The motion of the transducer is transformed into an electric signal by means of a variable capacity 
and an amplifier schematizable as an ideal amplifier of gain A and two noise sources generators 
with current and voltage spectral densities respectively SI n and SV n . The sources of noise are 
the thermal noise, i.e. Brownian motion of antenna, which gives a contribution KT to the energy 
of the oscillator, being K the Boltzmann’s constant and T the thermodynamical temperature 
of the antenna and the amplifier noise, which is expressed by means of the parameter T n = 
(SV n SI n ) l,2 /K B y called noise temperature of the amplifier. This last noise has two effects: it 
contributes directly as an additive noise source at the output and it acts on the transducer leading 
to an increase of the temperature. In other words every transducer is at the same time an actuator 
and the amplifier noise gives rise to a back-action force acting on the mechanical oscillator. 

If we define a noise temperature T e ff as the temperature which corresponds to the minimum 
detectable energy E e ff = K T e ff transferred to the bar by an impulsive signal with an output 
signal/ noise ratio equal to 1, we find, using a Wiener algorithm in the data analysis [5] 



( 2 ) 


where Q = ujoTq is the quality factor of the mechanical system, /3 is substantially the fraction of 
energy transferred to the electromagnetic circuit by the bar throug the capacitive coupling and 
A 0 the impedance matching factor defined as 


A 0 


SV n 1 
SI n Zq' 


( 3 ) 


For the antenna of the Rome group continously operating since one year at CERN one has a 
thermodynamical temperature of « 4.2K; the other parameters are Q ^ 5 • 10® and an amplifier 
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noise temperature T n ~ 10 _7 K [6j. It has been possible to achieve this last result making use of 
a SQUID amplifier. So one gets for T eff a value of « lOpK, which is not far from the quantum 
limit temperature 

T n = ^ - W-‘K. (4) 

A 

One expects that the force with which a gravitational wave acts on the antenna is by many 
orders of magnitude below the thermal noise even at thermodynamical temperatures as low as 
lOmK which is the temperature at which the third generation antennae will operate. Howewer, 
due to the particular features of the data analysis based on the variation of energy in the oscillator 
in the time, the quantum regime is reached earlier than as expected by (4). By writing the amount 
of energy which is exchanged during the measurement time At between the harmonic oscillator 
and the thermal reservoir and the quantized energy introduced by the measuring apparatus is 
easy to show that the quantum regime is obtained when the following condition is satisfied 


KTAt . 

^ < A 


( 5 ) 


This can be also shown by reasoning in terms of displacements instead of energy. The variation 
of the length of the bar due to a gravitational wave with amplitude h is, according to (1) 


~ - ( 6 ) 

l ~ 2 

Because typical values for h are h = 10~ 21 (which corresponds to a supernova explosion in 
the center of the Galaxy) taking L = 1 m, one gets from (5) a variation of the length of the bar 
AL ~ 10 -19 cm which coincides with the standard quantum limit (i.e. the root square mean of 
the position of a harmonic oscillator in his fundamental mode) 

= \f 2 Mu> ^ 

It follows therefore that if we do not overcome this limit no information can be obtained on the 
evolution of the harmonic oscillator. 

In these conditions one can find a method to measure the position of the quantum oscillator 
and to see if an external force has acted on it. However in doing this one must take into account 
that the position operator i(t) does not commute with itself at different times. Indeed with a 
measurement of x(t) at time t one put the oscillator into an eigenstate of £(t); if one repeats this 
measurement at the instant t + r one puts the oscillator into another eigenstate. It turns out 
that it is not possible to know if the change in x(t) is caused by a very weak classical external 
force because of the quantum demolition of the state. What is needed is therefore a measurement 
which does not prevent the execution of the next measurements of the same observable avoiding 
the demolition of the projection of the state on that observable. This is possible in non-relativistic 
quantum mechanics as we will discuss in the following considerations, because this theory make 
li mi tations only on a simultaneous, perfect knowledge of two canonical observables. 
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3 Quantum non demolition measurements 

The introduction of the quantum non-demolition measurements (QND) dates back to an article 
by Landau and Peierls [7] in 1931. However only recently, after understanding the role of quantum 
mechanics in the fundamental limits to the amplifier sensitivity [8], [9] and under the request to 
surpass the quantum limit in detectors of small displacements [10], [11], the problem has been 
studied in detail [12] ,[13]. The idea of a QND strategy is to perform a series of measurements 
of one observable of a single object in such a way that the act of the measurement itself does 
not affect the predictability of the result of the next measurements of the same observable. In 
order to do this the observable, the instants of time in which it is observed and the interaction 
Hamiltonian should be all carefully chosen for a given dynamical system. For instance, a first high 
precision measurement of the position of a free particle implies a large dispersion in the possible 
values of measurements of momentum. If a second measurement of position is made, due to the 
Heisenberg evolution, the result will have a large dispersion too. Instead, if a measurement o 
momentum in a free particle is made at a given instant of time, a second possible measurement 
wiU give the same result due to the constant value of the momentum between the two consecutive 
measurement, provided that the interaction dtie to the first measurement has not demolished the 
state. This simple example shows the route to define quantum non-demolition measurements. 
Only particular observables which satisfy a commutation relation at different times t, and tj are 
allowed to be monitored in a QND way, i.e. if 

[i(t i ),i(ii)] = 0. ( 8 ) 

Moreover, we must also take into account the perturbation on £(t) induced by the measuring 
apparatus which is coupled to the observed system by means of the operator Hamiltonian Hi. 
To avoid changes in the expected value of the observable during the measurement the following 
condition must be satisfied: 

[£(*),*] =0. (9) 

This condition assures that the interaction Hamiltonian is simultaneously diagonalizable with the 
measured observable, no changes are induced in the measured observable during the measurement 
time in which only the interaction Hamiltonian will be responsible for the time evolution. A 
sequence of measurements performed under conditions (8) and (9) will give always the same result. 
This is a definition of a QND measurement. If the instants of time in which it is satisfied (8) are 
discrete the QND scheme is named stroboscopic or, in a realistic configuration with a duration of 
the measurement small with respect to the characteristic timescale of the motion of the observed 
system, quasi-stroboscopic [14], [15], [16]. Otherwise, having a continuous set of instants of time, 
the QND scheme is named continuous. 

In the case of a single oscillator one introduces the two components of the complex amplitu e 

■ *. = Mi + <*)■="'! (10) 

. x, = /m|(i + (;£)«<■"] 

such that x[t') — X\ cos ojt + Xi sin u it. Their properties are 
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dX. dX. 

{<l) = -5 i = 0= ^I^i(0.^i(< + r)] = [^ a (O,X r J (< + r)] = 0 (11) 

(b) [$(«), £(*)] = — • (12) 

mu v ; 

By using (a) and (fc) we get 

[z{t),x(t + r)] = — [Xi, X 2 ] {cos ut sin u{t + r) — sin ut cos u(t + r)} = sin ut, (13) 

mu v ’ 

This means that to do a QND measurement of the operator £(t) in a single harmonic oscillator 
one needs the Hamiltonian (here q is the variable of the measuring apparatus which couples with 
the oscillator) 

Hi = E 0 6(t-~)zq (14) 

such that the interaction between the system and the measuring apparatus is turn on only when 
x(<) commutes with itself, that is why this kinds ofmeasurements are called stroboscopic Q.N.D.. 
For a component of the complex amplitude, a QND interaction Hamiltonian should be 

[ 12 ] 


Hi = E 0 X 1 q 

that is approximately obtained by using the interaction Hamiltonian 

Hi = 2Eo cos u > m t x q 


(15) 

(16) 


provided a low-pass filter at w c << is used. For practical reasons a different pumping is used, 
namely a up-conversion around an electrical frequency u> t such that the interaction Hamiltonian 
is now 


Hi - E 0 cos uj't cos u) m t xq = [cos(u> e + a> m )t -f- cos(u> e - w m )<] x , 


(17) 


which allows an approximate measurement of Xi if a filtering around u\. is performed with a 
selectivity such that the terms os dilating at u e ± 2ui m are made negligible. It has been pointed 
out that the continous approximate QND measurement scheme of one component of the complex 
amplitude is obtained as a first order approximation of the corresponding stroboscopic scheme 
[17]. If we start from the interaction Hamiltonian of a stroboscopic measurement of X\ expressed 
in terms of the physical observable x 


Hi = Eocosu> t tJ26(t - —)X x q = E 0 cosa> e t VY-lVN^t - —)xq 

n Wi n ^1 

we will see that, by Fourier expanding the Dirac-distribution, it is obtained 

Hi = Eq cos u> e t cos(2n -I- l)a>i tx q 


(18) 


(19) 


I 

I 

■ 

i 

i 

I 
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that, at the first order, is 


Hi = E 0 cos uj e t cos l u x tx q (20) 

i.e. the usual approximate scheme for monitoring of X\. Thus knowing a QND stroboscopic 
strategy it is simple to write the corresponding QND approximate continuous strategy. This 
property will be particularly useful in the following considerations, where the more complicated 
but realistic case of two coupled harmonic oscillators will be treated. 

It has been pointed out that also in the classical regime, i.e. when the amplifier is not quantum 
limited, the QND measurement schemes provide a better sensitivity because one phase of the signal 
is shielded by the back-action force of the amplifier. A quantitative model in the classical limit 
has been developed in [18]: it turns out that by writing the noise temperature as 

T*:=-^T n - (21) 

LU e T v 7 

for a standard ’amplitude and phase’ monitoring is r < 1, and for a QND/BAE scheme r may 
be greater than unity. This is due to the squeezing of the electrical noise into one mechanical 
phase. A generalized uncertainty relation for the two classical conjugate observables due to the 
back-action of the amplifier noise is introduced as 


AX 1 AX 2 ~ 


K B T n 

2rnu> m u e 


( 22 ) 


which may be obtained 
uncertainty relationship 


through a replacement on the right hand side in the standard quantum 


AX x AX 2 ~ — 

2mu m 


(23) 


of h with K B T n /u 2 . If a squeezing factor p such that AXi = pAX 2 is introduced (p -> 0 means 
a noise-free measurement of X 2 ) the minimum burst noise temperature can be written as 


71 = 


rnu^AX j 2 _ 1„, u 2 


- -J'-P 

4 u/ 2 


(24) 


showing that the r figure of merit has a dynamical interpretation in terms of a squeezing factor. 
Recently, an interpretation of the back-action evasion strategies in which they are seen as an 
alternative to the usual impedance matching for maximizing the signal to noise ratio has been 
discussed [19]. 

The description of the QND measurement suggests how to measure small forces below the 
standard quantum limit. By means of a simple integration of the Heisenberg equation in presence 
of an external force F(t), one gets for the QND operator X x 


Xi(t) = X^fo) - if — — sin ut 1 dt'. (25) 

Jt 0 mu ' ’ 

A sequence of measurement of X 2 will then give as a result a sequence of eigenstates linked to the 
value of the external force 
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((t,r) = ((t 0 ) - / sin ut', it'. (26) 

" 7 Jto rnu 

By means of successive measurements it is possible to study the form of F(t ) simply inverting (26) 


F(r) 


TTIUI d 

sin u it it 


t(to,t) 


(27) 


The singularities for t = nir/u corresponds to a null information on the force acting on the 
harmonic oscillator on some instants of time. This can be compensated by using a second oscillator 
(i.e. a second antenna) with complex amplitude Yi + tFj which has eigenvalues 


C(t,r) = C(*o) - f sin u>t\ it' 

V ' y t0 T71W 

here obviously the singularities are in £„ = (2n + l)ir/2u;. 


(28) 


4 QND quasi-stroboscopic scheme for coupled harmonic 
oscillators 

The current generation of gravitational wave antenna of the Weber type operates by means of 
an antenna coupled to a small mechanical resonator. In such a way the energy deposited in the 
antenna by a gravitational wave burst is transferred to the transducer. In the case of an ideal 
transfer of energy, i.e. with both a perfect tuning of the two uncoupled frequencies and negligible 
dissipations during the beating period, the amplitude of the oscillations in the transducer is larger 
than that in the antenna by a factor equal to the square root of the ratio of the equivalent masses 
of the two resonators. All the detectors operating in coincidence as described in [6] were equipped 
with a resonant transducer and the same is also planned for the third generation of gravitational 
wave antennas cooled at 50 mK now under development. It is therefore important to generalize 
the previous considerations on the QND schemes to this situation, as already outlined in [20]. As 
we have seen, it is possible to schematize the gravitational cryogenic antenna and the resonant 
transducer with two coupled harmonic oscillator having masses respectively m x and m y (with 
p — IlbL i). The two coupled mechanicals oscillators are described by the Lagrangian 


1 1 1 
L = “ 2 m “ W ‘ 


'.V - ^ m v u> y 2 (y - x) 2 = i ( ( v) T ^ - ^(( , v) V Q (29) 


where the normalized coordinates ( = and q = have been introduced, together with 

the matrices T and V 


T = 


c 



~ V -v« 



(30) 

(31) 
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As we have already cited to obtain the maximum coupling the two oscillators should have the 
same frequency u> T = = a>, i.e. they should be tuned. In this case one finds the solutions 






(32) 


which we can write more easily introducing a± = + — ^ obtaining — u/q (1 + q±). 

The normal coordinates 3± corresponding to the eigenfrequendes u>± are linked to the physical 
coordinates by means of an orthogonal matrix 


(i:)= 


/ 1 Q- \ 

ol- + 2 OL - "I" 2 

1 a 

< \J a + + 2 y/jiyja+ + 2 ^ 

Let us introduce the complex amplitudes of the normal modes 


^ P- 

Xi = E± cos u>±t — sinu>±< 

^ 

Xj = E± sinu; ± t + cos u±t 


( y/mZx\ 

\y/rr^y) 


(33) 


which satisfy the relations 


as well as 


[X+,X+] = — [xr,x;} = — 

UJ+ Uj- 


(34) 


(35) 


[XiW’XU* + r)) = [X{; 2 (0,*m(* + r)} = 0. (36) 

We can also rewrite the Hamiltonian ff of the system as 

h = ^ [(*,*)’ + (*?)’] + yKXr)’ + (3r)’i- (3?) 

The commutator [l/(tj^— + r ) _ *(t + t)] is calculated by writing y and x in terms of the 

complex amplitudes Xi 2 , of the normal modes which are integral of the motion and by using 
the same computation procedure which led us to formula (13). Using (35),(36) we obtain, finally, 
the expression 

[»(() - *(!),»(< + r) - i(i + r)) = = 1 

This quantity becomes, in the limit fi — ► 0 

[y(t) - x(t),y(t + r) - x(t + r)} = — sin q t C0SU)bT ( 39 ) 

Zm v u? a 


LUl . {jJ* , 

— - sin u>+r + — sin u>_r 

ti / 3 ti ; 2 


(38) 
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where u> = “» “> and UB = ! ^ ± Y Ll = 2 V^' The ( 38 ) and ( 39 ) show that 

the commutator of the operator y — £ with itself at different times is time dependent and it 
has a characteristic beating behaviour. We have seen that in a quasi-stroboscopic scheme for 
a single harmonic oscillator the commutator is zero each half a period of the motion and the 
stroboscopicity is defined whenever measurements with a duration small compared to the period 
of the motion are performed. This implies a measurement time, a duty cycle, very small and a 
consequent small value of the effective electromechanical quality factor. In the case of a double 
harmonic oscillator this drawback is less pronounced because the commutativity is assured every 
half of a beating period for a time of the order of a period of oscillation. Thus quasi-stroboscopic 
QND schemes already proposed as a generalization of the conventional BAE scheme based upon 
a continuous monitoring [17] and already tested on a single oscillator system [21] can be adapted 
to this situation. In the case of a single harmonic oscillator the duration of the measurement must 
be small compared to the period of the harmonic oscillator T, in the case of two coupled harmonic 
oscillators this duration is of the order of some periods of the uncoupled oscillator, although the 
interaction must be turned on every quarter of a beating period. The interaction Hamiltonian for 
a two coupled harmonic oscillator system is therefore 

a = f - ^ + ^) +«(-'+ ^ + t* - < 40 > 

where Tb is the beat period and AT is of the order of the period of a single harmonic oscillator. 
Practical values are T s ~ 40ms andAT ~ 2ms. To calculate the error in a quasi stroboscopic 
measurement of the operator y - x performed for instance in the interval we 

identify the conjugate observable of y — x as the quantity ( p v — p*)/ 2. This last can be expressed in 
terms of the components of the amplitudes of the normal modes and the commutator at different 
times of the two conjugate observables is obtained as 


[y(t + t) - x(t + r), ^(p v (0 - P,(*))] = y( a _^ a _ + * 2 ) 


cos w + r + 


<*+ - 1 
a + (a+ + 2) 


coster). (41) 


When r — 0 the commutator relationship (41) is written as 


1 * 0 -«*))] = * < 42 > 

which is exactly the quantity [x(t), lp x (<)] + [y(0> 2 Pv( 0 ]- 

By expressing u)+ and u>_ in terms of the frequencies u and u>b a-nd substituting in a± their 
expressions in terms of fi we get finally 


[y(t + r) - x(t + r), \ ( p v (t ) - p*(t))] = th(cos u>t cos u b t / + M sin wr sin ui b t) (43) 

2 yp(p + 4) 

If the measurement is performed in the interval [^~ — + ^y]> we can approximate 

cosw b t ~ 1 and sin u> B r ~ u> b t — | and a measurement of infinitesimal duration t 1 performed 
in such interval and with a precision A[y(t) — i ( t )] allows to evaluate the error introduced in the 
measurement process on the uncertainty product as 
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A[y(* + 0 - x(t + t')} ■ ±A[p v (t) - p t (i) } « || cos - - 1 + ** sin <Z*'(u;b<' - -)l (44) 

y/flifl + 4) 2 

from which, under the approximation for the trigonometric functions, we obtain 

2 - P«(01 ~ 2 A[y(t) -*(£)]' ( 45 ) 

The error due to a measurement of duration t' on the operator y - x is calculated starting from 
A[y(t) — x(t)] because 


A[y(t + t ) x(t + £')] ss A[y(<) — i(t)]j cos ut' r m ~^ ^ s ' n — — )| 

+ 4 ) 2 

If the notation now is changed defining A, = A[y(t) - x(t)\ we have 


rin " ,w ' _ f 11 


and in the limit of t' — ► 0 we get 


d A t 


1 + fi vu 

dt \fvii 1 + 4) 2 , 


(46) 


(47) 


(48) 


from which, by integrating, we obtain the error on a measurement performed around t = JZ- as 

2 u>b 

A W + t)- i(t + r) ) * A[y(t) - *(t)]exp[-^±2L*r]. (49) 

20x(M + 4) 

For instance, for a choice t — [ 2^^ ~ ^y] and r = yy we obtain 

m ir B + > - i( 2^ + ?>1 * - I > - *<2^ - («•> 

A drawback of these measurement scheme appears when /i is very small and the frequency of the 
measurement is consequently very small too. To overcome this problem a multimode configuration 
can be used. In this case the commutator at different times more frequently approaches zero when 
compared to a two- mode configuration of the same final mass ratio. A more detailed description 
of this point can be found in [22]. 


5 QND continuous schemes for coupled harmonic oscil- 
lators 

Also QND continuous schemes can be used for coupled harmonic oscillator. A first example is 
given by a monitoring of the complex amplitude of the physical modes x and y [23], Introducing 
the complex amplitudes such that 
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( 51 ) 


y = Re[(Y i + 


p v /m y io y = Img[{Yi + i? 2 )e *"»'] 

we can rewrite the Hamiltonian in terms of ft and ft and, by writing the Heisenberg equations 
for the time evolution of ft, we obtain 


d? \ 

dt 


= -UyX Sin U >yt. 


(52) 


The complex amplitude is not a constant of the motion. However it is easily proved that it is a 
QND observable. A relationship valid for an infinitesimal time r is derived for the time evolution 

ft(t + t) = Yi(t) - UyX sin u > y t r ( 53 ) 

and this implies the commutation rule for ft at different times 

[ft(* + r), ft(t)] = (ft(0 ~ “>v * sin u v l > = 0 

because of the commutativity between ft and i. Thus Yi (or Y 2 , for which similar relationships 
hold) is a QND observable, although it is not conserved during the motion. From (52) the 

coordinate x is inferred as 


i{t) = - 


dY\ 


L) v sin U)yt dt 


(55) 


apart from the singularities already discussed appearing when sin u, v t = 0. When a classical force 
F(t) acts on the system the Hamiltonian operator is modified and the added term is 


H f = -(x + y) F(t) 

obtaining, in this case, the following expression for the time evolution of Yi 


dY 

dt 


— —ijJyX sin U tyt — 


f ^F(t). 

TJlyWy 


(56) 


(57) 


However the effect of the external force to be detected, in our case of geometrical nature on 
the transducer is negligible compared to the effect on the antenna due to the smaUer size of the 
transducer. Thus H, ~ -xF(t) and the second term in (57) can be omitted. In this reasonable 
approximation, i.e. F(t) acting only on the antenna, ft is also QNDF i e^ QND also in presence of 
an external force. To obtain a continuous monitoring of Yi we need a QND interaction Hamiltonian 

of the type 

% = E 0 cos u>« t cos ujyt(y- x)q ( 58 ) 

that is a coherent superposition of pumpings at frequencies u> t ± u y . Analogous considerations 
can be made for the monitoring of the real or the imaginary part of the complex amplitude of 
one normal mode expressed in terms of the physical modes through (33). The advantage in thi 
case is that the quantity T, + is a constant of the motion and its monitoring is the standard one 
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already discussed for a single harmonic oscillator. This is obtained by means of the interaction 
Hamiltonian 


Hi = E 0 cos u> € t cos u>+ t (y — x)q (59) 

and the analogous for monitoring a component of the complex amplitude by substituting u; + 
with u;_. One drawback of monitoring one component of the complex amplitude of the normal 
modes is that the information on the other mode is lost, and it is crucial to have informations on 
both the modes to take full advantage of the resonant schemes. 

An alternative scheme suggested by the time dependence of the commutator consists in a 
monitoring corresponding to the following Hamiltonian: 


Hi = E 0 cos ur e t cos u> t cos ub t (y — £)<?• (60) 

This coupling allows to infer informations on both the modes because, upon filtering around u ; e in 
such a way to neglect terms oscillating at u> e ± 2 u>b , w e ± 2 ur, u> e ± 2(u> ± u>b), it can be rewritten 
as 

% = cos u>« t(0 + X+ + (3-Xr)q (61) 

where /3± are coefficients related to the coefficients of the matrix (33) and are expressed as 


& = ["*.(2 + f t yW + ^))]- ,/ ’( 


N 


(i+l) 


,3/2- 


(62) 


which, in the limit of fi — ► 0, goes to 0± = =pl /y/$m 9 fi. In this limit the interaction Hamiltonian 
assumes a simple form 

Hi = ~ /W~ cos We )9 ( 63 ) 

which contains informations on both the normal modes and in such a way that QND measure- 
ments can be performed on both the modes. In all the three cases here discussed the selectivity 
requirements on the electrical circuit are more stringent than in the case of a single harmonic os- 
cillator, because now the electrical oscillator must have a quality factor Q e » w e /u )b in order to 
avoid detection of sidebands contributions. The interaction Hamiltonian (60) can also be written 
as 


Hi 


Eo 

2 


cos u/ e £(cos a>+ t + cos u>- t)(y — x)q. 


(64) 


With the analogy to the multipump scheme discussed for a single oscillator we can imagine a 
interaction Hamiltonian of which (64) is only the first order approximation 


+ OC 


+OC 


Hi ~ — cos u) t cos (2n + 1)04 t + ^ cos (2m + l)u;_ t](y — x)q 


n=0 


m=0 


which corresponds, in the limit of a stroboscopic pumping of the kind 


( 65 ) 


It is interesting to observe that after a time equal to T B /2 both the trains of Dirac distributions 
will coincide, i.e. Tb/2 = n 7 r/u/ + = mit where n — m + 2 (the fact that n and m have the 
same parity assures the same sign of the corresponding Dirac pulses at those times). So each half 
a period the two trains are summed and the quasi-stroboscopic scheme discussed in the previous 
section can be considered as the first order approximation of the stroboscopic scheme resulting 
from (66). This completes the connection between the multipump continuous schemes and the 
quasi-stroboscopic scheme introduced in the previous section. 


6 Conclusions 

We have shown the scenario under which quantum non-demolition measurement schemes should 
be demanded for detecting gravitational waves in the generation of resonant gravitational wave 
antennae currently under development, particularly ultra-low temperature resonant bar antennae 
such as the Rome, Legnaro and Stanford ones which will work at a thermodynamical temperature 
of ~ 50 mK. Both QND stroboscopic and continuous schemes have been discussed as well as their 
link and practical schemes to implement them. However the interest of quantum non-demolition 
measurement schemes goes beyond the only detectability of the gravitational radiation, involving 
also the quantum measurement theory and the predictions of it for repeated measurements on 
a single macroscopic oscillator. Feasibility of the generation of macroscopically distinguishable 
states using a QND scheme has been recently discussed in quantum optics [24], [25]. It has been 
pointed out that the generation of Schroedinger cats using micromechanical oscillators with quan- 
tum limited sensitivity is also feasible [26]. Unlike the optical case, in which the QND measurement 
is obtained with a frequency mixing due to non-linear susceptivity, the QND measurement for the 
mechanical case is obtained using an electric field which can be large as one wants. Dissipations 
in a mechanical oscillator also are quite low compared to electrical or optical oscillators. More- 
over, analogies to the production and the detection of squeezed states in optics [27] have been 
shown. We want to point out a fundamental difference between the two topics: in the case of the 
optical squeezed states we deal with a quantized field in which its quantum nature is responsible 
for the limitation to the sensitivity, in the case of quantum non-demolition measurements on a 
harmonic oscillator the eventual force field which has to be monitored is considered classical and 
the fundamental limitations comes from the process of the measurement and the interaction of 
the meter with the external environment. What is squeezed in a QND measure is the back-action 
noise generated by the amplifier and the squeezing is made in a phase orthogonal to the one which 
is detected [21]. Despite of this conceptual difference the formalisms to deal with QND strategies 
are similar to the one used to deal with squeezed states. This analogy is so narrow that also multi- 
pump [28], [29] and quasi-stroboscopic [30], [31] schemes have been indipendently and successfully 
implemented for squeezing the light. Further thoughts on the analogies and the differences be- 
tween quantum non-demolition measurements on a harmonic oscillator and the squeezing of the 
quantum noise can give rise to a better understanding on the same interpretation of Quantum 
Electrodynamics and the operative origin of the vacuum fluctuations of the field in terms of a 
measurement process [32], an aspect of this fascinating and successful theory which has been very 
little investigated until now. 
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Abstract 

It is discussed that the metric induced on the quantum evolution 
submanifold of the projective Hilbert space describes the uncertainties 
and correlations of the operators generating the quantum-state evolu- 
tion, and exhibits the inherently-quantized geometry. 


1 Introduction 

Berry’s phase and its extensions [1-6] are the striking phenomena that show 
how the law of quantum-state evolution is geometric. It is determined by 
the evolution curve in the projective Hilbert space P, and is independent of 
a specific choice of the Hamiltonian as long as it gives that projected curve 
in V. 

The phase difference due to the 1-parameter (A) evolution is seen in the 
first-order term of d\ in the transition amplitude (V'(A)IV'(A + d\)). On 
the other hand, geometry of the evolution curve C in V is characterized by 
the Fubini-Study metric [7,8] induced on C: ds 2 = 1 - |(0(A)|^(A + dA))| 2 . 
(Here and hereafter, the state vectors are assumed to be normalized.) 

Recently, Anandan and Aharonov [9,10] have obtained a remarkable re- 
sult that if the 1-parameter evolution is generated by a Hermitian ope- 
rator A , then the relation ds = AAdX holds, where A A is the variance 
(AA) 2 = (^lA 2 ^) - (0|A|V>) 2 . This means that the “velocity” of evolution 
along C is just equal to the uncertainty of the generator of that evolution. 
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The purpose of this paper is to report briefly the further results recently 
obtained in the study of geometric aspects of quantum evolution. More 
detailed discussions will be found in Ref. [11]. 

2 Geometry of Uncertainty and Correlation 

There are a variety of 1-parameter evolutions for a generic quantum state. 
Each evolution gives each curve in the projective Hilbert space V. It is 
preferable to consider the multi dimensional submanifold Af of V, in which 
various evolution curves are embedded. Af is properly called here the quan- 
tum evolution submanifold. If a given state is parametrized by a set of n 
real numbers a = (a 1 , a 2 , ... , a n ), then a local coordinate of Af is identified 
with a. In this case, the metric induced on Af is given by 

ds 2 »l-|{^(aMa + cfa))| 2 . (1) 

If the evolution of the state j rp(a)) is assumed to be generated by n inde- 
pendent Hermitian operators {•4 1 (o)}i=i 1 2,... t n> that is, 

- id,|^(a)) = Aj(a)|V’(a)) (i = l,2,...,n), (2) 

then Eq.(l) has the form ds 2 = g ij (a)da i da j , where 

9ij(a) = ^(a)|A(a)^(a) + ^(a)4,(a)|V>(a)) 

provided that di s d/da' and the summation convention is understood for 
the repeated upper and lower indices. Thus, one can see that the diago- 
nal gu and off-diagonal g XJ (» ^ j ) components are respectively equal to 
the uncertainties and correlations of the operators generating the evolution 
[ 11 , 12 ]. 

The metric (3) defines the Riemannian structure of Af. The metric- 
compatible connection can be expressed as a simple quantum expectation 
value [11]: 

r kij = \mdiBj + djBi - + BjBi)]B k 

+B k [d,B } + djBi + i(BiBj + BjBi)]\i(j), (4) 
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where the operators Bi are given by Bi(a ) = ,4, (a) - (V>(a)|i4,(a)|V’(a)). 
With this expression, it is straightforward to ascertain the Riemannian par- 
allelism: = dk9ij - T h t k9h] - T h jk9ih = 0. 

Geometric aspects of the uncertainties and correlations can be seen best 
in the squeezed state example. The single-mode two-photon squeezed state 
[13] is given by |z)^ = I>(z)S(f)|0) = exp(za t - z*a)exp[j(fa t2 - f*a 2 )]|0). 
a* and a are the usual bosonic creation and annihilation operators. |0) is 
the vacuum state annihilated by a. D{z) and 5(f) are called Glauber’s 
displacement operator and the squeeze operator, respectively. The displa- 
cement operator gives a correspondence relation between relevant operators 
and their classical counterparts in the phase space ( x,p ) with the parame- 
trization z = (z + ip)/V 2. x and p are respectively equal to the expectation 
values of the position X = (o + a^)/y/2 and momentum P = (a - a^)/iy/2 
operators in the squeezed state. 

Consider the translational evolution: |x(x,p))^ — ► \(z + dz)(x + dx,p + 
dp))(, where the squeeze parameter is fixed. From the transition amplitude, 
the metric ds 2 = 1- ^ (z\z + dz)^\ 2 is directly calculated as 


ds 2 = -(cosh 2 r - sinh 2r cos 2<f>)dx 2 + -(cosh 2r + sinh 2r cos 2 <j>)dp 2 


+2 x - sinh 2r sin 2<f>dxdp, (5) 


provided the parametrization f = re -2 "* (0 < r, 0 < <f> < 2 it) has been 

used. This is the Euclidean metric in a non-Cartesian coordinate. On the 
other hand, the above translational evolution is generated by the following 


operators: 

d 

— = A. x \z)ty A x = —P + (6a) 

— = A. p \z)t, A p = X — — . (6b) 

The uncertainties and correlations in the squeezed state are the familiar 
ones: 

(A4*) 2 = (AP) 2 = ^(cosh2r - sinh 2r cos 2<f>), (7a) 

(Ai4 p ) 2 = (AX) 2 = ^(cosh2r + sinh 2r cos 2<p), (7b) 

C(A X ,A P ) = -C(X,P) = i sinh 2r sin 2<f>, (7c) 

z 
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where C(A,B ) = C(B,A ) = \{i>\AB + BA\$) - (iJ>\A\rt>)(il>\B\ip). These 
quantities in fact give the components of the metric (5). 

The effects of squeezing as the expansion, contraction, and rotation in 
the phase space has been explored geometrically by the methods of phase- 
space representations of quantum theory in the literature [14,15]. The metric 
(5) describes those effects in a peculiar representation-free manner. 

Since the metric is given in terms of a reference state, it carries some of 
quantum numbers characterizing that state. Accordingly, Af possesses the 
quantized structure, in general. In what follows, such examples are given. 

The first example is the displaced number state [16]: |z)„ = £(*)l n )i 
where |n) = (n!) _1/2 (a t ) n |0) (n = 0,1,2,...). Consider the translational 
evolution | z(i,p))n — >\ z(x + dx,p + dp)) n . The metric is calculated as 

ds 2 = (n+±)(dx 2 + dp 2 ). (8) 

Therefore, the phase space locally identified with Af associated with the evo- 
lution of the displaced number state has a Euclidean metric with a quantized 
conformal factor. 

Another example is the squeezed number state [17]: | On = S(0 I 
n) (n = 0, 1,2, . . .). The squeeze parameter is again parametrized as $ = 
re~ 2 '^. Consider the evolution | £(r, ^)) n — *1 (£ + ^0( r + dr,<f> + d<t>))„. Af 
is locally labelled by ( r,<f > ). The metric is then found to be 

ds 2 = I(„2 + n + i)(d r 2 + sinh 2 2 rd<j> 2 ). (9) 

This is the metric of the Lobachevsky space [18] with a quantized conformal 
factor. Its Gaussian curvature [18] is also quantized as K = -8/(n 2 + n + 1). 
It is interesting to see that the curvature vanishes in the “classical limit” 
n — *• oo. 

3 Conclusions 

It has been demonstrated that the Fubini-Study metric induced on the quan- 
tum evolution submanifold Af is completely given by the uncertainties and 
correlations of the operators generating various evolutions, and Af admits 
the quantized Riemannian structure. 

In the above simple examples, only the conformal factors of the metrics 
are quantized. This may be partially due to the mathematical fact [18] 
that all two-dimensional spaces are conformally equivalent to the Euclidean 
space. In general, each component of the metric is individually quantized. 
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Abstract 

Bohmian mechanics is a deterministic theory of point particles in motion. While avoid- 
ing all the paradoxes of nonrelativistic quantum mechanics, it yields the quantum formalism 
itself — especially the role of self-adjoint operators — as a macroscopic measurement formal- 
ism. As an “application” it is shown that much of the confusion connected with the phase 
operator for the electromagnetic field arises from a misunderstanding of the role of operators 
in quantum theory. 


1 Introduction 

We would like to apologize for the bad title: we will try to explain why the casual use of the 
words “observables” and “measurements,” which are on John Bell’s list of bad words in his article 
“Against Measurement” [1], “measurement” being the worst of all, leads to much unnecessary 
confusion concerning the meaning of the quantum formalism. But first we introduce an even 
worse word: following Bell we will use the abbreviation “FAPP” for “for all practical purposes.” 

Quantum mechanics suffers from its irreducible reference to “observers” and “measurements”: 
We have, for example, the fundamental rule that \x{>(q)\ 2 dq is the probability of observing a particle 
in dq about q in a position measurement. This rule entails 1) indeterminism, because it deals 
with probabilities on a fundamental level; 2) subjectivity, because it refers to an observer and 
3) vagueness, because the notion of measurement is vague. It has repeatedly been emphasized, 
however, that these are inescapable components of modern physics. The following reasons are 
frequently cited: 

• It is meaningless to talk about trajectories of particles, because the uncertainty principle 
doesn’t allow for a simultaneous measurement of position and velocity (Heisenberg). 

• It leads to contradictions even to think that a particle might have a well-defined position 
and velocity at the same time. 

• It is mathematically impossible to add “hidden variables” (e.g., actual positions) as a further 
specification of the quantum state (von Neumann [2]). 

This is wrong! In fact it is almost trivially wrong: A counterexample has existed for more 
than four decades, namely Bohm’s quantum theory [3], which we prefer to call “Bohmian me- 
chanics.” By trying the obvious, namely by seeking a motion of particles in space compatible 
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with Schrodinger’s equation, one is led directly to Bohmian mechanics. This theory is clear, ob- 
jective and deterministic. The entire quantum formalism— operators as observables, randomness, 
etc. — emerges as a measurement formalism, or more precisely, as a phenomenological formalism 
for describing measurement-like experiments. Thus one arrives at an explanation for the quantum 
formalism rather than at an alternative theory which might give rise to “new predictions.” We 
will argue, however, that Bohmian mechanics nonetheless refutes most of the approaches to the 
problem of the phase operator in quantum optics. It turns out, in fact, that there is no problem! 
But let us first give a brief review of nonrelativist ic quantum mechanics. 

2 The Quantum Formalism 

• State: The state of an fV-particle system is given by a vector ip € H = T 2 (IR 3;V )- 

• Dynamics: The time evolution is given by the unitary evolution ip t := e~* Ht ip 0 , which is 
equivalent to Schrodingers equation ih^xp = Hip. 

• Observables: The observables of the system are given by self-adjoint operators on H. To find 
operators corresponding to classical observables one replaces the classical Poisson brackets 
by the commutator: { , } jjj[ > ]■ 

• Measurements: In a measurement of an operator A = EA;|a,)(a,l on a system in the state 
ip one may find only one of its eigenvalues Aj, with probability prob(i) = |{a,|0)| 2 . After the 
measurement the system is in the corresponding eigenstate |ai) (collapse rule). 

3 The Fundamental Ambiguity 

There can be no doubt that the predictions of quantum mechanics are of an amazing accuracy. 
But neither this nor the mathematical simplicity and beauty of unitary evolution in Hilbert space 
should hide the fact that a fundamental ambiguity enters at the very point where mathematics 
makes contact with reality: Measurements! Measurements of what — if the wave function ip is 
really the complete state? And as J.S Bell has said [1]: 

It would seem that the theory is exclusively concerned about “results of measurement”, 
and has nothing to say about anything else. What exactly qualifies some physical 
systems to play the role of “measurer”? Was the wave function of the world waiting to 
jump for thousands of millions of years until a single-celled living creature appeared? 

Or did it have to wait a little longer, for some better qualified system ... with a Ph.D.? 

This fundamental ambiguity, connected with “measurement” and collapse is also responsible 
for the familiar paradoxes associated with orthodox quantum mechanics such as Schrodinger’s cat 
paradox or the measurement problem. In the following we shall show that these difficulties simply 
evaporate by giving up the unquestioned assumption that ip alone provides a complete description 
of the state of a system. Bohmian mechanics will permit an understanding of quantum phenomena 
in a language everybody is using anyway: a theory of particles moving in space. 
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4 


Bohmian Mechanics 


• State: (q,ip),q £ £ L^IR, 3 "), be., the state of an N-particle system is given by its 

wave function and the actual positions q = (qi,. . . ,qw) of the particles which the theory is 

about. 

• Dynamics: The time evolution is given by a first-order differential equation for the positions 
of the particles, with 0 evolving in the usual way: 

|q.W=v?'Wt)) = i : fa^(, W ) (1) 

= (-J2 + V(*))#M) (2) 

(Note that the role of ifr is to generate a Galilean covariant vector field on configuration 
space which guides the motion, and this leads directly to (1).) 

This is all we need! It is a crucial property of this dynamical system that it conserves the dis- 
tribution p = |V>| 2 , which we call the equivariant measure. The quantum formalism, randomness, 
Born’s rule — “If a system has wave function xjj then its configuration has distribution |0| 2 ” — and 
all the rest emerges from a detailed analysis of these equations. No further axioms about measure- 
ments are necessary nor is there room for any such axioms. That this is so was already sketched 
by David Bohm in his 1952 paper [3]; a more detailed analysis can be found in [4]. Let us give a 
summary of the main crucial features of Bohmian mechanics: In addition to being clear, objec- 
tive and deterministic it also agrees with experiment. There is, however no need for collapse, no 
measurement paradox and no need to split the world into system and observer. 

Let us look at some simple examples. 

4.1 Example: the motion of a Gaussian wave packet 

Consider the time dependent one-particle wave function ^*(x) °f a freely evolving Gaussian, which 
starts at the origin with velocity v 0 and width a. From (1) one obtains the velocity vector field and 
easily solves the differential equation for the positions, obtaining the solution flow $ 90 (f) := q(t ) = 

v 0 t + qoyjl + t 2 jcr*. Note that the motion is clearly non-Newtonian. Only in the limit of large 
times, the particles move with constant velocity v^qo) := ^o + tfo/^ 2 ? which means v ^ is a random 
variable with a Gaussian distribution, centered around u 0 . Now let us define the momentum as the 
random variable p which can be approximately determined by measuring the position 

q(T) at a large time T: p & mq(T)/T. Clearly the probability distribution for p is exactly the same 
as the one obtained by projecting the initial state on the eigenstates of the momentum operator. 
It can in fact be shown quite generally that for an arbitrary freely evolving wave function ^*(x), 
p is well defined, with distribution given in the usual way by the Fourier transform |0o(p)| 2 * Note 
that p is not at all the same as the Classical momentum” given by m times the actual velocity. 
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4.2 Example: the two-slit experiment in Bohmian mechanics 

The particle passes through either the upper or the lower slit. The interference pattern occurs 
because the wave function guiding the particle develops this pattern. Closing one slit will lead 
to a different wave function and therefore to different paths and a different or no pattern. 
The randomness observed in the experiment is due to uncertainty in the initial conditions, as in 
classical chaotic systems. 


5 Measurements/Experiments 

Let us sketch an analysis of measurement-like experiments; for a much more detailed analysis see 
[5]. We describe the combined evolution of a composite system consisting of System ® Apparatus. 
Let the initial state of the apparatus be fa and let fa denote the orthogonal apparatus wave 
functions corresponding to the possible outcomes. (Think of separated wave packets corresponding 
to possible pointer positions or patterns of ink spots on a computer printout— which may, for 
example, register detection by a photocounter.) We assign the values A, to the “pointer states 
fa. It turns out [5] that if an experiment is repeatable then in the simplest case there exists a 
basis {\fa)} of the system Hilbert space such that under the interaction with the apparatus 

\fa) ® |A>) -*■ \fa) ® |A)- ( 3 ) 

(Note that the unitarity of the time evolution together with the orthogonality of the | fa) forces 
the orthogonality of the \fa).) 

An arbitrary state \tf>) = £ c i|A) may be expressed in this basis, with c t = (fa\ fa). The 
linearity of the time evolution implies that 

ty) ® 1 4>o) -* 53 ^lA) ® I A)- ( 4 ) 

Thus using Born’s rule — which we remind you is a consequence of Bohmian mechanics — we 
find that \{fa\ifr)\ 2 is the probability to find the outcome A,. 

Let us make a remark on the “measurement problem’ : Certainly the wave function is in a 
superposition after interaction with a superposition of eigenstates, but the complete state is given 
by the wave function and the actual configuration. The trajectory will end up in but one of the 
different disjoint wave packets, and thus the dynamics does not lead to a macroscopic superposition 
of outcomes, as would be the case if we had only a Schrodinger wave function. Moreover, for the 
further evolution the influence of the other wave packets turns out to be FAPP negligible. In this 
way collapse is merely a matter of convenience. 

Now let us make contact with the usual operator formalism. Define the self-adjoint operator 

A:=53 A.-IAXAI- ( 5 ) 

With this operator we can calculate the statistics for the outcome in the usual way. 

The fact that a self-adjoint operator on the system Hilbert space alone suffices to describe the 
full statistics for the outcome of the experiment supports the misleading idea that some preexisting 
properties of the system have actually been “measured,” the apparatus playing a purely passive 
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role. That this is not generally the case, that we rather have to regard the result as being the 
joint product of the system and the apparatus, has been emphasized by Bohr. 1 

For the analysis of more general experiments it is convenient to introduce the following no- 
tation. The map A »-► P( A) := £a, 6A from subsets of 1R to projectors on H, is what 

mathematicians call a projection- valued measure (PV). 2 With this notation (il>\P(A)\ip) is the 
probability to find the result in the set A. Note that A = f XP(dX). 

It turns out [5] that if one doesn’t assume repeatability a positive-operator-valued measure 
(POV) 0(A) plays the role of P( A). These operators need not be projectors, i.e., it may be that 
0(A) 2 ^ 0(A). The probability of finding the result in the set A is given by (V’|0(A)|V’). Define 
the self-adjoint operator B := £ A,0(A t ) (= f XO(dX)). Thus the expected value of the outcome 
is given by (ij)\B\ip). Note that knowledge of B alone does not provide complete information 
about the statistics of the outcome, as it does for repeatable experiments, because in general 
B n ^ £ A"0(Ai). for nonrepeatable measurements it is not possible to cast the information 

about the entire statistics into a bilinear form involving a single self-adjoint operator. 

POV’s have been proposed as a means of providing a generalized description for “fuzzy 
measurements” [6]. Note, however, that POV’s arise naturally from a measurement analysis in 
Bohmian mechanics, in which there is no “intrinsic fuzziness.” 


6 The Phase Problem in Quantum Optics 

6.1 A brief history of the phase operator 

For the following discussion it will be sufficient to focus on a single mode of the electromagnetic 
field, which is well-known to be equivalent to an one- dimensional harmonic oscillator. We will 
use the standard notation a,aX for the annihilation and creation operators, and N := a* a for the 
number operator. 

For a classical harmonic oscillator the phase is a respectable observable. What is its quantum 
mechanical counterpart? We give a short sketch of some of the main approaches to the “phase 
problem.” A detailed discussion can be found in [7]. 

• 1927 Dirac [8]: A polar decomposition of the creation and annihilation operator into e'®\/~N := 
a, which seems to imply y/Ne~'® = a f , “yields” [$, N] = -i. Dirac noticed himself that this 
definition leads to contradictions, e.g., if one takes the expectation value of the commutator 
for an energy eigenstate. 

• 1964: Susskind and Glogower [9] prove that there is no way to define an unitary operator U 
with the property U\fN = a. Therefore there can be no self-adjoint operator $ such that 
U = e'*, which explains the flaw in Dirac’s ansatz. They conclude that a self-adjoint phase 
operator doesn’t exist. 

• 1968: Loudon defines nonorthogonal “phase eigenstates” [10]: |<^) := o e ’ n ^l n )- 

1 Position measurements are exceptions. Position plays a distinguished role in Bohmian mechanics, as it does in 
the real world. 

2 P 2 = P = pt . p(0) = 0, P(fi) = 1; P(uAj) = F(A ,) for mutually disjoint sets Aj. 
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• 1976: Levy-Leblond, using the Loudon states, constructs a POV [11]: A — ♦ d<^|<^)(<£|, for 

A any subset of [ — tt, 7t]. 

• 1986: Barnett and Pegg introduce “negative-photon-number” states and define the unitary 
operator [12]: e ,$ := X^oo | n)(n + 1|. 

• 1988: Barnett and Pegg suggest a limiting procedure, based on the definition of phase 
eigenstates in a finite-dimensional Hilbert space [13]. \<f> n ) := X)m=o e' m<t>n |m), <f> n := 
<f> Q 4- 27 r/(s -I- l)n,n = 0...s, $, := Xn=o <t>n\4>n){<t> n \- The limit s — » 00 is then taken at the 
end of any calculation. 

• 1991: Mandel proposes an operational approach to the quantum phase [14]. He suggests an 
experiment, together with some procedure to derive quantities he calls the “cosine and sine 
of the phase difference.” He finds disagreement with the predictions based on the (second) 
Barnett-Pegg operator or the Susskind-Glogower operator. 

6.2 Discussion of the different approaches 

Let us first address two questions which might now be irritating the reader: 1) How can it be 
the case that we have a nonexistence proof and several explicit constructions of self-adjoint phase 
operators at the same time? 2) What exactly is going on in this peculiar (hi)story? 

The answer to the first question is easy. The nonexistence proof of Susskind and Glogower 
tells us that there is no polar decomposition of the annihilation operator into a positive and a 
unitary operator. None of the “phase operators” suggested by Barnett and Pegg provide such a 
decomposition (if they serve any purpose at all, it is certainly not for this). But how can one 
decide who is right? And, perhaps more to the point, what is the physical relevance of all these 
operators? 

This leads us to the second question. We are often told that for every classical observable 
there exists a corresponding self-adjoint operator. Recipes such as “replace the classical Poisson 
brackets by the commutator” are used as a guide to postulate the correct commutation relations. 
This seems to work perfectly well for position and momentum but not for the phase. But so what? 
Why should it? 

We have sketched in (4.1) how to describe “momentum measurements” without invoking postu- 
lated commutation relations. The analysis of the experiment shows that the momentum operator 
as a multiplication operator in Fourier space yields the correct statistics. Note, however, that it 
can be shown that for the actual velocity — certainly a classical observable — there is neither a cor- 
responding operator nor a POV! This simply means that there is no experiment which measures 
the actual velocity in the sense of section (5). 

The POV proposed by Levy-Leblond is an explicit example how to describe an abstract phase 
“measurement” without a self-adjoint operator. In order to decide which is the “right” description 
for the phase one would have to ask for the experiment which an operator or POV is supposed to 
describe. 3 But what is the physical relevance of pursuing the question as to which experiments 
are described by a given operator? Note, however, that for a given experiment, say Mandel’s 

3 Thi8 has been emphasized by Levy-Leblond. His focus, however, was more on advertising a more general 
formalism for describing experiments than on applying it to a special example. 
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experiment, it is well-known how to calculate the photocount statistics, which is all that is relevant. 
There is no room left for postulating operators or eigenstates. An analysis of the experiment at 
hand shows what quantities are actually “measured” and which mathematical objects, be they 
operators or POV’s or what have you, simplify the description of the predictions. And, as is 
also stressed by Mandel, different experiments yield different operators. There is no unique phase 
operator, nor do we need one. In other words: There is no problem! 


7 Conclusion 

We end by quoting Bell one last time [15]: 

in physics the only observations we must consider are position observations, if 

only the positions of instrument pointers. It is a great merit of the de Broglie-Bohm 
picture to force us to consider this fact. If you make axioms, rather than definitions and 
theorems, about the “measurement” of anything else, then you commit redundancy 
and risk inconsistency. 
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Abstract 

The close relationship between the zero point energy, the uncertainty relations, 
coherent states, squeezed states and correlated states for one mode is investigated. This 
group-theoretic perspective enables the parametrization and identification of their multimode 
generalization. In particular the generalized Schrodinger-Robertson uncertainty relations are 
analyzed. An elementary method of determining the canonical structure of the generalized 
correlated states is presented. 


1 Introduction 

Advances in atomic physics and quantum optics have made it possible to examine and verify 
many of the immediate predictions of quantum mechanics. The most celebrated of these is the 
Heisenberg [?] uncertainty relation 


(A?) 2 (A p) 2 > (1) 

where 

(A qf = ( q 2 ) - (q)\ (2) 

(Ap) 2 = (p 2 ) - (p) 2 (3) 

are the dispersons in the coordinate and momentum variable. The Heisenberg uncertainty relation 
in the form 

Ag • Ap > — (4) 

has been verified in gedanken experiments like the Heisenberg microscope and in the simple pic- 
tures of de Broglie waves. 

Since A q and Ap have different dimensions their individual magnitudes cannot be compared 
without choosing units for length and momentum. By a suitable scale change we could scale 
them inversely as long as the unit of action is fixed; in this case the change is in the unit 
of {mass 2 / (time) 2 } or equally well in the unit of length since action has the dimensions of 
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{mass x (length)) 2 /time). Having fixed any such choice we can talk of the numerical values 
of A p and A q. Another and earlier result of quantum theory is the existence of zero point energy 
[?]. If p and q are canonical operators satisfying the commutation relations 

qp — pq — ih (5) 

then the “energy” \{p 2 + u>V) has a nonzero minimum value: 

Since the first term is non negative, wa f a, there is the zeropoint energy hu / 2 for the ground state 
which is annihilated by the operator 

a = (uq 4 - ip)/ \Flu ■ ( 7 ) 


While the notation is new, the zeropoint energy is as old as quantum theory! 

It is well known that there is an immediate connection between the two relations. 

u;, — oo < u> < oo 

E(u) = (uq - ip)(uq + ip) > 0 


For every 


( 8 ) 


but this implies 

w 2 (? 2 ) + (p 2 ) + Mgp - P9> 


( 9 ) 


= u 2 (q 2 ) -u)h + (p 2 ) > 0 . 


( 10 ) 


Hence the discriminant of this quadratic form should be negative: that is, 

4<? 2 )<p 2 >>ft 2 . 


( 11 ) 


Noting that the deviations from the mean 

Q = q-{q), P = p~(p) 

also satisfy the canonical commutation relations we, derive 

( Q 2 )( P 2 )>\* 2 


( 12 ) 


(13) 


which is Heisenberg’s uncertainty relation. 

We may therefore say that the zeropoint energy relation (6) was not invariant under the linear 
canonical transformation 

q-^Q = q-(q) ( 14 ) 

p — ► P = p — (p) (15) 
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nor under 


Q 


1 

u 1 q 




P = u * p . 


(16) 

(17) 


Imposition of these canonical transformations on the Planck zeropoint energy inequality (6) gives 
the Heisenberg uncertainty relation. 

But there are yet other linear canonical transformations: the simplest one is 


q — ► q cos 0 — u l p sin 9 

(18) 

p — > ujq sin 9 + p cos 9 . 

(19) 

While the Planck zeropoint inequality is invariant under this transformation, 
uncertainty relation is not. We get, for any 9, 

the Heisenberg 

| (q 2 ) cos 2 9 + (p 2 ) sin 2 9 — {qp + pq) cos 9 sin 9 } . 

(20) 

|(< 7 2 ) sin 2 9 + (p 2 ) cos 2 9 + (qp + pq) cos 9 sin 9} > — . 

(21) 

By an elementary rearrangement this gives 


{(<7 2 ) + (P 2 )} 2 - {(<9 2 ) - (p 2 )) cos 20- (qp + pq) sin 20 j* > h 2 . 

(22) 

By choosing 

tan 20 = ~(qp + pq)/ {(? 2 ) - (p 2 )} 

(23) 

we get the inequality 

MMp 2 >- (w+ 4 m> V 4 ’- 

(24) 


This is the Schrodinger uncertainty relation provided we replace q and p by q — (q) and p— (p). 
It was derived by Schrodinger and by Robertson[?]. It is stronger than the Heisenberg uncertainty 
relations and reduces to it in the special case of “uncorrelated states” for which 


((?- (?»(P~ (p)) + P?) =0 


(25) 


or equivalently 


{pp + pp) = {i){p) + MM- 


(26) 


Even for a harmonic oscillator of frequency v this is not in general true and the correlation 
oscillates with twice the frequency. So a Heisenberg minimum uncertainty state is not canonically 
invariant. For the harmonic oscillator this has been known for decades. Dodunov and Mariko 
[?] have given a general systematics of such a derivation. The clue to the Schrodinger-Robertson 
generalization of the Heisenberg uncertainty relations is the requirement of invariance under the 
group of linear canonical transformations. The state of the minimum energy for the harmonic 
oscillator with Hamiltonian 


H = \(P 2 + 9 2 ) = 



(27) 
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is the vacuum state I'P) satisfying 

al'P) = 0 (28) 

with the associated wave function 

ip(x) = (tt ) -1 ^ 4 exp(— x 2 12 ) . (29) 

This is a state of the minimum uncertainty. But the minimum uncertainty class is wider, among 
these are 

a\z ) = z \z ) , z complex number (30) 

with wave function 

ip(x) = (tt )- 1/4 exp {— (x — z ) 2 j 2} . (31) 

These are the “coherent states” introduced by Schrodinger [?] and rediscovered decades later 
in the context of quantum optics by Glauber [?] and by Sudarshan [?]. They constitute an 
overcomplete family of states in terms of which every state can be expressed in infinitely many 
ways; further in terms of them every density matrix can be exhibited as a sum of projectors \z)(z\ 
to the coherent states with distribution valued weight [?] and [?]. 

But the coherent states are not a canonically invariant set. The scale transformation (“squeez- 

q — ► exp (u3) <7 1 P — + ex P ( w 2 ) P (32) 

takes a coherent state into a new class of [?] states which are now called squeezed states. In terms 
of a, a 1 these are the Bogoliubov - Valatin transformations [?]. The unitary transformation 

V = exp { -iu> 2 ( qp + pq )/ 2 j (33) 

accomplishes the squeezing: and thus the one parameter family of overcomplete sets of squeezed 
coherent states with wave functions. 

V>(x) = (7 r)“« exp {— u>(x — T2 z) 2 /2} (34) 

labelled by 3 parameters u>, Re z , Im 2. For each u we have an overcomplete family of states. 

This is still not general enough. There are still more canonical transformations that can be 
performed which will make the state no longer a minimum uncertainty state in the Heisenberg 
sense but which would be minimum Schrodinger uncertainty states. These are the correlated 
states whose wave functions have been obtained by Dodunov, Kurmyshev and Manko [?]. A 
simpler version of this is as a complex Gaussian: 

1 


V>(x) = (7 r) « exp — ^ (ax 2 — 2/?x + 7) 


(35) 


where a, /?, 7 are complex parameters satisfying (/3 + /?*) 2 / (a + a*) = 7 + 7’. The imaginary part 
of 7 is arbitrary. These therefore contain two complex parameters 

1 

2a! 


(A qf = 
(Ap) 2 = 
(qp + pq) - 


f + 

(q)(p) - ( p >(?> = 


2a2 
a 1 


(36) 
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Making use of the appealing phase space picture introduced by Planck [?] for the quantum 
oscillator, the ground state with the zeropoint energy (for u = 1) has a phase space patch which 
is a circle with unit radius and an area 7 r which is (27r) times the uncertainty. The mean value of 
2 (P 2 + 9 2 ) within this circular disc is | which satisfied Planck. So his picture of the ground state 
is a circle of unit radius centered at the orgin. By 



Fig.l. Planck’s picture of the minimum energy state and the coherent states. The 
coherent states are centered at the point ( 1 ^§ r * , • 


displacing the origin to \/2 z we get the two parameter (one complex parameter) family of coherent 
states. 

Squeezed states are obtained by area preserving deformations of the circles into ellipses with 
major (minor) axis along the coordinate directions. 



Fig.2. Planck pictures for squeezed states. 



When the ellipse is tilted we get the more general family of correlated states discussed by 
Dodunov, Kurmyshev and Manko. Of course this tilting alters things only for the squeezed states 
but not for the coherent states. 




Fig.3. Planck pictures for correlated states. 


2 The Group Theoretic Significance of the States Which 
Have Minimum Schrodinger Uncertainty. 

The linear canonical transformations on a pair of canonical variables form a group SL( 2, R) | ~ | T{ 2), 
the semidirect product of the special linear group with translations. The minimum uncertainty 
state of Planck are invariant under the harmonic S0(2) subgroup of this group; this is its stability 
group. So the quotient of the canonical group by the harmonic stability group the correlated 
states are in one-to-one correspondence with the elements of the coset of dimension 5 — 1=4. 

These states are realized by single mode lasers and states with substantial squeezing and/or 
correlation have been generated and identified. 

It is a natural question to ask whether these notions and correspondences can be generalized 
to n-degrees of freedom and multimode laser beams. Group theory can be invoked to get a general 
answer to the problem. 


3 Multimode Correlated States and Their Group- 
Theoretic Relevance 

Consider a system of n canonical pairs {^Pr}? 1 < r,s < n. The homogeneous linear trans- 
formations are Sp(2n,R ) and the translations are T(2n). So the linear canonical group is the 
semidirect product Sp(2n, R ) T(2n) with n{2n + 1) + 2n(2n + 3) parameters. We seek canon- 

ical invariants bilinear in the 2n canonical variables and look for the appropriate conditions to 
get the minimum generalized Schrodinger uncertainty. We expect this to come from the ground 
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state |fl) annililated by all annililation operators ( q T + ip r )/\/2 and states obtained from |fl) by 
the action of the linear canonical group. Since these involve individual harmonic S0(2) elements 
for each degree of freedom and any 0(n ) rotation between the various degrees of freedom the 
stability group of |fi) has n + = 2 n ( n + 1) parameters, we expect a family with -|n(3n + 5) 

parameters corresponding to the dimension of the coset space. 

Even for small values of n this dimension grows rapidly; we adopt a more elementary method 
to obtain the generalized correlated states. We describe in detail the case for n = 2 and remark 
that the method generalizes for arbitrary n. The multimode coherent states are 2 n parameter 
states obtained by T(2n) acting on | Cl). Let us consider the group Sp(4,R) which is a double 
covering of SO(3,2) and has the same Lie algebra of dimension ten. This algebra can be obtained 
by the three ( p T p» ), the three (q r q s ) and the four \{q T p, + p a q r ) which close under commutation. 
The generic SO( 3 , 2 ) algebra has two invariants, one of the second order and one of the fourth 
order. If we consider the expectation values of the ten quantities ( p r p, ), (?r< 7 »), f (?rP» + p*< 7 r) 
they furnish a 4 x 4 symmetric non negative matrix which is bounded below by the zero point 
energy 


1. Let this matrix be denoted by: 


T = 


( en 
^12 
a 

V b 


Cl2 

t22 

C 

d 


a 

c 

fn 
f n 


b 

d 

f 12 
/ 22 


(37) 


By suitable harmonic S0(2) transformations in (qi,pi) and in (q 2 ,p?) this can be reduced to the 
form 

/e, 0 a! b' \ 

0 e 2 d d' 


a' e' /i 0 


(38) 


\b' a' 0 h) 

By scale transformations independently for the two degrees of freedom we can reduce this to the 
form 


(39) 


Now harmonic S0(2) transformations in (?i,Pi) and in ( 92 ^ 2 ) ca n be used to diagonalize the 
other diagonal blocks to get 


e 0 

a" 

b" 

0 e 

c" 

d" 

a" c" 

/ 

0 

b" d! 

0 

/ / 

in ( 91 , Pi) and in 

( e 0 

a' 

0 \ 

0 e 

0 

d' 

a' 0 

/ 

0 

\0 d! 

0 

/ / 

so degrees of freed< 

0 

0 

0 

t + d' 

0 

0 

0 

/+ 

o' 0 

0 

0 



(40) 


Now the SO(2) rotation between the two degrees of freedom can be used to transform this into 

/ e + a' 0 0 0 \ 

0 & T « v yj 1 , 

0 n f _l n I • (41) 

Vo 0 0 f + d '/ 
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(42) 


Further scale transformations in the two degrees of freedom can render this to the final form 


9\ 

0 

0 

0 ^ 

0 

9 1 

0 

0 

0 

0 

9 2 

0 

0 

0 

0 

92 / 


Thus there are two invariant quantities gi,gi which maybe recognized as the uncertainties in 
the two natural modes . Note that < 71, #2 are both positive and not less than -^h. 

Naturally the minimum uncertainty state must have degenerate structure with 

gi=9i = \h- ( 43 ) 

This is the vacuum state |fi) in the natural modes. The correlated states are obtained by the action 
of the group Sp(4, R ) [~] T{ 4). The T{ 4) action demands that we replace q,p by q - (q), p- {p), 
after which we may ignore them. Since the state |f!) has a 3-parameter stability group we may 

restrict attention to the quotient manifold of cosets. 

This construction can be immediately generalized. We take the 4x4 diagonal block of the 
2n x 2n matrix and carry out the transformations outlined in the previous scheme and then take 
the bordering 4x2, 2x4 and 2x2 blocks. Now make orthogonal transformations between 
the modes to make the 6 x 6 block diagonal with possibly unequal diagonal elelments. Scale 
transformations independently in the three modes will make them diagonal with pairs of values 
equal. Now the process can be repeated with the bordering 2x6, 6x2 and 2x2 blocks, and 
repeating the procedure we can diagonalize the 8x8 matrix with 

(P 2 i) = (9i) > (pI) = ( 92 ). • • • - ( P \ ) = (?4> • ( 44 ) 

This can be done with the 2n x 2 n has matrix is fully diagonalized with adjacent pairs of diagonal 
elements equal; that is the eigenvalues are 

91,91,92,92,93,93,- •• ,g n ,g n ■ ( 45 ) 

This is the canonical form with n invariants gi,gi, ■ ■ ■ ,g n with each g r > The distinguished 
generalized correlated states have degenerate eigenvalues 

9i = 92 = • * • = 9n = | & • ( 46 ) 

This is the multimode vaccum state! We can get the multimode coherent states by displacements 
which are the real and imaginary parts of z lt z 2 , ■ . . , z n . Squeezed states are obtained by scale 
transformations in each mode independently so that the diagonal eigenvalues became 

^l9l, \ 1 9l, - • ■ , ^n9n, n 9n • (47) 

The displacements and squeezings introduce 2n + n = 3n parameters. But the generalized corre- 
lated state is obtained by the full coset of the linear canonical group Sp(2n, R) [~] T(2n) by the 
stability group of the iV-mode vacuum state |H). 

These correlated states maybe displayed explicitly but are too cumbersome. The multimode 
correlated states have wave functions which are displaced Gaussians with phase factors. Depending 
upon the experimental requirements we may obtain intensity correlations, photocount statistics 
etc. directly. The number of parameters describing such correlated states are enormous and would 
be restricted by the method of generation of such states. 
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4 Discussion 


Some remarks are in order about the correlated states in quantum field theory. As long as the 
number of excited modes is finite, however many, there exists a unitary transformation from the 
multimode vacuum state to the multimode correlated state. These unitary transformations are 
generated by a quantity bilinear in the canonical variables. These operators are unbounded but 
do generate unitary transformations. When the number of modes became infinite, the generic 
correlated state cannot be obtained form the vacuum state they would be in a different Hilbert 
space from the Fock vacuum. [?] 

It was the purpose of this paper to demonstrate the close relation between the correlated 
states and the linear canonical group; and to show that the correlated states which minimize the 
Schrodinger uncertainties is related to the canonical multimode vacuum which is invariant under 
linear unitary transformations of the modes. The generic wave functions are Gaussians with a 
determined number of independent parameters. 

The one and two- mode analysis is equally applicable to the propogation of the Gaussian Schell 
mode paraxial wave fronts through a system of thin lenses which are, respectively, isotropic and 
nonisotropic. This has been carried out elsewhere [?]. 

Correlated states are the generic family which include squeezed states and coherent states as 
special cases. For each value of the complex parameter a, we have an overcomplete family of 
states in the case of one degree of freedom. For the multimode case the parameter defining the 
generic form (37) from the canonical form (42) are such labelling parameters. 
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SUPERS QUEEZED STATES FROM SQUEEZED STATES 
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Abstract 

Using super- Baker-Campbell-Hausdorff relations on the elements of the supergroup OSP(2/2), 
we derive the supersqueeze operator and the supersqueezed states, which are the supersym- 
metric generalization of the squeezed states of the harmonic oscillator. 


1 Introduction 

The concept of supersymmetry became of wide interest to physicists because of attempts to obtain 
a grand unified theory of the fundamental interactions. In particular, such supersymmetric theories 
predict that there are fermion partners to fundamental bosons, and vice versa. However, searches 
for this fundamental supersymmetry have so far proven fruitless, and something of a, “Trust me, 
we’ll find it at the next accelerator” -attitude has emerged. 

On the other hand, phenomenological manifestations of supersymmetry have been found at low 
energies, e.g., in the contexts of nuclear physics [1], atomic physics [2], and WKB-theory [3]. The 
supersymmetry and atomic physics interests [2, 4] of Alan Kostelecky, Rod Truax, and myself, 
combined with our interest in coherent states [5, 6], led us to develop super-BCH relations [7, 8] as 
a precursor to deriving a complete supercoherent states formalism. With Alan’s graduate student, 
Beata Fatyga [9], we gave supercoherent states for three distinct systems: (i) the super Heisenberg- 
Weyl algebra, which defines the supersymmetric harmonic oscillator; (ii) an electron in a constant 
magnetic field, which is a supersymmetric quantum-mechanical system with a Heisenberg- Weyl 
algebra plus another bosonic degree of freedom, and (iii) the electron-monopole system, which has 
an OSP(l/2) supersymmetry. (I also want to mention that Alan, Rod, and I have joined forces 
with Man’ko to obtain time-dependent supercoherent states [10].) 

At the first International Workshop on Squeezed States [11], Alan reported on our supercoher- 
ent states [12]. In the question and answer session of Alan’s talk, he was asked if we were trying to 
extend our results' to the supersqueezed states of the harmonic oscillator. (Honest! That was not 
a set-up question.) Alan replied that we were, but that it was a harder problem. (If that response 
had come from me, instead of Alan, you might now suspect that it was a set-up answer.) Anyway, 
having committed ourselves, we hoped to do it before this Second International Workshop on 
Squeezed States. And we did-by the skins of our teeth. The last calculation (although not the 
last check) was finished on May 18. 

1 Email: mmn@pion.IanI.gov 
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In Sec. 2, 1 will give a quick review of coherent states and squeezed states. (See, also, Ref. [5]). 
Then, I go on to show how, given the superdisplacement operator for coherent states [9,12], one can 
obtain supersqueezed states if one can first obtain the supersqueeze operator. This supersqueeze 
operator is derived in the following section. I conclude with a description of the supersqueezed 
states. Further details and results will appear elsewhere [13]. 


2 Coherent states and squeezed states 


In the Schrodinger formalism, those states which minimize the x - p uncertainty relation are 


xp(x) = [2tf<7 2 ] 1/4 exp - +*PoX 


( 1 ) 


a = S<t 0 = 5/[2mu;] 1/2 . (2) 

When 5=1, these Gaussians have the width of the ground state of the harmonic oscillator with 
natural frequency v — u>/(27r), and are the coherent states. When 5^1, they are the “squeezed 
states” of the harmonic oscillator. Their uncertainty product evolves with time as 


1 + 


\ ( s! - i*) si 


(Ax(i)] ! |AK<)] J = J 

In the (displacement) operator formalism, the coherent states are given by 
£>(a)|0) = exp[aa f - a*a]|0) = exp [“^M 2 ] = l a )> 


(3) 

(4) 


where |n) are the number states. The displacement operator, D(a), is the unitary exponentiation 
of the elements of the factor algebra, spanned by a and a 4: 


D(a) = exp[aa* — a* a] = exp -|a| 2 j ex P[ aa *] ex P[ — a * a ]> (5) 

where the last equality comes from using a BCH relation. With the identifications Re(a) — 
[mw/2] 1/J i 0 and Im(a) = po/ [2771a;] 1 / 2 , these are the same as the minimum-uncertainty coherent 
states, up to an irrelevant phase factor? 

Obtaining the squeezed states from the displacement operator coherent states is more compli- 
cated than from the minimum-uncertainty coherent states. One starts with the “unitary squeeze 
operator” 


S(z) = exp 


= exp 


exp 




m aa 

2 Z 


G. 




exp 


Gq 


(a f a + 4) 


aa 

ex P [G- Y 


e’^(tanh r) 


aVl 


/ 1 \(£+ a, “) r 

[ ) exp — e **(tanhr) 

Vcoshr/ L 


aa 

T. 


( 6 ) 

(7) 

( 8 ) 
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where z = re* and Eq. (8) is obtained from a BCH relation. A normal-ordered form for the 
second term in Eq. (7) is 





(aechr-l)- t 
n! 


(9) 


Note that S(z ) by itself can be considered to be the displacement operator for the group SU(1,1) 
defined by 

K+ = |aW, K _ = ^aa, K 0 = -(a f a + -). (10) 

The squeezed states equivalent to the rf> of Eqs. (1-2) are obtained by operating on the ground 
state by 

T(a,z)\0) = T>(a)S(z)|0) = |(a,z)), (11) 

z = re*, r = In <S. (12) 

[<f> is a phase which defines the starting time, t 0 = (<t>/2u>), and S is the wave-function squeeze of 
Eq. (2).] 

Although the operator method appears, at first sight, to be more complicated, it has a dis- 
tinct advantage when one wants to consider supersymmetry. The operator method has a direct 
supersymmetric generalization. The mathematics is clear, and so one does not have to solve the 
problem of how to include the fermionic sector in the wave-functon formalism. That answer will 
come out in the end. 


3 How to obtain supersqueezed states 

Recently, we used the operator method to find supercoherent states [9]. Among the examples in 
this study, the supercoherent states of the harmonic oscillator were obtained. From the super 


Heisenberg- Weyl algebra defined by 

MW, {M f W. (13) 

the superdisplacement operator was obtained: 

D(A, 6) = expfAal — Aa + Otf + Hb] (14) 

= ^exp[— ^|A| 2 ] expfAal] exp[— Aa]^ ^exp[— -00] expftf&^exp^i]^ . (15) 

$ and are odd Grassmann numbers. They are nilpotent and they satisfy anticommutation 
relations among themselves and with the fermion operators b and . A and A are complex, even, 
Grassmann numbers. Explicit calculation yields 

D(A,0)|O,O) = [1 — (1/2)<?0]|A,O) + 0\A, 1). (16) 


The two labels of |0,0) in Eq. (16) represent the even (bosonic) and odd (fermionic) spaces. The 
bosonic space contains an ordinary coherent state |A) and the fermionic space has zero or one 
fermions. (See Ref. [9] for further details.) 
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From the above it is clear that the supersymmetric generalization of the SU(1,1) squeeze 
operator of Eqs. ( 6 - 8 ) is what is needed to obtain the supersqueeze operator and, hence, the 
supersqueezed states. The group involved is the supergroup OSP( 2 / 2 ). In addition to the su(l,l) 
algebra elements of Eq. (10), it has five more: 

Mo = 5 (^ 4 -i), 

Q, = Qi = Q, = -a' 4, Q t - -ah'. (17) 


4 The supersqueeze operator 

To obtain the supersqueeze operator as a product, one solves the t-dependent equation 
S (Z,6„t) = exp [t{ZK+ -Yk. + 0iQi +KQ2 + hQ 3 + 02 <W) 

= e yoKo e 0\Qi e t*Mo e 0*Qi gPsQs e /hQi 

= Si(/i,7,-,^fc,0- ( 18 ) 


By construction, //, the 7 , , and the $t’s are functions of t. Thus, taking the derivative of Eq. (18) 
with respect to t and then multiplying on the right by S -1 yields 


d 1 


r d _ 1 

— S 
dt 

S ' 1 = 

[a®*] 


Si 


-1 


(19) 


This can explicitly be written as (“dot” signifies £) 

[ZK+ — ~ZK- + O1Q1 + + ^ 2 ^ 4 ] 

= T 

+ [e^ K *]-yoK 0 [e-^ K+ ] 

+ [t'+n* e nKa ]i-K-[c-' KK,> e-' HK +} 
+ SbPiQiSb* 

+ S B [^)tiMo[e-^}Si l 

+ S B [e 0lQl e )iMo }^Q 4 [e- fiMo e- Ml }SB 1 

+ S B [e 0 ' Ql e» Ma e 0 ' Qt e 03Q3 }j3 2 Q2[e- 03Q3 e- Mt e-* Mo e- 0lQl ]S B 1 , 


( 20 ) 

where 

S B = [e' y+ *' + e' 1oK °e y ~ K -]. ( 21 ) 

Note that S B is the form of the ordinary squeeze operator defined in Eq. (7). 

All the terms on the right hand side of Eq. (20) can be written in nonexponential form by 
using super-BCH formulas and the graded commutation relations. When this is done, there are 
really eight equations, one for each of the factors multiplying the eight elements of the algebra 
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osp(2/2); i.e., an equation for each of the factors multiplying K + ,K 0 , etc. With some algebra, 
each of the eight equations can be changed to a set of equations having only one time-differential 
in each. 

These eight equations can actually be solved as twenty separate, coupled, differential equations, 
of simpler form. This is because the four even group parameters {/*, 7+, 7 0 , 7.} can each be 
written as having three terms, containing products of zero, two, or four of the Oj, respectively, and 
the four odd group parameters {/?*,} can be written as having two terms, containing products of one 
or three of the 6j, respectively. (We wll use a presubscript to denote this; e.g., A = (i/?i) + (3/^1 ) . ) 
One takes the eight equations and expands all of the expressions in powers of the 6 r The order- 
zero, -two, and -four pieces of the even equations are separated and, similarly, the order-one and 
-three pieces of the odd equations are separated. One places the lower-order solutions into the 
higher-order equations. (Note that the boundary conditions needed are that the solutions must 
all be zero when t = 0. Then the supersqueeze operator will be obtained when we set t = 1.) 

One can do this in a well-defined manner. In particular, the solutions shown below were 
obtained by finding, in order: ( 0 7 +), (o 7 o), (o 7 -), GA), (iA). (iA), (1A), M, (27+), (* 7 o), 

(27-), (3A), (3A), (sA)» (3 A), (4 fj), (47+), (470) and (4 7_). 

In the solutions we will use the suggestive notation 

r = \ZT?!\ e* = [ ZfZ ) l '\ (22) 

where r and e* are now understood to represent Grassmann- valued quantities. Then, one can 
make the replacements 

z -4 re*, ~Z -► re - *. (23) 

Some care is needed because the quantity e* is strictly defined only for [Z\ ^ 0 and 1^0, where 
z is the body of ~Z. However, the solutions given below are not affected by this. Even so, the 
physical meaning of Grassmann numbers remains an open question [14]. 

We also define 

c = cosh y, s = sinh y, y = rt, (24) 

$ = (25) 

With this, the complete solutions to the group parameters are: 


A* 


7 + 


7 o 


0 


+ 2^{(*iA - *2 A](c - 1) + PaA« _ * ~ AA«*](* - !/)} 



^PiA(-c— y) + e*AA(c- l ) 2 

+e *AA -s 2 + $2 A (sc + y — 2 s)] 


$e* r 

"^SHc 3 [ 

[-2 Inc] 


(2y + sy 2 - s) + c(^y - 


2s ) + (-|ac J + jac*)] , 


(26) 


(27) 
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+2 + c - + - 3 > 

+e-*dM-‘- +s)+ - c - 1)1 

C C 

+8^^ 2 “ 1 “ 2ys ) " c( T y5 + 4) 

+c 2 (21n c + 8c - 3 - 4ys - ^s 2 )], 



— e”"^02$l( c — l ) 2 + 02^2{ sc + y — 2 '*)] 

-|^ [(2!, + V - s) + c(y v - 2») + (*c ! (y + 2 In c) - jc 3 j)] , 

A = i[j«, + (c-l)e i *«j] 

r 

- 1 — — W 2 9i&2(y — 2cs + yc) + e x ^i6i9 2 (2c(l — c) + ys)], 

4 r 3 

ft = -[^i + (c-l)e-^a] 

^ 1 
+ — ra 2 ^0 2 (yc - 3 + ^(sc - y)) + ¥i«i e~*(ys - 3 (c - 1) - -5 2 )], 
4r 3 * 

A = ![(c-l)e**i + *ft] 
r 

+ —;[e i ^ 2 ^i^i < ^(y s 2(c — 1)) + 2 2 <Mi2(yc — 3 )], 

4r 3 

pi = i[(c-l)e-**i + J*a] 
r 

+ _L[ e - , '*£ 2 0 1 0 2 (-4c 2 + 4c + 2y^) + 0 i0i0 2 (-43c + 23 + 2yc)]. 

4r 3 

Setting t = 1 yields the general supersqueeze group parameters. 


(28) 

(29) 

(30) 

(31) 

(32) 

(33) 


5 The supersqueezed states 

Then, using the above group parameters, the graded commutation relations among the generators, 
and the properties of Grassmann algebra, the supersqueezed states can be found to be 

T(A, 9, Z, 0,)|O, 0) = D (A, 0)S(Z, 0,)|O, 0) = \A, 9 ; Z, 0.) 

= //r_Ma f ) [(i - \ m ) KA °) + 6 K A > Z )> !)] 

+jir + |-M« + ) [5p,z),o) + (i + 1») M.z),i)] , (34) 
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where 

A = 1 “ ^[(2/2) + («* 0 ] + 22(2 p) 2 ! ( 35 ) 

r± = 1 + ^|% 7 o) + (, 7 o)l + ^i^(27.) J , (36) 

M«') = 1 + 51 ( 27 +) + <47+ )](«' -3 ) 5 + i(27 + )V-3r, (37) 

M«') = [1 + j(»7 + )(«* - 3) ! ] . (38) 


As with the supercoherent states, we find that the supersqueezed states are a linear combination 
of squeezed states in the bosonic sector with zero or one fermion in the odd sector. What is 
different, however, is that the squeezed states are multiplied by a linear combination of boson 
raising operators up to order four. 

In the limits A — ♦ 0 and Z — ♦ 0, the supersqueezed states reduce to the “fermi squeezed states” 


D(O,0)S(O,0,)|O,O) = 


+ 


+ 


j-iPrO] [(.*i»)fc.>+>M] 

[( 1 -5 W )|2’°) + *|2,1>]- 


1 (Wi 

[ 4 


(39) 
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Abstract 

Wc present a convenient way to evaluate the information entropy of a quantum mechanical 
state via the Glauber Q-representation. As an example we discuss the information entropy 
of a thermally relaxing squeezed state in terms of its Q-representation and show the validity 
of the corresponding entropic uncertainty- and Araki-Lieb inequalities. 


1 The information entropy 

Shannon and Wehrl were the first to describe the information of a quantum mechanical state in 
terms of its probability distributions [1], Later, there has also been a substantial amount of work 
on this topic from the quantum optics point of view [2]. The question of comparability of the 
information entropy with the Heisenberg uncertainty has been treated as well. The Heisenberg un- 
certainty has turned out to be of enormous significance because of its experimental measurability. 
However, it only takes the second moments into account whereas the information entropy is sup- 
posed to be an exact measure of the information and thus of the uncertainty or non-information. 
In comparison to the significant Heisenberg uncertainty inequality, there is a similarly meaningful 
entropic uncertainty relation. Bialynicki-Birula et al., derived such an inequality more than 15 
years ago [3]. 

In this paper we would like to put forward a possibility to evaluate the information entropy 
as a function of the Q-representation since this representation is well-known for many interesting 
quantum mechanical states and completely describes the state. In particular we here would like 
to investigate the information entropy for the squeezed state which evolves to a thermal state via 
an appropriate Fokker-Planck equation. Special interest is devoted to the entropic uncertainty 
relation. As a major result we show that a squeezed state also obeys the minimum entropic 
uncertainty relation. However, it turns out that the evolution of the squeezed state via the Fokker- 
Planck equation, does lead to a change of the information entropy and the marginal contributions 
but surprisingly does not influence the minimality of the uncertainty relation. This even means 


e-4 
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that a thermal state fulfills the entropic uncertainty relation with an equal sign. We moreover 
investigate the Araki-Lieb inequality [4] for information entropies and find agreement with the 
well-known results of von Neumann entropies for the thermally relaxing squeezed state. 

We start off the paper with some basic facts on entropies and develop an expression for the 
information entropy in terms of the Glauber Q-representation. The definition of the quantum 
mechanical entropy is given by: 

S = -Tr{p\np} (1) 

with p being the density matrix operator and assuming the Boltzmann constant to be 1. This 
often called von Neumann entropy is zero for a pure state and non-zero for a mixed state. It is 
moreover known to be constant for a closed system which arises from the fact that a unitary time 
evolution does not change the eigenvalues of p . 

Thus, normally, the evolution of the entropy of subsystems of a closed system is of greater 
interest. Considering two disjunct interacting systems that form together the whole system being 
described by p, we can introduce the reduced density operators pa = Ttq{p } and ps = Tr^{p}, 
where T?a and Tr b abbreviate the tracing over the variables of the subsystems A and 5, respec- 
tively. This leads to the definition of the entropy of the subsystem A: S{p A ) = -Tr A {pA^p A } 
and to the analogous expression for subsystem B by replacing A by B in the above formula. 

These reduced or here called marginal entropies describe information or more directly disorder 
and uncertainty of A and B and are not necessarily time independent like the entropy of the whole 
system 5 of Eq.(l). Information about the interaction of A and B is neither included in S(p A ) 
nor in S(pb) so that we expect the sum of S(pa) an d S(ps) not to be smaller than 5. And, in 
fact, Araki and Lieb [4] proofed the following triangle inequality: 

| S(pa) - S(p B ) I < ^ < S(p A ) + S(p B ). (2) 

Because of the close relation of entropy and uncertainty and moreover the existence of a lower 
bound of 5, the second inequality can be interpreted as uncertainty relation. The calculation of 
the above entropies requires the diagonalization of the reduced density operators. Since this is 
often difficult, the information entropy or Shannon- Wehrl-entropy was introduced according to: 

S {p\ 6) = - £(e|^|e)ln<e|^|e), (3) 

€ 

with 

0\e) = e|e). (4) 

The corresponding expressions for the subsystems can be obtained by exchanging p by p A or pBi 
where the so far arbitrary operator 6 may be chosen differently. If we are dealing with operators 
that can be expressed in terms of the annihilation and creation operators a and a* of a boson field, 
it is reasonable to consider the information entropy 

S(p,a) = - J d 2 a ^(a\fta)\n(^(a\p\a)) (5) 

= - J d 2 aQ(a)\viQ(a), (6) 
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where 


Q(a) = -(a|p|a) (7) 

7T 

is the well-known Glauber representation of a state p , and where |a) is the boson coherent state 
with the decomposition of unity / d 2 a|Q)(a| = n. 

According to following calculations, the information entropy of a squeezed state is not zero 
as opposed to the von Neumann entropy which is always zero for a pure state. This obviously 
makes the information entropy more interesting than the von Neumann entropy. The form of 
Eq.(5) as well as Shannon’s early work [1] suggest to define an information entropy for any phase 
space distribution. The Q-representation, however, has turned out to be appropriate for realitic 
measurements as shown in the analysis in terms of phase propensities [5] and heterodyne measure- 
ments. [6] For the investigation of the entropic uncertainty principle for information entropies, 
the marginal entropies are evaluated by inserting the marginal Q-representation in the above ex- 
pressions, instead. Letting Oi and a 3 be arbitrary coordinates in the complex plane of a, we thus 
define 

Qi(ai) = J dajQ(ati,aj) ( 8 ) 

and 

Si = — J daiQi(oti)lnQi(ai) (9) 

for *, je{l, 2}, i unequal j. This leads to the entropic uncertainty relation for information entropies, 
which, as a major result of this study, will turn out to hold for the squeezed state and its thermally 
relaxing state. 

In the following, we put forward the time independent information entropy of a squeezed state and 
its evolution to a thermal state via the Fokker-Planck equation and evaluate the corresponding 
information entropies. 

2 Information entropy and entropic uncertainty relations 
of a squeezed state 

2.1 Statics 

In this section the squeezed state is described by the time independent Q-representation 

Q(q,q*)= 1 exp — |a — a 0 | 2 + — a o) 2 + (<** — Q o) 2 } - ( 10 ) 

5rcn(sj [ i 

with the corresponding information entropy: 

S = - J d 2 oQ(Q, a*)lnQ(a, a*) = 1 + ln| + ln(e 4 + e"*). (11) 
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The letter s here denotes the squeezing parameters and e*o describes the coherent state which has 
been squeezed. We now want to compare S with the information entropies obtained out of the 
marginal ^-representations. Those marginal information entropies are obviously dependent on 
the choice of coordinates, where our considerations in the following will concentraate on the most 
interesting Cartesian coordinates. 

The Q - represent at ion in Cartesian coordinates (a* = Rea, a„ = Ima) has the form 


Q(a x ,a v ) - exp 


1 + e 


2 » 


(a* “ M*) 2 ] x exp ~ (<*o) y ) 2 


( 12 ) 


leading to the marginal quasi-probability distributions,e.g.: 


Q ' M = £T ( * (1 V - ) eitp [-rr^ (o ' - (ao)i) 1 * (13) 


and thus to the marginal information entropies, e.g.: 


S x = ~ J Qx{(*x)\nQ x {oL x )dct x = | + ^ln^ + ^ln(l + e 2 *), (14) 

and correspondingly S y = \ + §lnf + §ln(l + e -2 '). Considering above equations, it is now easy 
to see that squeezed states fulfill minimum entropic uncertainty 

S = S X + S V , (15) 

and that the Araki-Lieb inequality is valid as well: |5* — S y | < S. 

A similar consideration can be done for polar coordinates with a = re'* and a 0 = r 0 e‘^°. The 
integrals here are not as straight forward as in the Cartesian case. For special cases as the weakly 
squeezed vacuum, however, it was possible to show the validity of the uncertainty and Araki-Lieb 
relation [7]. 


2.2 Dynamics 

Our interest now turns to the time evolution of the information entropy, its marginal information 
entropies and its influence on the inequalities investigated in the preceeding section. The time 
evolution of the (^-representation is governed by the Fokker-Planck equation 


d,Q ■ [K£“ + a?®') + 


(16) 


This equation follows from the well-known Fokker-Planck equation for the P-representation with 
Q(a,t) = / ££ e xp[-|a - /?| 2 ]P(/3, f), n is the mean number of photons and 77 turns out to be 
7(n+ 1). 
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We now move on with the solution of the Fokker-Planck equation for Q, assuming the squeezed 
state to be the initial state at time t equal to 0. Following reference [7] this turns out to be: 






) 


7rch(s) 


exp 


exp r "W 

-\/3 - a 0 | 2 + ^th (s){{/3 - a 0 ) 2 + 




= exp[a(<)|a| 2 + b(t)(a 2 + a 2 ) + c{t)a + + N{t)}, 


(17) 

(18) 
(19) 


with n(t ) = a (l - e rt ). For the rather long analytic expressions of a(t),b(t),c(t) and N(t) we 
refer to reference [7], At this point it will only be of interest that the Fokker-Planck equation has 
preserved the Gaussian character of the initial state. 

In the following we would like to point out that also the time dependent Q repfesentation due 
to the last equation leads to minimum uncertainty. Even more it turns out that every normalized 
Gaussian function of the following form has this property: 

Q(a, t ) = exp[a(f)|ct| 2 + b(t)(a 2 + a* 2 ) + c(t)a + c*(t)a* + N(t)], (20) 

where the real coefficients a(t),b(t) and the complex c(t) are now arbitrary with the only restric- 
tions to fulfill: a(t) < 0, 2|6(i)| < |a(0l and ^(0 is determined such that Q{a,t) is normalized. 
Using the same notation as in the static case, some algebra gives rise to the corresponding infor- 


mation entropy and marginal entropies: 

S{t ) = 1 + ln?r - ^ln(a 2 (f) - 46 2 (<)), (21) 

S x (t) = | + ^ln7r - ^ln(— a(t) - 26(t)), (22) 

Syi 1 ) = \ + ^ ln7r “ ^ ln ( _a (0 + 26 (0)> ( 23 ) 

yielding immediately for all times t 

5(t ) = S x (t) + S v (t). (24) 


At t = 0 this is in agreement with the minimum Heisenberg uncertainty relation of a Gaussian 
wavepacket of the above form because the product of uncertainties in space and momentum is 
exactly one. Since the Fokker-Planck equation does conserve the Gaussian character of the wave 
function and does moreover give not rise to any phase factor, the Cartesian entropic uncertainty 
relation is even fulfilled with the equal sign for all times. Thus we have also a minimum uncertainty 
relation for the thermal state, what is not expected from the Heisenberg uncertainty inequality. 

Moreover one finds for any Gaussian distribution that the Araki-Lieb inequality is equivalent 

< — ^ln(a 2 — 46 2 ) + 1 + lnir (25) 


In 


-a -26 


— q -j- 26 
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In the case of a thermally squeezed with its particular values for the coefficients a(t), b(t), c(t ) and 
N(t) an even stronger inequality can be derived: 

\S x (t) - s y (t)\ < S(t) - (1 + ln|). (26) 

which , however, does not mean that all phase space distributions fulfill the Araki-Lieb or even 
the improved inequality [7]. 

In conclusion, we introduced a way to evaluate the information entropy in terms of the Glauber 
Q-representation. Taking advantage of these entropies, we approached the question of comparabil- 
ity of the Heisenberg uncertainty and the Shannon- Wehrl-entropy like description of information 
for the example of a thermally relaxing squeezed state. The first just considers second moments 
and is therefore a - though very important - approximation whereas the other is exact but aca- 
demic. We find full accordance concerning the validity of the Heisenberg and entropic uncertainty 
inequalities for the thermally relaxing squeezed state but as expected also observe disagreement 
in the case when the equal sign holds. 
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Abstract 

Electron syitems which have low dimen lion properties have been constructed by squeez- 
ing the motion in zero, one or two-direction. An isolated quantum dot is modelled by a 
potential box with delta-profiled, penetrable potential walls embedded in a large outer box 
with infinitely high potential walls which represent the work function with respect to vac- 
uum. We show the smooth crossover of the density of states from the three-dimension to 
quasi-zero-dimensional electron gas. 


1 Introduction 

Quantum wires and quantum boxes with three-dimensionally confined electrons constitute a con- 
siderable part of recent semiconductor research (1, 2]. To study the optical properties of these 
systems, one should investigate the density of states (DOS) carefully, because the change in the 
density of states affects directly the optical properties of these structures as a result of reduced 
dimensionality. 

The DOS of a low dimensional electron gas(LDEG) in the presence of magnetic field has 
been discussed in many literatures measuring the magnetocapacitance [3, 4]. Furthermore an 
electrical confinement which is usually controlled by (alternate) gate voltage [5] and, so called 
the illumination method [6] are used to get a LDEG. The etched silicon filaments also discussed 
recently as quantum wires or quantum dots [7]. But the DOS of a LDEG of confined electrons 
in small space which is constructed by reducing the size of the confinement is not discussed 
frequently, see ref. [1]. A typical example of an ideal system having QOD charactor is that of 
electron confined in a quantum box with impenetrable potential barriers. Despite of the large 
number of studies on quantum wire and quantum box structures up to date, we have not found 
research on the crossover of the DOS from a three dimensional DOS to a quasi- zero dimensional 
DOS. In Section 2, to illustrate the formation of a quasi-one-dimensional electron gas(QlDEG) 
using the classical electrostatic method, a simple metal-insulator-semiconductor(MlS) structure 


265 


with very many parallel gate electrodes has been treated by making use of the conformal mapping 
method. In section 3, we consider a rather artificial quantum box structure, so called the three 
directional double-barrier resonant-tunneling structures(DBRTS) to study quantum mechanically, 
and have calculated the local density of states and the global density of states. In section 4, the 
crossovers of the DOS is calculated. Especially, we reveal the crossovers of the DOS from 3D to 
QOD. 

2 Construction of the very many parallel quantum wires 

To study electrical properties of a quantum wire, we lust start with a quasi-two-dimensional 
electron gas(Q2DEG) at simple metal-insulator- semiconductor(MIS) structure. A Q2DEG system 
with many parallel gate electrodes is shown in Fig.l in which an electron gas is confined to the 
x-z plane. We actually try to confine the electrons in the z-direction as well to form a QlDEG 
system. 




Fig.l 


Fig. 2 


Fig.l A Structure of symetric gate arrays. Fig.2 The boundary condition in w- 
plane. 


To calculate the charge(density) distribution at the MIS interface (y=0 plane) to see the 
formation of a QlDEG, we will use the conformal mapping method which is useful especially tor 
two-dimensional problems and we assume that significant changes in the electrode potential (and 
thus is density in the channel) cause only a slight change in the near junction band bending. 
This type of approximation has been used by Shik [8] to calculate various properties of the MIS 

structure. 

The problem is solving the Laplace equation in insulator region. 


9 2 * 9 2 * _ 0 

dx J + dy s 


( 1 ) 


with the boundary condition; 
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At y = d, ♦ U< ** 8 ate potential Vj and Vj and at y * 0, * |^ 0 is constant, i.e. 

equi potential surface. The next step is getting the distribution of the surface carrier density. 

. K4 d¥ 

n,(l) = Txe~dy lvm0 • (2) 

We solve the problem by taking the following conformal transformation [9]. 

W * U + » V = z * x + iy 

where d is the thickness of the insulator, Now the insulator region is mapped on the upper half 
plane and the boundary condition is given as in Fig.2. 

After getting the potential which satisfy the boundary condition, we now get the electron 
density distribution n(x) analytically from Eq.(2): 

„(*) = ££(1 + ( £(-ir” < sinb((2 n - lW2rf) 

nml 

[co«h(ir x/d) + oo«h((2n - l)/24)] >] (3) 

where a is the g&te interval and rrt is the number of gates. 



Fig.3 Fi *- 4 

Fig.3 The surface charge density vs. position. 

Fig.4 Crossover of the global DOS from 3D to 2D in the range U\ — 0 to Ui = 20, 
as a function of E/Eq. Here U\ takes the values 0, 2, 12, 16, 20. 

A typical density distribution is illustrated in Fig.3 where we can see immediately the many 
parallel QlDEG (eventhough we show here only two wires). The one dimensional electron density 
of the order of 10 # /cm is obtained for the typical operating gate voltage when a is 1000A. We 
also investigated the case of anti-symmetric gate voltage. Similar results have been obtained but 
in symmetric case it is easy to construct one dimensional electron channels especially for smaller 
number of gates. In our calculation we took a/d = 1, which satisfy the first approximation, y = 0 
plane is equipotential. 
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3 The quantum box m odel and the DOS 

Now we come beck to quantum system with a delta-profiled quantum box. Usually a quantum dot 
is an dement of the array of quantum dots. But the interaction among quantum dots decreases 
rapidly with increasing dot separation [10] and is unimpotant for the usual experimental situation 

[Hi- 

Therefore a separated single quantum bo x is taken for our study. For a rectangular wire(I vfr) < 
Ap), Arora and others[12] used the impenetrable potential walls, but in this paper we consider 
three sets of penetrable barriers. We start our calculations with the model, i.e., the typical three 
directional DBRTS, which consists of two thin(~ 50A)AJ»Gai_,As layers, separated by a thin 
GaAs layer along all three directions. The potential is expressed by 

V(x, y, z) • Vj 6{x + o) + 6(x - a) + + b) + S(y - 5) + V,$(z + c) + 6(z - c). (4) 

In this potential, the six Al t Ga x _ t A» potential barriers have been replaced by ^-functions with 
strength** V X ,V 3 and V 9 in the x,y, and z direction, respectivdy. The parameters V,(i r= 1,2,3) 
are given by 

Vi = diAV a ( 5 ) 

where d, are the barrier widths and AV* are the conduction-band discontinuities. In order to deal 
with finite density of states, [13], we must place our structure in a large impenetrable rigid box 
extending from —L/ 2 to L/2. With proper boundary conditions[14], the Schrodinger equation is 
separable, we can write the wave function in the product form 

¥(r) = i/f(x)^{y)tf>(z) = J] ( fi ) 

The separated wave functions, satisfy the reduced equations. 

+ [2m,/A 2 ][£ - Vi\*i = 0 (7) 

with 

E = t,E, (8) 

•■1 

Here E is the total energy corresponding to the Hamiltonian H and Ei(i — x,y,z) is the energy 
eigenvalue of f,. 

The local density of states in the DBRTS has been obtained in various cases [15]. It is defined 
as a function of r * (x, y, z) and E by 

N(x,y,z;E) - -(2/»)/mC(r,r';£) 

- 2 £ EE £ I ♦-*.(*) I 2 l Wv) 1*1 %*.(z)\*6(E-E k ), (9) 

kg Ap fc# 

where the (actor of 2 implies spin degeneracy, G(r, t'.E) is the single particle Green’s function, 
and a,/?, and 7(— c or 0) label state parity. Next we consider the global DOS N(E). It can be 
calculated by taking the integration over the box volume, 

N{E) = 8 Tdx [ b dy f d*iV(x,y,z;£). (10) 

Jo Jo Jo 
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The amplitude of the wave function inside the well for both even and odd parities of x,y, and z 
componenets are given elsewhere[14]. N{E) can be rewritten as follows: 

N{E) ■ ( 2 /* 3 ) dpi[G'(pi) + G 0 (pi) + {G,(pi)-G 0 (pi))ain(2p\)/2pi] 

x f dpi[G'{pt) + G,(pt) + (G.(pj) - G.(p»)) «n(2pj)/2pj] 

X Jo” + ~ <? »(P3))nu(2p s )/2p s ]^(£ - E k ). ( 11 ) 

The properties of functions G,(p,) and G„{p,) are already revealed in Ref. 14. 

When we take appropriate limiting cases, the Eq.(ll) recovers all the well-known expressions 
of the DOS of 3D, 2D, ID, and OD. since the calculations are straightforward, we haven’t repeated 
here. 

4 Crossovers of the density of states 

Now we consider crossovers of the global DOS from a high dimension to a low dimension. 


4.1 From 3D to 2D 

This case may happen when two of three potentials f//*(see the reference 15) approach zero, while 
the remainder varies from zero, i.e., 3D case, to infinity, i.e., 2D case. The Eq.(ll) can be modified 

as 

o_ rr/7(E-E.) >r> 

fk£r e N{E) = Jo dpi(G # (p«) + G,(pi) + (G,(pi) — G,(pi)) sin(2pi)/2pi] (12) 

The result of the numerical behavior of Eq.(12) is shown in Fig.4 and indicates the transition of 
the DOS from 3D to 2D. In this case we take C/j * U 3 * 0, U\ changes from 0 to 20, and Ej E 0 
varies from 0 to 8. Higher values of U\ correspond to a staircase-like 2D behavior which shows 
steps at E/E, m P with l * 1, 2, 3, • • 

4.2 From 2D to ID 

This corresponds to the case of U% going to zero, U\ to infinity, and £/j varying from zero, i.e., 2D 
case, to infinity, ID case. So G(ps) * l,G«0h) * irE£(pi “ (1+ l/2)»),G«(pi) = *E^(Pi ~ (f + 
l)x). Then we can get the modified equation of N(E) as follows ; 

_2«t3 00 fw/KE-Em) 

f —N(E) - £ / ‘WG.fo) + G.(ft) + (GM - GM) sin(2pj)/2pj] 

4 Cm c mmO 

X [l/[(w/2a) 3 E/E, - ((m + 1/2 )*/a) 7 - (pj/6) a ] ,/a 
+ l/[(r/2a) 7 E/E, — (m + l)»/a a — (pj/4) J ) 1/3 ). (13) 

The Fig.5 shows the graphical result, that is, the crossover of the global DOS from 2D to ID. In 
this case, for the sake of convenience, we take a = b, U 3 * 0 and U\ — * 00, Ui takes the values 
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of 0, 2, 8, 16, 20, and E/E, ■ taken from 0.6 to 8.0. One can see that t he steps at E/E e = 1, 
4, 9, ■ • •, that is, the two dimensional band edges, are shifted to peaks at E/E 0 = 2, 5, 8, 10, 
• • i.e., the one dimensional band edges. As Uj increases, the motion of confined electrons along 

the y axis atarts to shrink and is guided only along the _z axis. This weak additional confinement 
shifts the 2D band edges towards higher energ ies and finally the typical ID characteristics of the 
DOS comes to bevisualized. Higher values of U% correspond to increased sharp peaks of the DOS 
of the 1-D q uan tum wire case, which are in good agreement with those of Arakawa and Sakaki 
[13] and of Tsang [16]. The values at E/E» * 5 and 10 are roughly twice those at E/E 0 = 2 and 
8, respectively, which comes from the double degeneracy of the eigenstates. Similar discussions 
were treated by Berggrent and Newson [17] in the case of the 2D electrons in the presence of a 
magnetic field. 


] 



Fig. 5 Crossover of the global DOS from 2D to I D. Here we t ake U \ = ooandUj = 
0, 2, 8, 16, 20. Higher values of U 3 correspond to a sawtoothllke it) behavior . 

Fig.6 Crossover of the global DOS from ID to 0D. Here we take U\ — Uj = oo 
and Ui * 0, 2, 10, 20, 80. Higher values of U 3 correspond to a sharp line shape 0D 
behavior. 


4.3 From ID to OD 

In this case, we take both U\ and C/j to be infinity, and U 3 vary from zero, ID case, to infinity, 
0D case. Then Eq.(ll) becomes 

OO r+tllB/Bm) 1 ?* 

N(E) = (2/») T I dp3[G.(p3) + C # (ps) + (G.(p s )-G 0 (p3))sm(2p3)/2p 3 ] 

i.msl ® 

x 6[E - (/i J /2m e )(/x/2a) J + (m»/26) s + (ps/ c ) J ( 14 ) 

« r ) N(E ) _ f 9M±2M± «?«(<> Z <W> (15) 

(2E,)N{E)- 2- [£/£„ -P- m 2 ] 1 / 2 1 
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where t = (»/2 )(E/E 9 - P - m 8 ) 1 ' 1 . 

Fig.6 shows the transition of the global DOS from ID to OD. For the sake of convenience, we 
put a = 6 = c. The Eq.(15) recovers the well-known DOS of a quantum dot [16], when we take 
Us to be infinity. Sawtooth type maximums at E/E e — 2, 5, 8, 10, • • •, are now moved to the 
positions at E/E 0 * 3, 6, 9, 11, • • •, as the strength of t/j increases. When the confining potential 
increase, both primary peaks and secondary ones appear, which reflect the coexistance of ID 
and OD behavior. The secondary peak with the lower energy is a reminescence of the ID DOS 
shifted towards higher energy due to the additional confinement, and the primary peak (higher 
energetic peak) arises from quasi OD states. Because the differences between peaks are so high, we 
used different scales for the DOS axis ranging from 1.0 to over 2000. The DOS clearly shows the 
potential strength (U) dependence of the spatial quantization through E 0 . This kind of secondary 
peaks are also shown in many experimental data of a transport measurement [18]. We know that 
the electron systems used in above experiments are in an intermediate state between ID and 0D, 
because the potential strengths are not infinitely high. 

We believe that this kind of DOS transition which shows intermediate states will also occur in 
real systems where, for example, the barriers have finite widths. For barriers with finite thickness, 
the effective mass of the electron changes in passing from the quantum-well region (GaAs) to the 
barrier regions (AlGaAs) of the structure. Bruno and Bahder [15] have considered this for the one 
directional DBRTS case and showed that the DOS at the low-energy subband edges is higher than 
the DOS at the same energies in the absences of barriers (for delta-profiled barriers). In our case, 
we can estimate that our result for the DOS will be increased a bit upward at the same energies 
because of the additive form of the potential which we have taken. 

In this paper, first we showed as an example the formation of many electron wires using the 
conformal mapping method. Next, considering a penetrable quantum box, with a volume of a 
axbxc, in a very large rigid box of volume L 3 , we calculated the general form of the local and 
global DOS. 

The merit of this model is as follows : 

1) the model is simple to handle and easy to calculate analytically, 

2) in this model, one can recover the results of all the limiting cases of the 3D, 2D, ID, and 
0D, 

3) starting from one equation we can discuss all three crossover cases. 
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Abstract 

Following a brief review of the original Casimir and Aharonov-Bohm effects, some other 
effects of similar natures are mentioned. A Casimir interaction between AB fluxes is pre- 
sented. Possible realizations of the Casimir effects for massive charged fields in solid state 
structures; and a new AB effect for photons are suggested. 


1 Casimir and Aharonov-Bohm Effects 

There are two types of quantum mechanical effects which can be attributed to the non-trivial 
topologies of the configuration or phase spaces. 

First kinds of these effects are named after Casimir [1]. When the space is bounded the vacuum 
expectation value of quantized fields acquires non-zero values and becomes space dependent, which 
then creates a force on the boundaries. The attractive force between the parallel conductive plates 
is the first example of this kind [1]: the vacuum fluctuations of the electromagnetic field produces 
an attractive force on the unit area of the plates given by F = — (x 2 /240)(ftc/a 4 ) where a is the 
seperation of the plates. This force is already observed in experiments [2]. The topological nature 
of this effect is in the fact that the field momentum perpendicular to the plates is discretized; i.e., 
the effective topology is not R 3 but S 1 x R 2 . 

The second kind of effects are known as the Aharonov-Bohm (AB) effects, which involve the 
electron field: when a confined flux is placed in the space, the electrons moving in te outside region 
pick up a phase which is observable in the interferance experiments [3]. In this effect the topology 
of the plane perpendicular to the flux line is multiply connected. 

These exist some other examples which are similar to the above mentioned effects: 

Several calculations have been made for Casimir effects involving boundaries of different shapes 
[2]. Examples with moving boundaries are also studied which are used to obtain squezzed states 
of light [4]. 

1 Mailing address 
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Some of the physical effects which have been proposed to be similar to the AB effect are the 
followings: 

Introducing an impenetrable charged line in place of the magnetic flux and replacing the 
electrons with neutral magnetic dipoles one obtains a system equivalent to the AB effect [5], 

AB experiments involving the correlated charged particles are also proposed. Ideas involving 
electron-positron pairs extended to obtain AB effect for the effective photon field [6]. 


2 An Interaction Connecting Two Effects 


Consider two parallel, tightly wound solenoids, confining fluxes $ 2 and $ 2 in them, which are seper- 
ated by the distance a. The vacuum expectation value of the energy for the massive, charged field 
in the region outside the flux lines have a finite “interaction” term depending on and on a. 

For a scalar charged field the interaction energy in the slice of space with unit thickness having 
its normal parallel to the fluxes is 


p _ he AjA^ e$ 
E * 1 * 1 ~ ’ A = 2 ? 


( 1 ) 


Note that the mass of the field does not contribute to the interaction term which only appears 
in the self energy terms involving and $ 2 seperately. The energy (1) leads to an attractive 
force on the unit length of the flux lines given by 


F ~-<Lf 

F *'* 3 ~ da E *'* 3 ~ X 2 a 3 ' 


( 2 ) 


The above force is derived for a hypotetical scalar, charged field. For charged fields with spin, 
for each spin degree of freedom we expect to thave a force equivalent to (2). For example for the 
electron field the force should be multiplied by two. 

If the fluxes are quantized, for integer fluxes, fields with integer charges, that is e ± , fi ± , r* 
particles contribute to the Casimir interaction. On the other hand the quark fields can contribute 
only to the interaction of the fluxes quantized to the one or two-thirds of integers. In conclusion 
we can say that the Casimir force between the quantized AB fluxes may count the number of 
families [7]. 


3 Comments on Possible New Realizations 

The recent developments in solid state physics enables one to create two-dimensional and one- 
dimensional structures (=quantum dots) in which we can trap charged particles. These structures 
my raise the hope of observing new Casimir effects involving massive fields. 

Finally we like to suggest an experimental set up which may realize an AB geometry for the 
photon field: In the double slit experiment, if we place an infinitely long, thin, neutral and perfectly 
conductive wire perpendicular to the incoming light beam, we expect to observe an AB type effect 
for the photon field. This, unlike the one suggested in Ref.[6], would be a purely neutral AB effect. 
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Abstract 

The eigenvalue problem of the operator a + is solved for arbitrary complex ( by 
applying a nonunitary operator to the vacuum state. This nonunitary approach is compared 
with the unitary approach leading for |£| < 1 to squeezed coherent states. 


1 Introduction 

The eigenvalue problem to linear combinations of boson operators in the standardized form a+£at 
can be solved with squeezed coherent states only in the case |d < 1 when it is equivalent to the 
eigenvalue problem of an operator Ka+pa^ under the condition |/c| 2 — |/i| 2 = 1 with the substitution 
C = *> (C> K t P arbitrary complex numbers) [l]. This corresponds to the unitary approach because 
the squeezed coherent states can be obtained by applying unitary squeezing operators to coherent 
states [2]. However, this eigenvalue problem can also be solved for arbitrary complex ( with a 
nonunitary approach providing in the limiting case £ — ► oo even the solution of the eigenvalue 
problem for the boson creation operator at . The corresponding eigenstates are not normalizable 
f° r ICI > 1 and are not states of the usual Hilbert space H (Fock space) in this case but they are 
states of a rigged Hilbert space K' in Gelfand triplets of spaces K C H C K' [3]. Such states 
that do not give finite expectation values for relevant operators as, for example, for the number 
operator could be, therefore, considered as pathological ones. However, they play an important 
auxiliary role for the formulation of a new kind of orthogonality and completeness relations on 
paths through the complex plane of eigenvalues, where at once two dual states belonging to the 
parameters ( and (' = ^ or((' r = 1 are involved [1]. 

2 Nonunitary approach to the eigenvalue problem 

The solution of the eigenvalue problem 

(a + Ca^)|a; ( >= a|a; ( >, (1) 

*W „ lw „ 


can be represented in the number-state basis |n > in the following nonnormalized form 


“ ^ v'S £*!("- 2*)! U’J 


n=0 v ’*• k=0 

or by derivatives of a Gaussian function in the form 


|O,< >*“ P (0S^" P ^) |n> 


(2) 


(3) 


Substituting in (2) the number states by the generation from the vacuum state, one obtains by 
means of the generating function of the Hermite polynomials H„(z) 

|a; ( >= exp I® > • (*) 

Two special cases are easily obtained from these formula, the coherent states |ot; 0 > 

V"' « n i ( aa " \ l 

m >- £ ^ i" >s ex p (fr ) |a >• 

and the squeezed vacuum states |0; ( > 


(5) 


m=0 


2 m m! 


( 6 ) 


(7) 


The nonunitary operator exp (aat - ) does not preserve the normalization of the states. The 

corresponding normalized states 

i f 2ao* - ( Ca 2 + (a* 7 ) 1 . . 

|a; C >norm= (1 - CD 4 exp | 4 (! >’ 

are only possible for \(\ < 1. 

The expectation values of the canonical operators 

Q{<fi) = y|(ae* v + at c ->), P(<p) = -ifyat* - aV’*), 

denoted by cross-lines are 


(8) 


Q(<p) = 


[h ae * (1 - Ce-‘ a ») + aV-^Q - <e”») 

V 2 i-ce 
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(9) 


pm 


-4 


h ae *(l + C‘e-'^) - aV-*(l + <e <2 *) 

1-CC* 


and their variances are 


(AQM) =5 l-cc 

——i *(1 + ^X1 + c«-"') 

(apm) =2 


The uncertainty product 




( 10 ) 


( 11 ) 


is the minimal possible one for 4 angles Wtxt according to 

e <w. = C (A Q(^)) J (A/ > (v»««.)) 3 = (12) 

corresponding to the extreme values of the variances 

(aq(¥>„,»> - WW3r - lyff}- (13) 

One has pure amplitude (phase) squeezing if the minimal (maximal) value of (AQ(c/?ex«)) 2 cor ~ 
responds to P(<f>txt) = 0. This leads to the following coordinate-invariant conditions for the 
arguments of the Hermite polynomials in (2): 


1. amplitude squeezing, — = real numbers, 

v 2 C 

2. phase squeezing, imaginary numbers. 

v 2 C 


In the more general case, ^ is a complex number. The expectation value of the number operator 

v 2 C 


is 


_ {a-(cr\ / a- - Ca \ <C 


and its variance 


((1 + CO - gCg) ((1 ± CCK - 2Q , 2(C* 

(M) " (l-cc*) 3 


(1-CC*) 2 ' 


(14) 


(15) 


The nonunitary approach provides a new convenient parametrization of the squeezed coherent 
states. 
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3 Unitary approach to the eigenvalue problem 

The unitary squeezing operators 

-exp|(ia 2 -^*ioh + *i ? I(aat + ata)| ( 16 ) 

transform the basis operators a and cfi according to 

)>* = («, «*)(££) 

k = c*e-ii;^,/j ■ v'lfl 1 - 1 1 . 1*1’ - I/*! 1 = 1- (17) 

The solution of the eigenvalue problem of the operator a + (at is obtained by the following 
application of the unitary squeezing operators to coherent states I7 > 




ViHC! 5 


(o + (at)S({,,,C) 




e' x Q 


r s(t,+n 


e' x a 


where x is an arbitrary angle and ( and 17 are given by 

e“* x (* sinx - 

t = ~ ~J ,V = 7===0, 


( 18 ) 


V^IC? 


x/i^lCF 


e = 


1_IC|S -Arsh</ |C,2 - sin2 * 


ICI 2 — sin 2 x 


1 - ICI 2 


( 19 ) 


By choosing x = 0 one finds 


kC >. 


exp 


2|C| 


Arsh (t^W) ( cV ' c “ ,! ) } (7^ 


ICI 2 


( 20 ) 


The unitary approach is restricted to |(| < 1. 
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4 Dual states and eigenstates of the creation operator 

The states < fr! 41-6 left eigenstates to the operator a + (at according to 
and they are dual to the states |a; C > in the sense of the orthogonality relation 


(21) 


<£.! 

c* c* 


a; C >= n/M exp 6(a - 0), 


( 22 ) 


(23) 


and of the completeness relation 

The integration path C through the complex plane is widely arbitrary with the only restriction 
that it it must begin in one sector and end in the other sector where exp ( — J vanishes in the 

infinity for fixed values of (. 

The eigenstates of the creation operator at according to 


at|/9;oo >= 0\0;oo > 


(24) 


|/9; oo >= exp (-at 6(0 ) |0 >= g ^-^--^6(0 ) |n > (25) 

where 6(0) is the one-dimensional delta function of complex argument (analytic functional). They 
are orthogonal to the coherent states \a; 0 > 

<a*;0|/9;oo >= 6(a - 0). (26) 

This relation shows also that the coherent states are already complete on paths through the 
complex plane. 

More details and references can be found in [l]. 
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Abstract 

The prescription for introducing a gauge 
transformation into a quantum transition amplitude, 
nominally well known, contains an ambiguous feature. 
It is presumed by some authors that an appropriate 
transformation of the phase of a wave function will 
generate the associated gauge transformation. It is 
shown that this is a necessary but not sufficient 
step. Examples from the literature are cited to show 
the consequences of the failure of this procedure. One 
must distinguish between true gauge transformations 
and unitary transformations within a fixed gauge. 


1. Introduction 

The necessary procedure to introduce a change of gauge in 
quantum mechanics is quite standard [1,2]. (We adopt the 
terminology that the phrase "gauge transformation" implies the 
so-called "gauge transformation of the second kind" [1].) This 
quantum-mechanical procedure begins with a change in the 
potentials employed to represent an electromagnetic field, and 
then associates with these altered potentials a changed 
interaction Hamiltonian and a particular phase transformation of 
the wave function. Some practitioners presume the inverse: that 
the phase transformation of the wave function will always imply 
that a gauge transformation has been done. It is the aim of this 
paper to show that this inverse procedure does not necessarily 
produce a gauge transformation, and that significant 
misinterpretations can occur thereby. 

When a non-gauge-changing unitary transformation (a "phase 
transformation") is presumed to actually produce a gauge 
transformation, it may not have practical ill consequences. In 
some cases, it simply induces an identity transformation in the 
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transition amplitude. The outcome is less benign when the 
non-gauge phase transformation is interpreted as a gauge 
transformation, and used to infer further physical conclusions. 
For example, this has led to the concept that one particular gauge 
is more fundamental than others. These difficulties are discussed 
in Sec. 3 after a review of basic information in Sec. 2. 

2. Formal Background 

The approach taken here is that of semi-classical 

electrodynamics. Quantization of the field is not necessary for 
present purposes. Both relativistic and non-relativistic 

formulations will be used; relativistic because matters are 
clearer in that context, and non-relativistic because that is 
where the difficulties have actually occurred. It is presumed 
throughout that the fields and the gauge-transformation functions 
are explicitly time dependent. 

A gauge transformation of the electromagnetic four-vector 
potential fr by the real, scalar generating function A is 
accomplished by 

l" - A c * • jP - a M A (2.1) 

or the non-relativistic equivalent 

<p -» 0 C * <p - BA/d(ct) (2.2) 

t -> 3° - It + $A, (2.3) 


where A^ ss (^>, 3 ) . This is accompanied in quantum mechanics by a 
change in the phase of the wave function induced by the unitary 
transformation 


¥ -► $ G = U<6, 

with 


U = exp(ie A). 


(2.4) 

(2.5) 


When one wishes to change the gauge in which a transition 
amplitude is expressed, it is necessary to know how the 
Hamiltonian is transformed. It follows directly from the 

Schrodinger equation that this transformed Hamiltonian operator is 
given by 

- ihd/dt - u (H - ihd/dt) u f , (2.6) 

or, equivalently, by [3,4] 

- UHU f -ihUU f - UHU f + ibUU* , (2.7) 
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where the dot on the U indicates the time derivative. The Dirac 
analog of this Schrodinger result is instructively simple. From 
the Dirac equation 

( iB-eA-m )' f = 0, (2.8) 


one obtains 


U( iB-et-m )U*U'i * (iB-ef-m)tf « 0, 


(2.9) 


where & « 7 ^, and A J is 9 iven by Eq.(2.1). 

The transition amplitude employed will be the generic form 

(S-l) n = -d/h) J dt (2.10) 

which is commonplace in scattering theory, but is useful also in 
bound-state problems. It represents a physical situation in which 
the transition-inducing electromagnetic field is not present at 
asymptotic times, i.e., there is no field present at large 
negative times when the initial state is prepared and at large 
positive times when final measurement of the transition products 
is made. The state t is one with no electromagnetic field present. 
Its Hamiltonian will be called H 0 . The state ¥ satisfies the 
Schrodinger equation with full interaction# In other words, 

(ihd t -H o )i - 0, ( 2 . 11 ) 

( ihd^-H )V = 0, (2.12) 

H = H 0 +H r (2.13) 

For the usual problem in which an atomic or molecular potential V 
is present at asymptotic times, as distinct from the 
electromagnetic field whose application causes transitions, one 
can state 

H q » (p z /2m)+V, H i - (l/2m)(e$ ■~%/c+e%-$/c+e 2 J? )+e<t> (2.14) 

in an arbitrary gauge, where no stipulation has been made as to 
how the field is to be represented by scalar or vector potentials, 
or a combination of both. To be as straightforward as possible in 
this formalism, it is required that the field is to be turned on 
and off adiabatically , so that one can require the vector 
potential at both positive and negative asymptotic times to be the 
same (nominally zero). This restriction is known (3-8) to assure 
that the same physical result will arise from the transition 
amplitude in Eq.(2.10) in different gauges, but with the use of 
exactly the same non-interacting wave function f f , regardless of 

the choice of gauge for Hj and 4 , l . _ . , 

Finally, the relativistic transition amplitude analogous to 
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Eq.(2.10) is stated [9] 

( s ~ 1 ) fi = ~(l/b) J d 4 x V e e& t , (2.15) 

where $ is the Dirac adjoint and a static binding 

potential is singled out, so that the non-interacting and 
interacting Dirac equations are, respectively, 

(i3-7°V-m)V = 0 (2.16) 

(i8-eA-i°V-m )' * = 0. (2.17) 


3. Statement of the Problem I 

Whereas there is really no ambiguity in the information 
reviewed in Sec. 2, the way in which it is employed in the I 

literature is not uniform. A simple unifying concept which serves ' 

to characterize the inconsistencies which arise is to note that 1 

they all stem from the improper notion that a gauge-change-like = 

unitary transformation applied to the wave function is a guarantee 
that a gauge change has actually occurred. s 

Possibly the simplest example of this problem occurred in § 

connection with the demonstration [10,11] that the substitution § 

V~Ui in Eq. (2.10) (for a particular choice of U) can give a good I 

approximation for certain classes of transitions in which dressing 
by a low frequency field is present. The result of this 
approximation is that Eq.(2.10) becomes = 

(S ~ 1) n = -(*/*) J dt ('V^V* (3.1) 

This has, however, been characterized as a gauge transformation 
[12] solely on the grounds of the presence of the unitary factor 1 

17, even though there is no transformation at all of the 
interaction Hamiltonian H l . 

Another example is a procedure intended to change the gauge _ 

in which a transition amplitude is expressed in a fashion which is F 

purported to be "manifestly gauge invariant". The device employed 
is simply to insert a unit operator into the transition amplitude 
in the form of U U. Then the U factors are attached to the wave 
functions, and a gauge transformation is presumed to be 
accomplished. (A clear example of this is in Ref. 13.) Equation 
(2.10) would then become 

(S ~ 1} ei = J dt (* r * H 

= ~(i/h) J eft ((V9 t ),(UHU* )(U* i )). (3.2) 

Since the wave functions now bear the unitary transformation 
factors U as in Eq. (2.4), they are regarded by some authors as 
being in a new gauge. 

There are several defects with the above procedure. One is 
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fact that the non-interacting wave function * is transformed 
2 wllf as the interacting wave function *. This fact has been 
noted bv some authors, and concluded to be necessary [13-18]. A 
f'or o 1 1 arv of this procedure is that there then exists a preferred 
gaSge^incV onl/in one gauge is it possible to have the 
non-interacting wave function appear without its unitary 

transformation 9 factor. The preferred gauge normally selected is 
Sr so™ Vied “length gauge", or "EF" gauge where the 

SSTSShra STSTSSA an ox^oton 

C 19 ] 'Another problem with the procedure expressed in Eg. (3. 2) is 
that to^ interaction Hamiltonian is not properly stated The true 
gauge-transformed interaction Hamiltonian follows from Eq.(2.6) 
(2.7), taken together with Eq. (2.13). By contrast, the form 

H* = UHU* (3.3) 

is simply a unitary (or phase) transformation of toe operator 
It is not the gauge-transformed interaction Hamiltonian. The 
actual gauge- transformed interaction Hamiltonian is given by 

(3.4) 


H* = UHL I s + (UH Q U f -H Q ) + ihUU* . 


The clearest way to see the true meaning ?f E «-< 3 ‘ 2 > 
employ the relativistic form given in Eq.(2.15). The lack o 
second order differential operators in the Dirac equation and th 
simple form eA for the interaction term makes the relativistic 
form especially clear for formal purposes. The procedure analogous 
to Eq. (3.2) employed in Eq. (2.15) gives 


(S-l ) n = -(i/h)\ d*x T f eAU t t7’J’ 1 
- -(i/h) | d 4 x (m { )e*(U* x )' 


(3.5) 


since U always commutes with eA. Equation (3.5) shows plainly that 
there is nS gauge transformation at all. The interaction term 
remains identically the same as the does 

transform to the new gauge as would follow from Eq. (2 . 1 ) • a 

The procedure in Eq.(3.5), as in Eq.(3.2), P Y 

unitary transformation within a fixed gauge. 


4. Resolution of the Problem 

The resolution of the ambiguities discussed above is 
straightforward. One simply states a transition amplitude in 
unspecified gauge, containing all four components of the 
electromagnetic potential function, as given in, for example. 
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C2 . 15) • In a particular gauge, designated by the superscriDt 
(a) , this is 


fs-i; n - -(l/h) J d\ ( 4 . 1 , 
In gauge (b) , it is 

( s ~ 1 ) n - -fJ/hJ J d'x ? f eA n ”*; b ’. ( 4 . 2 , 

The non-interacting state $ f is the same in both instances since 
it is independent of the field. This is the type of transparent 
gauge invariance that has also been given the name "manifest gauge 
invariance" [19], although that description is risky, since 
the same phrase means different things to different researchers. A 
better name would be "strong gauge invariance", since it so 
strongly stresses the complete equivalence of all gauges. 

There is no clear algebraic transformation that connects 
Eq. (4.1) with (4.2). Nevertheless, they must be equivalent if all 
gauges are equally valid. This has been shown by calculation of 
practical examples [6,7] as well as by the demonstration [3] that 
the formal difference between the expressions which are the 
non-relativistic analogs of Eqs.(4.1) and (4.2) has a null result. 

The mis-identif ication of the simple phase transformation in 
Eq. (3.2) or (3.4) as a gauge transformation follows from an 
attempt to achieve algebraic identity between transition 
amplitudes in different gauges. What is achieved instead is simply 
a unitary transformation within a fixed gauge. 

Another motivation for employing Eq. (3.3) as a 
gauge-transformed interaction Hamiltonian in place of Eq. (3.4) 
makes use of arguments [14,15] involving dependence on the dipole 
approximation and on the preferred use of the E-? interaction. 
Such arguments are inherently risky. One cannot view as 
fundamental a formalism which depends critically on an interaction 
which cannot extend to very strong fields or to the presence of 
significant magnetic influences. 
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The concept of squeezing has so far been applied mainly to light, as is evidenced by numerous 
research works on the subject of squeezed light. Since in quantum mechanics both light and the 
simple harmonic oscillator are described within the same mathematical framework, there is of 
course no difficulty in applying the concept to the simple harmonic oscillator as well. In fact, 
theoretical development of squeezed states and squeezed light owes much to physical insights 
one obtains as the analogy between light and the harmonic oscillator is exploited [1, 2]. There, 
however, exist only a few publications [3, 4, 5] that deal directly with generation of squeezing 
in a harmonic oscillator. Since the two quadrature operators for a simple harmonic oscillator 
carry the physical meaning of position and momentum operators apart from constants, a squeezed 
oscillator, i.e., a simple harmonic oscillator in a squeezed state, exhibits squeezing in actual position 
or momentum. Thus, a squeezed oscillator once generated can play an important role in atomic 
or molecular experiments that require precise initial determination of the position or momentum 
of the particles involved. 

In our previous work [5], it was shown that squeezing can be generated in a harmonic oscillator 
by subjecting it to collisional interaction. The model chosen for this study is one-dimensional 
collision between a helium atom, taken as a structureless particle, and a hydrogen molecule, 
approximated as a simple harmonic oscillator. The harmonic oscillator was assumed to be prepared 
in its ground state before the collision. Thus, 

|0(t = 0) >= |0 >, (1) 

and the initial quadrature variances are given by 

(AX 1 ) 2 = (AX 2 ) 2 = i (2) 

As the collision proceeds, the oscillator develops into a superposition state, 

W) >= Y, <*«(0I" >= Y M*)|e* n( ‘ ) l" > • ( 3 ) 

n n 

The quadrature variances at time t are then given by [6] 

(AJVi) 2 = - + Y n l a "| 2 + ^ Y + 2y/n + l|a n ||a n+2 |cos(</>„ +2 - <f> n ) 

4 ^ 

- (Y y/n + llQn]lan+i|cos((ft n+ i - ^n)] 2 > ( 4 ) 
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and a similar expression for (AA 2 ) 2 . Wodkiewicz et. al. [7] have shown that a superposition state 
consisting of a finite number of eigenstates |n > can exhibit squeezing for appropriate values of 
the magnitudes |a n | and phases 4> n of probability amplitudes, and thus there is a possibility of 
squeezing in the collision state given by Eq.(3). Our calculations, as reported earlier (5], show 
that there occurs a relatively strong squeezing near the time of minimum separation and a weak 
squeezing altanately in position and momentum after the collision is over. 

It should be noted that, in most of the collision studies in the past, attention was focused on 
the magnitudes |a n | of the probability amplitudes as they yield the transition probabilities. For 
our study of collision-induced squeezing, however, the question of how the phases develop in time 
as the collision proceeds is also an important issue, because the variances (AAi) 2 and (AA 2 ) 2 
depend not only on the magnitudes |a n | but also on the phases <f > n , as can be seen from Eq.(4). 
Even if the magnitudes |a n | are fixed, the variances can take on different values for different phases 

<t>n- 

In order to emphasize the importance of the phases, we show below that squeezing can be 
achieved from a coherent state simply by changing the phases alone. Let us consider a harmonic 
oscillator in a coherent state |a > at time t = 0. IF we let the oscillator develop freely in time, its 
state at time t is given by 

\m > = e-l“l’/ 2 T 4=e~ ,Wt |n > . (5) 

n vn! 

The variances (AA\) 2 and (AA 2 ) 2 remain j throughout. Let us now assume that the phases of 
the coherent state are changed at time t = 0 so that the oscillator develops in time according to 


l^(<) >= e -i«p/ 2 y* _fl e i«n e -.nw<| n > 
n vn! 


( 6 ) 


As compared with the coherent state, Eq(5), the state represented by Eq.(6) has additional con- 
stant phase factors 6 n . Althogh this state is not identical with the coherent state, it has the 
same Poissonian state distribution as the coherent state and may thus be called a “quasi-coherent 
state”. It is our purpose to show that, with appropriate values of 8 n , the quasi-coherent state can 
show squeezing in Xi or A 2 . To illustrate this, let 


JO, if n is even, 
| if n is odd. 


( 7 ) 


The state represented by Eqs. (6) and (7) are a linear combination of even and odd coherent states 
[8] with the relative phase between the even and odd states given by |. The variance (AAi) 2 for 
this state can easily be computed using Eq.(4), and similarly (AA 2 ) 2 . The result of the calculation 
is 


(AAi) 2 = j + |a| 2 — |a| 2 sin 2 (<£ - ut) — |a| 2 e sin 2 (^> — wt), (8) 

( AA 2 ) 2 = - + |a| 2 — |a| 2 cos 2 (^> — u>t ) — |a| 2 e -4 ^ J cos 2 (<^ — u>t). (9) 

4 

The variances oscillate between v max and v mtn where, 

tw = 7 + M ! , iw» = 7 - W J e" -I"'’ (10) 

4 4 
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It is evident that the quasi-coherent state with the phases given by Eq.(7) exhibits squeezing 
because ^ }• 

The example presented above shows clearly that two states with different phases in general have 
different degrees of squeezing, even if they have the same state distribution. This means that, even 
if one considers collision processes that produce the same state distribution, the degree of squeezing 
obtained during and after the collisions can be quite different, depending on how the phases <f> n of 
the probability amplitudes develop in time as the collisions proceed. It is therefore evident that, 
for a detailed study of collision-induced squeezing, further study on the time development of the 
phases in collisions and its relation to collision parameters such as potential energy surfaces and 
collision energy is needed. 
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Abstract 

In contradistinction to a widespread belief, Wigner’s theorem allows the construction 
of true joint probabilities in phase space for distributions describing the object system as 
well as for distributions depending on the measurement apparatus. The fundamental role 
of Heisenberg’s uncertainty relations in Schrodinger form (including correlations) is pointed 
out for these two possible interpretations of joint probability distributions. E.g., in order 
that a multivariate normal probability distribution in phase space may correspond to a 
Wigner distribution of a pure or a mixed state, it is necessary and sufficient that Heisenberg 8 
uncertainty relation in Schrodinger form should be satisfied. 


1 Introduction 

Joint measurements of conjugate variables q and p are realized in many optical devices. This 
implies that one can think in this domain of a representation of quantum mechanics by means of 
joint probability distributions (j.p.d.) in the phase space of conjugate variables q and p [1]. This 
is perhaps the most convenient way to a realistic underpinning of quantum mechanics. A major 
advantage is that the incompatible variables q and p are c- numbers. The Wigner distribution 
function, which is widely used in optics, is the simplest language for coherent and squeezed states 
[2], For these states the Wigner function is nonnegative. However, it is well known that the Wigner 
distribution cannot be considered as a true (nonnegative) probability distribution in general [3]. 
The aim of this paper is twofold: in the first part (sections 2 and 3) we present an analysis 
of the central question to consider phase space representations of quantum mechanics as true 
(nonnegative) probability distributions [4, 5] ; in the second part (sections 4 and 5) we emphasize 
the fundamental role of Heisenberg's uncertainty relations in Schrodinger form for Gaussian Wigner 
distributions and compare this with j.p.d. depending on the measurement arrangement (positive 
operator valued measures). 

2 Wigner’s theorem 

On account of the commutation relations between the operators q and p, there is no unique 
operator corresponding to the monomial q n p m . As a consequence there is no unique construction 

1 clectronic address: krugerOinwphyfl.rug.ac.be 
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of the j.p.d.. In general, a j.p.d. is completely determined by a given correspondence rule. 
Notwithstanding this arbitrareness, the existence of true probabilities in phase space is severely 
restricted by Winner’s theorem [3], which considers the following five requirements: 

(1) The j.p.d. is the mean value of an hermitian operator K(q,p) depending on the c-numbers 
q and p: f(q,p ) = tr \K(q,p)p). 

(2) The j.p.d. is a linear functional of the density matrix (sesquilinear in the wavefunction): 
this means that K(q,p ) is independent of p . 

(3) The j.p.d. is a true probability function: f(q,p) > 0. 

(4) When integrating over momentum space, the marginal distributions coincide with the 
proper quantummechanical probabilities in q: f f{q,p)dp =< q | p \ q >. 

(5) When integrating over position, the marginal distributions coincide with the proper quan- 
tummechanical probabilities in p: J f[q,p)dq =< p \ p \ p >. 

Theorem 1 The five requirements (l)-(5) are incompatible. 

The requirement (2) is not explicitely present in the original version of Wigner’s theorem; the 
necessity of this requirement was emphasized by Mugur-Schlachter [6], who observed that in the 
absence of the arbitrary restriction (2) Wigner’s theorem cannot be realized. In the stronger 
version of Kruszynski and de Muynck [7] the requirement on one marginal distribution suffices. 

3 Realisation of positive phase space distributions 

For our purpose, it is sufficient to consider two different interpretations of j.p.d. as functionals of 
the density matrix. 

(1) The j.p.d. f(q,p ) is interpreted as the probability that the variables q and p have certain 
values, the variable considered as a property possessed by the object system. In this case, two 
possibilities are left open for the construction of true j.p.d.: 

(1.1) f(q,p) is a linear functional of p. 

In this case the requirements (l)-(5) are only compatible with a restricted class of functions. 
E.g. for the Weyl correspondence rule, the restricted class of functions are Gaussons (see section 4). 
The Wigner distribution cannot be considered as a true probability distribution in general, because 
e.g. it takes necessarily negative values for pure states that are not Gaussons. However, one 
can easily construct positive non-Gaussian Wigner j.p.d. corresponding to mixed states. For 
a representation of quantum mechanics by means of true Wigner j.p.d. one can add the new 
requirement that only nonnegative j.p.d. are physical states . This means e.g. that a one photon 
state is represented by a mixed state [10]. This idea is made plausible by the experimental fact 
that it is impossible to prepare a pure state with 100 % efficiency. 

(1.2) f(q,p) is a nonlinear functional of p. 

J.p.d. which are a nonlinear functioned of the density matrix axe not restricted by Wigner’s 
theorem. The j.p.d. which is the product of the proper quantum mechanical marginal distributions 
is a trivial example: f{q,p) =< q \ p \ q >< p \ p \ p >. Non-trivial examples with correlations 
exist also in the literature [11]. In this case the j.p.d. is a multilinear functional of the density 
matrix. We have considered a complete analysis of true distributions which are quadratic functional 
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of the density matrix [5]. This results in a new concept of j.p.d. which is based on a consistent 
phase space interpretation of the energy eigenstates of the wave function. 

(2) The j.p.d. f(q,p) is not function of the object system alone, but may also depend on the 
measurement arrangement of two incompatible observables Q and P. The measurements mutually 
influence each other in such a way that the singly measured quantum probability functions cannot 
be reproduced from the measurement results. In this case it is no longer desirable that the 
marginal probability distributions equal the single measured ones, hence Wigner’s theorem does 
not restrict this class of j.p.d. and f(q,p ) may be a linear function of the density matrix. The 
optimal stochastic phase-space representations introduced by Prugovecki [12] are an example of 
this class. In general the distributions of class (2) can be considered in the framework of positive 
operator valued measures [13]. 


4 Heisenberg’s uncertainty relation in Schrodinger form 
and coherent and squeezed Wigner distributions 


We consider case (1.1) for the Weyl correspondence rule. In this case the construction of true 
j .p.d. for pure states is restricted by the remarkable and important theorem which was proven by 
Hudson [8] for one-dimensional systems and generalized by Soto and Claverie [9] for systems with 
an arbitrary number of degrees of freedom. 


Theorem 2 The necessary and sufficient condition for the Wigner distribution function of a pure 
state to be nonnegative is that the corresponding wave function < q\if> > is the exponential of a 
quadratic form. 


As a consequence the wave function represents a coherent or a squeezed state and the j.p.d. is 
a bivariate or a multivariate normal (Gaussian) distribution in phase space. Conversely, in two- 
dimensional phase space of the conjugate random variables q and p the most general normalised 
bivariate normal probability distribution with mean values q and p can be put in the standard 
form 

2,VA eXP {~2k ~ “ ®)( p “ p ) + a «( p “ p ) 2 ] } > C 1 ) 


f{q,p) = 


where o q and o p and c qj> represent respectively the variances and the covariance o q = E[(q — q ) 3 ] , 
etc.; E denotes the expectation value and A is the determinant of the covariance matrix: A = 
o q o p — o’ 3 J) > 0 . Schrodinger derived a more general and stronger form of Heisenberg’s uncertainty 
relation including the correlation o qj> : 


cr 9 cr p - <r qj ? > h 2 /I , (2) 

which we call “Heisenberg’s uncertainty relation in Schrodinger form”. It is easy to derive and 
to diagonalise the corresponding density matrix, f{q,p) may now represent a pure or a mixed 
state. The eigenfunctions < q\ip > are oscillator eigenfunctions functions multiplied by a common 
^-dependent phase factor which is characteristic for the correlation. We can show explicitely that 
there is a close connection between a Gaussian distribution in phase space, quadratic Hamiltonians 
and temperature dependent oscillator states. This implies a connection between physical and 
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statistical parameters. The eigenvalues of the corresponding density matrix are (1 — z)z n with 
z = (A — ft/2)/(A + ft/ 2) , which leads to a sufficient condition for a bivariate normal probability 
distribution to be a quantum state: 


Theorem 3 In order that a bivariate normal probability distribution in phase space with variances 
<r q , < 7 ,, and covariance o qa> may correspond to a Wigner distribution of a pure or a mixed state, it is 
necessary and sufficient that Heisenberg’s uncertainty relation in Schrodinger form cr q o p — a, iP 2 > 
ft 2 / 4 should be satisfied [4, 14 ]- 


It is very remarkable that the Schrodinger form of Heisenberg’s uncertainty relation, which is a 
necessary condition to be fulfilled for every Wigner distribution function, is also a sufficient condi- 
tion in the case of a bivariate normal probability distribution. Indeed, to be a Wigner distribution 
function, f(q,p) must satisfy an infinite set of KLM [15] or equivalent conditions in general, but 
for the two-dimensional Gaussian distribution the infinite set reduces to one simple necessary and 
sufficient physics! condition. In this respect, the uncertainty relation in Schrodinger form is more 
fundamental than Heisenberg’s relation in the usual, less stronger form o q a v > ft 2 / 4. Moreover, 
the Schrodinger form is invariant for linear canonical transformations (in general Sp(2n, R) in- 
variant transformations), while the usual form is not. Finally, for quadratic Hamiltonians, which 
are closely related to the Gaussian Wigner distribution, the Schrodinger form remains invariant 
during the motion if the variances and the covariance are dependent on time. Indeed, in this case 
the quantum Liouville equation is equivalent to the classical Liouville equation and therefore q, 
p,a q ,c p and <x q<p have the same time dependence as in the classical case. These are further reasons 
why the uncertainty relation in Schrodinger form is more relevant than Heisenberg s relation in 
the usual form. 

For systems with an arbitrary number of degrees of freedom the strong form of Heisenberg s 
uncertainty relation is derived from the inequality tr(a^pa) ^ 0 where the vector a is given by 
a = A(q — q) + B(p - p), A and B being arbitrary matrices, and which takes the form: 


A* 


a 9,9 ~ 

a p,q ~ *ft/2 Ppj> 


A 

B 


> 0 . 


(3) 


Therefore Heisenberg’s uncertainty relation in Schrodinger form takes now the matrix form: 


a — thfi/2 > 0. (4) 

where o is the covariance matrix | *«■« I and 8 the fundamental symplectic matrix I J J I- 

I v w»p | I I 

Theorem 4 The necessary and sufficient conditions for a Gaussian phase space function to be a 

Wigner distribution is that the covariance matrix c satisfies Heisenberg’s uncertainty relation in 

Schrodinger form: <j - i ft/3/ 2 > 0 [4]- 

Analogous remarks as for the bivariate j.p.d. are valid for the multivariate j.p.d., the eq. 4 is 
now 5p(2n, R) invariant. The theorem entails a considerable simplification with respect to the 
theorem of Simon, Sudarshan and Mukanda [17], where Sp{ 2n, R) invariant powers of fio 1 satisfy 
n complicated inequalities. The difference between a pure and a mixed state is given by a theorem 
of Littlejohn [16]: 

Theorem 5 The necessary and sufficient condition for a Gaussian Wigner distribution to be a 
pure state is that the matrix 2o/h is a symplectic matrix: o@o = (ft 2 /4)/3. 

In two dimensions the matrix relation reduces to 0 q 0p — 0qj> 2 = ft 2 / 4. 
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5 Heisenberg’s uncertainty relation in Schrodinger form 
for j.p.d. depending on the measurement arrangement 

It was argued in section 3 that the construction of j.p.d. of class (2) is not restricted by Wigner’s 
theorem. Requiring Galilei invariance, linearity and positivity for any density matrix describing 
the object system, we have for the most general form of the j.p.d.: 

f(q ,p) = h,- n tl(b] l j,PmeaiDqj>Pobj ) ^ 

where p and p^j are the density matrices describing exhaustively the measurement apparatus 

and the object system and D„ represents the displacement operator. H both /W. and p*, are 
pure states then f(q, p ) reduces to the transition probability /(g,p) - h "t r(Vme«, e 

marginal distributions are always given by the convolution of two true probability densities. 

( 6 ) 


J /(?>p)dp =< 9 I Pmvu | q > * < 9 I Pobj I 9 >> 

J f{q,p) dg =< p I | p > * < p I pcbj I p >, 


( 7 ) 


which can be seen as accuracy calibrations given by the confidence functions < q | Pmca, I 9 > 
and < p | Pmea. I P >• The couple q, < 9 I Pmm.\ 9 > together with p, < p | Pm». I P > can also e 
interpreted^ a fuzzy sample point in phase space [12]. Remark also tha , for these J.p.d. the 
ordening of operators is equivalent with a measuring procedure. One can also write the j.p. • 
a convolution of two Wigner distributions: 


/(?>?) — /m*o#(9iP) * /o6j(9iP)» 


( 8 ) 


the first one representing the meraurement procedure and the second on. describing the object sys- 
tem This “smoothing” or “course graining” of the Wigner distribution eleminates fast osciUation 
Tk and gives therefore a better ^presentation in the classical hunt [18], Another conraquence 
of the last formula is that the covariance matrix o is the sum of the covanance ma 
object system and the o^. of the meraurement procedure. Hence we obtain the operational 

uncertainty relation / Q \ 

<r-ihj3> 0. W 


2 > h 2 This operational uncertainty relation is 
ZZZZZ with** the**«cperiment j"* uncertainty' relation <A,)„(Ap)„ ~ » P*!- Comparing 


which reduces in one dimension to Oq(J v cr q # 


m accordance wixn vnc j ' * ' , * . , , 

this with the uncertainty relation, for the j.p.d. of the preceding section we observe that he 
inequalities are the same, except for the essential difference that k replaced by 2k, expressing the 
presence of extra noise due to the measurement procedure. 
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Abstract 

Tk possibility of foraatioa of squeesed riatss of glaoa fields ia qiuiu ckromodya antics 
da* to aoaHaaar eoaperterbativ* ssttatsractioa daziaf jst svoletioa ia tk« process of e + e“ 
aamikiUtioa iato kadioas, wkkh u* analogous to the qiutia fotoa squmd states ia 
quatia electrodynamics is demonstrated aad tk* sqieesiag panaitui an calculated. 


1 Evolution equation for gluon field 


The gluon part of the quantum chromodynamics Hamiltonian has the form [l] 

Hg — U 1 * + Hi*t — /{ + ^*^«) ~ 

( 1 ) 

kgB'C&J is X Ac + ^(CaeAk^) 3 + tfOCacA* X Ad) 3 }^* 

where £ ( = — ^A, — d% A*,S m * f x A*, A *— rector potential of glum field, Cafe-structure 
constants of the SU(3) , o, 6, c, * 1, .... 8 are colour indices; i,j t k , l — indices of 3- rectors. 

The field of gluons appears in the form of gluon jet or cascade, which is produced by the 
quark with large transfered momentum Due to the cubic and quadratic nonlinearities in (1) 
bremstrahhmg gluons divide and at the end of perturbative cascade ere have a jet of gluons with 
approximately equal energies and momenta [2]. 

At the end of cascade multiplicity distribution of gluons is close to negative binomial distribu- 
tion [3, 4] which can be considered as a set of Poisson (coherent) distributions. 

The importance of nonperturbative hadranisation stage is connected with confinement, sub- 
potsson multiplicity distributions at this stage [5, 6], connection with intermittency [7], pairing 
of partone during colour loosing, nonlinearities of (1) hint on the possibilities of squeesed gluon 
states. 

Let us take for simplicity that all gluons in jet have equal energies and momenta. Choose such 
the system of coordinates that has axe X\ coinciding with the direction of gluon momentum. Then 
in the momentum representation the operator of gluon selfinteraction takes the form 


V - Al& + (j-=f)4£ + <«] , 


(J) 
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4*? « A*‘A~A<A; + A+'A-A+'At + A?A’AiA*' + (c.c.), (3) 

where j4J(j 4^*) are annihilation (production) operator! of gluons with b — colour and »- vector 
component, ho ud mo •** gluon energy and maae: — k 3 * wj. 

Evolution equation for gluon operator with indices a and h 

•MJ - MI, B] (4) 

then takes the form 

^{ = K + M +i + / (5) 

The function A, /a, / do not contain explicitly and Af, A * ft* [*]• 


2 Squeezing of the gluon field in jet 


Let us solve the equation (5) for small time At « 1/E,E — \J ft — |A| 3 . 
(5), is written in the matrix form 

Then the solution of 


(6) 

<«)-- JH- 

(7) 

Let ua take at aome moment to — 0 the conditional / * 0, 9/j * 0, and that f\ and /a vary slowly. 

Then the solution takes the form 


Ai(t ) - Ai( 0) - ii*S(0)A At - iA? (0)/ a At. 

(*) 

This expression coincides with the expression for ideal equeesed state [8] 


Al = A*chr + e^^jj^shr 

W 

chr = 1 - ifit, shr * f 2 , « W = -» 

(10) 


where r and B are squeesing parameters. Thus the seHsqueeting is possible for the gluon field with 
fixed colour and Lorents component. 

In qu antu m optica auch atataa art named aa putt quantum atatad and operator! *i = • 

A *)/ 2 and x 2 = (a = A - A+)/2 can have average fluctuations smaller then 1/4. 

3 Evolution of gluon multiplicity distribution in jet 

Take vector of state |»h, r»a, . . . , > where n«- the number of gluons with definite indices * and 

a. The operator of M gluon number $ acta on the vector aa 

^|ni,na, . . , , > s (fh + + . * . + ^2i •••»% ^ 
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It i> dear that any part of ff^ acta on the vector a> 

\New >=i4^*i4/*i4Ji4f|n 1 ,n 3 ,...,rv a >= K.fia,. . . ,Ty +1 ,n^ +a , n« > (12) 

It doe* not change the number of particle 

fi\New >= (ni + nj + ... + n a )|JVeti/ > (13) 

and then 

[*.* 1 - 0 . (14) 

Thue the total number of gluon ie jet under made conditions (h = const, ho = const) does not 
change with the time and it is not difficult to see that gluon mnltiplidty distribution does not 
change with the time. 

It can be also shown that the value squeesing shr for every mode is limited [9]. Foton multi- 
plicity of squeesing states distributions have been used earlier for phenomenological description 
of some properties of hadron mnltiplidty distribution [10, 11]. 

Here we obtain for model gluon jet that the squeesed states of colour gluon field can appear 
due selfinteraction and nonperturbative mechanism of gluon selfinteraction and can be particularly 
important at nonperturbative stage of jet evolution. 

Due to nonperturbativeness, pairing of gluon and subponson mnltiplidty distributions squees- 
ing states can be responsible partly for hadronisation of colour partons (confinment) and inter- 
mittency (fractal dimension) phenomenon in mnltipartide processes. 
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The exact expressions for density matrix and Wigner 
functions of quantum systems are known only in special cases 
and .practically, all of them and their references are 
described in [1-31. Correspondending Hamiltonians are 
quadratic forms of Euclidean coordinates and momenta. In 
this paper we consider the problem or one-dimensional free 
particle movement in the bounded region 0 < x < a (including 
the case a= ®). For this problem the solutions of Schrodinger 
equation are well known: 

v n = (2/a)^ 2 sin (nnx"'a). E n = (nnM'^'^ma*'). n=1.2.3. .. (1) 

Then the equilibrium density matrix can be calculated by 
f ormui a 

p(x.x* v'hCxJv'^x’ ) exp(-^E n ) (2) 

Indroducing the expression (1) to (2) and mading some 
simple transformations we obtain two series, each of which 
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PRECELhuu Hmuc b.-Hi'.rv ihui HL.MED 



is, practical liy the definition or teta-function [41 


00 


©o(2|t)=i+ 2 ^cos (2nn2)exp(inTn 2 ) 
° n^l 


As result we have the expression 


( 3 ) 


P ( X • X ’ * 0 ) “ -i-r 


X 

I 

X 

K 

p i 

i nh‘ 7? 


- ©o 

X+X’ 

? v 

1 nbf- ‘ft 
n~ 

& 

- 

2a 

2ma . 

u 

. 2a 

2ma^ J. 


(4) 


The replacement /3=it^fc transforms the expression (4) into 
the propogator of Schrodinger equation for the particle in a 
box obtained earlier by various methods in [3,5,71. 

Evidently in the limit d'a ej -» ® (i.e. low temperature 

and small size or a box) the density matrix can be good 
approximated only by the first order term of the expansion 
series (2). The question is in obtaining from the exact (but 
not very obvious) formula (4) the asymptotics of the density 

p 

matrix in quasi - classical limit fi/a (high temperature and 
wide box). 

The qualitive behaviour of the probability density 
p(x, x. r>) in this case is clear from physical consideration. 
It must be almoust constant at all points inside the box 
except very small region near the wall corresponding to de 
Brogie wave length. In this region the density matrix must 
leads to zero. However, it is interesting to obtain this 
result from the formula (4). More over we would like to know 
the character of the deflexion uniform distribution inside 
the box caused by quantum corrections. This problem can be 
solved using the equality [41 for teta-function 


© 3 (zjr)= (i/T )^^ J eXP(-niz^/T )© 3 (-Z/r | ) (5) 


Due to the fact that in our case the parameter r is pure 
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complex and restricting by the first term of expansion 
series (3) of the function ©o(~z^t|-i^t) when t-o we obtain 
the following formula describing the quasi -cl assi cal 
behaviour of the density matrix 


p(X,X’ ,/?)= (m''2rr/?h < '-’) i "‘° 

♦ 2exp [ -ma 2 '/*h 2 3ch f -2m(x-x’ y&S''] )-exp [- 
+ 2exp [ -ma 2 --^h 2 ] ch C-2m(x-x’ )| 


r 

f 

V 

k 


exp [ -m(x-x' Y J ' (1- 

m(x+x’ ) 2 ^h 2 ] (i- 
( 6 ) 


This formula is correct in the region jx + x’ is a (i-e. at 
the left half of the box ). For the points outside of this 
region one have to use the properties rolloing from (3) 
and (4) 

p(x.x’ )=p(x’ ,x). p(a-x,a-x’ )=p(x,x’ ) 

For the diagonal elements of probability density we have 
following expression 


p(x,x’ ,/?)-(m^2n^h 2 ) ly ' 2 |l-exp [ -2mx Z 'W3 +2exp [ -ma^-vs^l [1- 


2 , 


exp C-2mx 2 ^ 2 lch [ 4mx^f/ J ] ) 


n 


xsa- 2. ma >> 1 (8) 


The first two terms in figure brackets describe 
the probability density of particle position in the infinite 
half space right from the wall placed to the point x=0. The 
other terms give corrections caused by the-presence of the 
second wall. Note, that this corrections don’t oscillate as 
it can be seemed from formulas (3) and (4). 

In the centre of the box the density matrix is equal to 
p(a-2.a^2./5)=const <1-2 exp 

and the half space case on the same distance from the 
coordinate centre we have an analogous expression but 
without two in front of exponent. The exact expression of 
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W(p,q,/s)=Jp(q«->r^2.q -?/2,/3) exp(-ipr/h) dr (11) 

Talcing into consideration that the integration region is 
bounded by the interval -2q < r < 2q under the condition 
0 < q < a/2 we have [71 

q 2 
2 r r y| inh 

W(p,q,r?)= — cos (2py/h) ©o - rr dy- 

a ^ a| Zma^ , 


f q | i nh (3 ' 

- (h/ap)sin (2pq/h)© 0 - n- (12) 

a j 2ma * . 

but when a/2 < q < a one have to use the equality 

W(p,q,/5) = W(p,8-q./3) 

The Wigner for a free particle in half space was exactly 
expressed by the error -function for the first time in [81 
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Abstract 

We introduce a new set of squeezed sates through the coupled two-mode squeezed opera- 
tor. It is shown their behaviour is simpler than the correlated coherent states introduced by 
Dodonov, Kurmyshev and Man’ko in order to quantum mechanically describe the Landau 
system, i.e. a planar charged particle in a uniform magnetic field. We compare results for 
both sets of squeezed states. 

A planar charged particle moving in a uniforn magnetic field is a very interesting quantum 
mechanical system. It is not trivial, needs the two spatial dimensions to describe it, it has some 
reminiscence of the two dimensional oscillator, but requires in addition the peculiar presence of 
the angular momentum operator which play a role as important as the hamiJtonian. As recently 
it has been pointed out [1], the system has an Osc(l) dynamical degeneracy group. It seemed to 
us the system has a physics rich enough and mathematically particularly well understood in terms 
of the holomorphic (and antiholomorphic) coordinates that deserved to be revisited. 

A planar particle of charge e, mass m, moving in a uniform magnetic field 7? = Bk can be 
described by the classical first order action 

5 =< y . r - (2 m)- l [y - 2~ l eB(iT>)] 2 (1) 

r is the two-dimensional vector position of e, ~p its canonical momenta (which in the presence 

of the vector potential A = 2~ 1 5(zT + ) does not coincide with ra~r*), and the linear operator i 
indicates a positive tt/2 rotation, i.e. (iT*)j = -€ jt v h We choose B such that eB^rmo is always 
positive, without losing generality. 

The Landau system r , p , //, A — (i~r*) * "p*} is quantized by imposing 

[ r * y Pj ] = ij = (1,2). (2) 

As shown in ref. [1] it is convenient to introduce two sets of additional, momentum- like 
variables 

l?^~p — 2‘ 1 mw(i'r 4 ), ~u;~=~p -f 2~ 1 rou>(z~r*). (3) 

7T is the q-operator representing the observable mT\ In terms of these quantities the hamiltonian 
and the angular momentum take the form 

// = (2m)“ , {p > + 4~ l m 2 u; 2 7 + + mu;A} = (2m)’ 1 lr* 2 , (4) 
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( 5 ) 


. ( _»2 ,2 

A = (-» r ) • p = (2mw)' { jt — u> }. 

Observe the interesting chiral aspect of A in terms of it and u . 

It is inmediate to notice that u>, commutes with jt,, 

[or,, X } \ = 0. (6) 

Consequently u? and A commute with H. Since 

[A,w4 = -ihdjUj - (7a) 

[wj,u>j] = -ihimjtij. (7b) 

we see that {1, w\ A} constitute a dynamical symmetric group (which will be easily recognized, 
when represented by its holomorphic components u* to be Osc (1)), i.e. commutes with H. 

It is convenient to introduce holomorphic dimensionless variables Pr,p», to 

analyze the system, 

z~=(2~ ] h- l mu>) I/2 (x + iy), p, = (2Amu;) ,/3 (p r — ip v ) = -id x + c.c. (8) 

The two momentum-like set of variables take the form 

x, = p, + 2 ~'iJ , x T = pr- 2 ~ l iz (9a6) 

ui, = p, — 2~ t tJ , ufj = pr + 2 l iz (10a6) 

while // and A become 

H = tiu{p t pi + 4~ l zJ + 2 -1 A}^"Au>A, (11) 

\ = ih{zpj - zp,)^h\ = h\zdj — zd t ). (12) 

Ileinsenberg commutation relations eqs. (2) change to 

[z,p t ] = i = [z,Jr t ] = [*,<*>,] +c.c. . (13) 

The two main physical observables A, A have a very simple structure 

A = x g xj + 2 _l ^’»ii + 2 _1 , A = x,xj -ozjWx^ni - n 2 (14a6) 

where xj , a> t , jr t ,u>j can be regarded as two sets of decoupled annihilation and creation operators 

(*r, w*) = 1 = (15) 

since x ttl ) = 0. We emphasize the fundamental role of the both A, X(H, A) in determining the 
two-mode quantum structure of the system, The energy degeneracy is broken by the presence of 
n 2 , the second fundamental quantum number. These two series of discretes numbers will become 
the origin of the two couplex parameters labelling the coherent Landau states dicovered long time 
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ago [2] by Mal’kin and Man’ko. (Incidentally our tt 7 coincides with a of ref. [3] and our u;* equals 
-ia 0 . To introduce coherent Landau states we introduce the state |0,0 >= rfcoo 

4'oo{*z) = (16) 


0oo belongs to the ground subspace, i.e. ttt| 0>0 >— 0 and is unitary (using the natural measure 
2 ~ l idzdz = dxdy . The ground subspace is determined by the orthonormal set 0op = (p*) 
u£|0,0>=|0,p> 

io,p>=(p!r*(*2) p M>- u ? ) 

Each level-n energy eigenspacc has the discrete orthonormal basis 


0np = (»!)-*(?!)-*»>£ |0.0>. 


(18) 


Equations (14) tell us Hxfrnp = hu>(n + 2 l )^np an< l A\6 np — h(n p). 

We define the coherent Landau states [2] by 

|w ( s > ^ e w ’*- w ^ + * u ' r ~**''|0,0 > (19a) 

W,s € • They constitute an over complete unitary system of the Hilbert space {tj> np ,n;p € 

0, 1, • • •) in the usual sense (for coherent states) 

. I -i|w a -w 1 | , -|» J -u| , +«|w,||w,|«n(vj-Vl)+*l»»ll*ll“n(^»-^l) (196) 

<. W 1 S 1 IW 2 S 2 e • x ' 


w = |w|e* v , 3 ase |s|e‘*. 

They have three basic properties: i. They are r T eigenstates with eigenvalue w, ii. they also 
are eigenstates of w* with proper value s 

ir T |ws >= w|w,s > , w*|u>3 >= s|ws >, (20) 

and iii. they propagate remaining in the family. If one starts on |ws > leaving the system to 
evolve, at time t will be described by 

e -»fcw«| wa >= |we -,u, \s > • (21) 

Eqs. (20) suggest a way to compute q-mechanical expected values for physical observables 
F(p,J>, 2,7). One has to transform them to their representation in terms of the new variables 
(jt,T,u>,C 7), then normal ordering in both types of variables and finally taking into account eqs. 
(20). 

In this way we obtain: 

< 2 >cl = < ws ( 2 1 ws >=< ws|(tJrx — «w*)|w, 3 >= i(w — 3) (22a) 

< 2 2 >cl= -(w - 3) J , < 22 >= (w - 3)(W- s) + 1 (226, c) 

plus their respective complex (hermitian) conjugates. We also obtain 

< P* >cl= 2 _1 < + w, >cl= 2 -1 (W+ s) +c.c. (23a) 


313 


<p! >cl=4 _1 < (ir, +w,) J >=4~‘(w + s) 2 +h.c. , (236) 

< PiPx >cl= 4 _I + 4 -, (w + s)(w + 3 ) (23c) 

< h >CL=< ws|/i|ws >= wW + 2 _I , < A > C i= wW - si, (24a, 6) 

< >cl= (ww + 2"') 2 + wW , < A 1 >cl=< A >c L +ww + ss. (25a, 6) 


Recalling definitions (8) relating z,7 and real dimensionless variables x,y we can calculate 
physical uncertanties, which are defined for canonical sets of variables in terms of holomorphic 
variances Az, A zz =< zz > - < z >< z >, A p t , Ap,pr ■ they turn out to be 

(Ax)c L = 4 , (Ax)^ t + 4 l (Az)c L + 2 x {Azz)cl — 2 _1 = (Ay)^, (Axy)cL = 0. (2Ca6c) 

In a similar way, we find for the physical momenta 

(A/>r)cL = 2 _I = (A PrPtf ) ct = 0. (27a6c) 

Consequently both uncertanties attain lowest bound 


(Ax)ct(Ap,)cL = 2' 1 = (Ay)cL(Ap y ) C £,- (28) 

Coherent Landau states are minimun uncertanty states (MUS). 

Squeezing can be now analysed, since the standard procedure to consider this type of states 
involves the squeezing of associated coherents states. Complexive decoupled squeezed Landau 
stales have been introduced in ref. [3], where they have been called correlated coherent states. 

Since squeezing is not that intuitive we face in principle four different types of squeezing: 
partial squeezing in h-jit*, partial squeezing in u,l>j or full, complexive squeezing in both sets of 
variables. 

The complexive squeezing might be either decoupled or coupled in both set of variables. One 
might think that it could be enough to squeeze just in the dynamical constituents of the hamilto- 
nian m order to obtain physically appealing resufts. Tins primary type of “squeezing” can 
be shown to lead to states which are irrelevant, since they are neither minimun uncertainty states 
nor the variances of any canonical variable can tend to zero. 

We are obliged to turn our interest to more radical way of squeezing. As we said above, we 
must try complexive squeezing, i.e. to introduce squeeze operators which squeeze both type of 
quanta, the tt and the w-ones. 

Let us first consider what we call “decoupled” squeezing, as it has been done in ref. [3]. The 
squeezing operator is defined as 




e j «?’ »?■ - F » 1 *t + > w z 


S*(qi)S"(q 2 ). 


We consider the squeezed states 


(29) 


|ws,9,,<7j > ^S(ft,g 2 )|w,3 > . 
where both w and s are distorted. 


(30) 


f 

I 
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Both the ir and u ; variables transform non trivially here 


(*,)„ = ** chr i + (31) 

^S+u>*5„ = u t chr 2 + e^shrju^. + h.c. . (32) 

The squeezed transformed of the Heinserberg canonical variable z z„„ S+ n zS qi<n becomes 
in the present case 


z m , = l (’ r *c/iri + e 7 "* 1 shr^, — vjchr 2 — e -J,v *shr 2 w x ). (33) 

The complexive squeezed expectation values of z and p, are therefore 

< * >».«=< 2 nn >CL= *K(w) -I„(a)], (34a) 

< - P* - > ma =< ‘ (P*) 7 m >cl— 2 (5 ?1 (w) + s w (s)], (346) 

where subindex CL indicates the coherent Landau state |w,s > and s v {u)^chru + e^shrU. 
Quadratic complexive squeezed expectation values become 

< z 2 > 7i93 = — [s„(w) — s 7J (s)] 2 — s/lr|c/lr 1 e 2,v ’ , — shr 2 chr 2 e" 2, * J (35a) 

< 2j > iin~ < 2 >«na< 2 >jm +cArJ + shr\, (356) 

< p 2 > qi q 3 = 4 _l (s„(w) + s w (s)) 2 + shr l chr l e~' 1 " Pl +4 ~ l shr 2 chr 2 e 2ufi2 , (36a) 

< P*P* ><un = 4_1 ( 5 «( w ) + 3„(3)][3, 1 (w) + 5, J (s))4- I cA 2 r, +4 -1 s/i 2 r 2 . (366) 


From this expressions for the holomorphic variables we can evaluate physical uncertanties to 
see how they behave for complexive decoupled squeezing. They are 

(A p v ) 2 ,, 3 = (Ax) 2 m = 2~ l chr l (chr l - 3/ir,cos2<pi) + 2~ l chr 2 (chr 2 - shr 2 cos2<p 2 ) - 2~\ (37) 

(Ap) 2 ,,, = (Ap*) 2 ,, a = 2~ l chr i (chr l + $hr x cos2<pi) + 2 ~ l chr 2 {chr 2 + shr 2 cos2<p 2 ) - 2~ l . (38) 

For <pi = 0 = <p 2 Ax and A p„ are squeezed since: 

(Apy)J,, =o=¥> 3 = (Ax) 2 i=0=v>J = 4 _, e~ 2r ' + 4 _, e -2r * -► 0 + , r,, r 2 oo (39) 

while, of course A p x and A y increase according to eq. (38). The partial uncertanties get closer 
to their lowest bound, 

(Ay) 7l7 j = (Apr), 2 ,* | VJ=0=VJ = 8-'[l + chr 2 (r 2 - n)J = (Ay) 2 = (Ap y ) 2 l73 |^ =o ^ (40) 

This result indicates that physical squeezing, in the sense that the squeezed states are also 
minimun unccrtanty states, is obtained just for r 2 = r\. Complexive decoupled squeezing leads 
to physical squeezing inodes, but the two independent “a priori” parameters q\ and q 2 have to 
coincide. 

A nicer solution to finding squeezed states of arises by considering the fact that we have 
two modes in the system. For this situation a more natural squeezed operator can be defined, 
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similarly to what has been done for the two photon case in ref. [4]. The “coupled” squeezing 
operator we postulate is given by 

5 7 -=>e* ,J (41) 

It naturally depends upon only one parameter. It is straighforward to show that the squeezed 
yalues of r T and u>, respectively are 

S^ 7 S q = rrjch^ + e 2 ’*s/^u*, (42) 

S^,S„ = a >,ch r - + e**sh r - t,. (43) 

As expected this type of squeezing makes ^-variables to have w-components and viceversa. 

The new associates squeezed states are defined by 

|ws ,<7 > ^S T |w,3 > (44) 

where 5, has been introduced in eq. (41), It is inmediate to perform in this case similar calculations 
to what has already been done for the previous case. Results turn out to be mathematically simpler 
and physically interesting. We get 

< z >,=< z, > C l= *(w - l)ch^ + ish^{Je 3iv - we“ 2,v ), (45) 

< p, >,= 2 _, (w + s)ch + 2"*s/^(we 2,v + se~ 2up ). (46) 

In addition one finds that (A,)J = (A,.) 2 = 0. Finally the variances of the canonical variables 
attain the respective forms. 

(Ax) 2 = 4 -, e r (l - cos2<p) + 4 -1 e -r (l + cos2<p) = (Ap„) 2 , (47a) 

(Ap,) 2 = 4 -1 e r (l + cos2<p) + 4 -, e" r (l - cos2<p) = (Ay) 2 , (476) 

Doth uncertanties coincide, their value being 

(Ax) 2 (Ap t ) 2 = (Ay) 2 (Ap y )j = 4“‘(cAr 2 - shr 2 cos 2 2<p). (48) 

For p — kw/2 we obtain squeezing and minimun uncertainty. 

In conclusion we feel these coupled squeezed states (44) are the natural ones for introducing 
squeezing in the Landau system. We have shown they behave in a simpler way then those defined 
in ref. [3] while they also lead to physical squeezing. 
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Abstract 

The conception of quantum chaos is described in some detail. The most striking feature 
of this novel phenomenon is in that all the properties of classical dynamical chaos persist 
here but, typically, on the finite and different time scales only. The ultimate origin of such a 
universal quantum stability is in the fundamental uncertainty principle which makes discrete 
the phase space and, hence, the spectrum of bounded quantum motion. Reformulation of 
the ergodic theory, as a part of the general theory of dynamical systems, is briefly discussed. 


1 Introduction 

The main purpose of this talk is to explain new physical ideas in the so-called quantum chaos 
which" since recently attracts ever growing interest of many researchers [1-5, 10]. In appendix 
I also briefly discuss the concept of coherent /squeezed states in nonlinear, particularly, chaotic 
systems in a more qlose relation to the topic of this Workshop. 

The recent breakthrough in understanding of the quantum chaos has been achieved, partic- 
ularly, due to a new philosophy accepted, explicitly or more often implicitly, in most studies of 
quantum chaos. Namely, the whole physical problem of quantum dynamics was separated into 
two different parts: 

• The proper quantum dynamics as described by a specific dynamical variable, the wavefunc- 
tion and by some deterministic equation, for example the Schrpdinger equation. This 
part naturally belongs to the general theory of dynamical systems and is essentially mathe- 
matical; the problem is well-posed and this allows for extensive studies. 

• The quantum measurement including the registration of the result and, hence, the collapse 
of the rp function. This part still remains very vague to the extent that there is no common 
agreement even on the question whether this is a real physical problem or an ill-posed one 
so that the Copenhagen interpretation of (or convention in) quantum mechanics answers all 
the admissible questions. In any event, there exists as yet no dynamical description of the 
quantum measurement including the rp collapse. 
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In this way one can single out a very difficult problem of the fundamental randomness in quantum 
mechanics which is related to the second part only, and which is foreign, in a sense, to the proper 
quantum system. On the other hand, there is a close relation of this separate problem to the 

quantum chaos itself (see Section 4 below and Ref. [4]). 

The importance of quantum chaos is not only in that it represents a new unexplored field of 
nonintegrable quantum dynamics with many applications but also, and this is most interesting 
for the fundamental science, in reconciling the two seemingly different dynamical mechanisms for 

the statistical laws in physics. ... . 

Historically, the first mechanism was related to the thermodynamic limit N — » oo in which 
the completely integrable system becomes chaotic for typical (random) initial conditions (see, 
e.g.,Ref.[6]). A natural question - what happens for a large but finite number of freedoms N - has 
still no rigorous answer but the new phenomenon of quantum chaos, at least, presents an insight 
into this problem too. This mechanism, which is equally applicable in both classical and quantum 
mechanics, may be called the traditional statistical mechanics (TSM). 

The second (new) mechanism is based upon the strong (exponential) local instabiHty of motion 
characterized by positive Lyapunov’s exponents A > 0 [6, 7]. It is not at all restricted to large 
N , and is possible, e.g., for N > 1 in a Hamiltonian system. However, this mechanism has been 
operative, until recently, in the classical mechanics only. This phenomenon is called dynamical 
chaos as it does not require any random parameters or any noise in the equations of motion. 
Notice that in a Hamiltonian (time-reversible) system the motion is unstable in both directions of 
time because for each positive A there is the equal negative one, and for almost all trajectories the 
instability depends on positive (in a given direction of time) exponents only. Hence, the dynamical 
chaos is also time-reversible, and no ’time arrow’ exists or is required in the theory. 

The quantum system bounded in phase space has a discrete energy (frequency) spectrum and 
is similar, in this respect, to the finite- N TSM. In both cases the motion is almost periodic. 
Moreover, such quantum systems are even completely integrable in the Hilbert space (see, e.g., 
Ref.[3]). Yet, the fundamental correspondence principle requires the transition to the classical 
mechanics, including the dynamical chaos, in the classical limit q — ► oo, where q is some (big) 
quasi-classical parameter, e.g., the quantum number n (the action variable, h = 1). Again, a 
natural physical conjecture is that for finite but large q there must be some chaos similar to the 
finite-^ TSM. Yet, in a chaotic quantum system the number of freedoms N does not need to 
be large as well as in the classical chaos. The quantum counterpart of N is q, both quantities 
determining the number of frequencies which control the motion. Thus, mathematically, the 
problem of quantum chaos is similar to that for the finite-.iV TSM. 

Some researchers believe that the only way out of the above apparent contradiction is the 
failure of the correspondence principle [37]. If it were so the quantum chaos would be, indeed, a 
great discovery. ’Unfortunately’, there exists a less radical (but also interesting and important) 

resolution of this difficulty to be discussed below. 

The main difficulty here is in that the both problems suggest some chaos in the discrete 
spectrum which is completely contrary to the existing theory of dynamical systems and to the 
ergodic theory where such dynamics corresponds to the opposite limit of regular motion. 

The ultimate origin of the quantum integrability is discreteness of the phase space (but not, 
as' yet, of the space-time!) or, in the modern mathematical language, the noncommutative geom- 
etry of the former. This is the very basis of the whole quantum physics directly related to the 


318 


fundamental uncertainty principle which implies a finite size of an elementary phase-space cell: 
Ai • Ap>R (per freedom). 

As an illustration I will make use of the simple model described classically by the standard 
map (SM) [7, S]: 


TT = n + fc • sin 0; 9 = 9 + T ■ n (1) 

with action-angle variables n, 9, and perturbation parameters fc, T. The quantized standard map 
(QSM) is given by [9, 10] 

=; exp(— ik • cos 6) • exp (— iyn 2 ) (“) 

where momentum operator n = -id/d9. To provide the complete boundedness of the motion 
consider SM on a torus of circumference (in n) 


L = 


2 ~m 

~ 


( 3 ) 


with integer m to avoid discontinuities. The quasi-classical transition corresponds to quantum 
parameters lb— * 00 , T — > 0, L — • 00 while classical parameters K = kT = const, and m = 
LT/2ir = const remain unchanged. 

The QSM models the energy shell of a conservative system which is the quantum counterpart 
of the classical energy surface. 

In the studies of dynamical systems, both classical and quantal, most problems unreachable 
for rigorous mathematical analysis are treated “numerically” using computer as a universal model 
With all obvious drawbacks and limitations such “numerical experiments” have very important 
advantage as compared to the laboratory experiments, namely, they provide the complete infor- 
mation about the system under study. In quantum mechanics this advantage Decomes crucial as 
in laboratory one cannot observe (measure) the quantuYn system without a radical change of its 
dynamics. 


2 The definition of quantum chaos 

The common definition of the classical chaos in physical literature is the strongly unstable motion , 
that is one with positive Lyapunov’s exponents A > 0. The Alekseev - Brudno theorem then 
implies that almost all trajectories of such a motion are unpredictable, or random (see Refill])- 
A similar definition of quantum chaos, which still has adherents among both mathematicians as 
well as a few physicists, fails because, for the bounded systems, the set of such motions is empty 
due to the discreteness of the phase space and, hence, of the spectrum. 

The common definition of quantum chaos is quantum dynamics of classically chaotic systems 
whatever it could happen to be. Logically, this is most simple and clear definition. Yet, in my 
opinion, it is completely inadequate (and even somewhat helpless) from the physical viewpoint 
just because such a chaos may turn out to be a perfectly regular motion as, for example, in case 
of the perturbative localization [12]. In QSM the latter corresponds to k<l when all quantum 
transitions are suppressed independent of classical parameter K which controls the chaos. 
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I would like to define the quantum chaos in such a way to include some essential part of the 
classical chaos. The best definition I have managed to imagine so far reads: 

the quantum chaos is finite-time ( transient ) dynamical chaos in discrete spectrum 
In other words this new phenomenon reveals an intrinsic complexity and richness of the motion 
with discrete spectrum which has been considered since long ago as the most simple and regular. 
This is certainly in contradiction with the existing ergodic theory. In what follows I will try 
to explain a new approach to the ergodic theory which is necessary to describe the peculiar 
phenomenon of quantum chaos. 

3 The time scales of quantum dynamics 

Already the first numerical experiments with QSM revealed the quantum diffusion in n close to 
the classical one under conditions K> 1 (classical stability border) and k>l (quantum stability 
border) [9]. Futher studies confirmed this conclusion and showed that the former followed the 
latter in all details but on a finite time interval only [10, 13]. This observation was the clue to 
understanding the dynamical mechanism of the diffusion, which is apparently an aperiodic process, 
in discrete spectrum. Indeed, the fundamental uncertainty principle implies that the discreteness 
of the spectrum is not resolved on a sufficiently short time interval. Whence, the estimate for the 
diffusion (relaxation) time scale : 

Ir ~ (4) 

Here g is. the density of (quasi )energy levels, and go is the same for the operative eigenstates which 
are actual!}' present in the initial quantum state V’(O) and, thus, do actually control the dynamics. 
In QSM the quasi-energies are determined mod 2 n}T and, surprisingly, g = LT jlx = rp is a 
classical parameter (3). As to go, it depends on the dynamics and is given by the estimate [10, 
13]: 


go 

T 



((An) 2 ) m 
r ~ T 


(5) 


Here r is discrete map’s time (the number of iterations), and D is the classical diffusion rate. 
This remarkable expression relates an essentially quantum characteristic (r^) to the classical one 
(D). The latter inequality in Eq.(5) follows from that in Eq.(4), and it is explained by the 
boundedness of QSM on a torus. In the quasi-classical region tr ~ k 7 -+ oo (see Eq.(l)) in 
accordance with the correspondence principle. 

Besides relatively long time scale (5) there is another one given by the estimate [14, 10] 


In q In k 
X "* ln(/\/2) 


( 6 ) 


where q is some (large) quasi-classical parameter, and where the latter expression holds for QSM. 
It may be termed the random time scale since here the quantum motion of a narrow wave packet 
is as random as classical trajectories according to the Ehrenfest theorem. This was well confirmed 
in a number of numerical experiments [15]. The physical meaning of scale t T is in fast spreading 
of a wave packet due to the strong local instability of classical motion. 
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Even though the random time scale t r is very short it grows indefinitely in the quasi-classical 
region (q, k — » oo), again in agreement with the correspondence principle. 

Big ratio tft/tr imlies another peculiarity of quantum diffusion: it is dynamically stable as was 
demonstrated in striking numerical experiments [16] with time reversal. 

Thus, the quantum chaos possesses all the finite-time properties of the ’true’ (classical-like) 
chaos on the corresponding time scales in spite of the discrete spectrum. To put it another way, 
the phenomenon of quantum chaos demonstrates that the limiting case of the regular motion 
in the general theory of dynamical systems, which appears to be fairly simple and transparent, 
reveals, in the quantum chaos, its internal complexity and richness to the extent of approaching 
its opposite, the ’true’ classical chaos, or deterministic randomness. 

I think that the conception of characteristic time scales of quantum dynamics is a satisfactory 
resolution of the apparent contradiction between the correspondence principle and the quantum 
transient (finite-time) pseudochaos. Some physicists, however, feel that such an explanation is, 
at least, ambiguous because it includes the two limits which do not commute: 

lim lim ^ lim lim 

|l|— oo 9— so 9—00 |t|— OO 

While the first order leads to the classical chaos, the second one results in an essentially quantum 
behavior with no chaos at all. To relax these doubts I notice that in physics one does not need 
any limits at all, and can describe, principally, anything quantum-mechanically. If, nevertheless, 
we would like to make use of the much simpler classical mechanics (foY practical purposes) the 
only one limit (g —* oo) is quite sufficient as the physical time is certainly finite. At last, even if 
it would be helpful for some reason to formally take the limit |<] — * oo this should be conditional 
that is one for a fixed ratio |<|/f/i(g), for example. The limit |t| — ► oo is related to the existing 
ergodic theory which is asymptotic in t. Meanwhile the new phenomenon of the quantum chaos 
requires the modification of the theory to a finite time which is a difficult mathematical problem 
still to be solved. The main difficulty is in that even the distinction between the two opposite 
limits in the ergodic theory - discrete and continuous spectra - is asymptotic only. 

In any event, since quantum mechanics is commonly accepted as the universal theory, the 
phenomenon of the ’true’ (classical-like) dynamical chaos strictly speaking does not exist in nature. 
Nevertheless, it is very important in the theory as the limiting pattern to compare with the real 
quantum chaos. On the other hand, the practical importance of statistical laws even for a finite 
time interval is in that they provide a relatively simple description of the essential behavior for a 
very complicated dynamics. 

4 The quantum steady state 

As a result of quantum diffusion and relaxation some steady state is formed whose nature depends 
on the crgodicity parameter 



where l, is. the so-called localization length (see Eq.(lO) below). If A 3> 1 the quantum steady state 
is close (at average) to the classical statistical equilibrium which is described by ergodic phase 
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density 5ci( n ) =const (for SM on a torus) where n is a continuous variable. In quantum mechanics 
n is integer, and the quantum phase density $ 9 (n,r) in the steady state fluctuates [17, 5], the 
ergodicity meaning 

*«(»)* I0i(”.f)l 2 = j (s) 

where the bar denotes time averaging. 

According to numerical experiments the ergodicity does not depend on the initial state which 
implies that all eigenfunctions 4> m {n) are also ergodic, at average, with Gaussian fluctuations [17, 
5] and the dispersion 

<l<M»)l , > = J- (9) 

This is always the case sufficiently far in the quasi-classical region as A ^ k 7 / L ~ Kk/m — ► bo 
with k — ► oo (I< = kT and m = LT j 2rr remain constant) in accordance with old Shnirelman’s 
theorem [IS]. , * 

An interesting unsolved problem is the microstructure of ergodic eigenfunctions, particularly, 
the so-called ’scars’ [29] which reveal the set of classical (unstable) periodic trajectories (see Ref. [30] 
for the theory of scars). 

Finite fluctuations (9) show that a single chaotic quantum system in a pure state described 
by t/f s (n,r) represents, in a sense, a finite statistical ensemble of M ^ L “particles”. Moreover, 
Eq.(9j shows that all the basis states in a chaotic quantum system are statistically independent 
as if the system were in a mixed state and not in a pure one as it actually is. This means that the 
quantum chaos provides the dynamical loss of quantum coherence which is of principal importance 
in many problems, for example, in the theory of quantum measurement. The fluctuations result, 
particularly, in partial recurrences toward the initial state but the recurrence time is much longer 
as compared to the relaxation time scale tr and sharply depends on the recurrence domain. 

If A 1 the quantum steady state is qualitatively different from the classical one. Namely, it 
is localized in n within the region of size /, around the initial state if the size of the latter Iq < /*. 
Numerical experiments show that the phase space density, or the quantum statistical measure , is 
approximately exponential [10, 13] 



for initial <7(h,0) = d(n). The quantum’ ensemble is now characterized by M l, ~ k 7 “particles”. 

The relaxation to this steady state is called diffusion localization , and it is described approx- 
imately by the diffusion equation [19, 28] 

(ID 


(12) 


dg _ 1 d_ dg_ dg_ n_ 

dr' 2 dn dn dn |n| 

for initial g(n , 0) = S(n) where new time 
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accounts for the discrete motion spectrum [20]. The last term in Eq.(ll) describes the “backscat- 
tering” of \}) wave propagating in n which eventually results in the diffusion localization. The 
fitting parameter tr as 2D was derived from the best numerical data available (see Ref. [21] where 
a different theory of diffusion localization was also developed). 


5 Concluding remarks 

In conclusion I would like to briefly mention a few important results for unbounded quantum 
motion. In SM it corresponds to L — ► oo. First, there is an interesting analogy between dynamical 
localization in momentum space and the celebrated Anderson localization in disordered solids 
which is a statistical theory. The analogy was discovered in Ref.[22] and essentially developed in 
Ref.[23], It is based upon (and restricted by) the equations for eigenfunctions. The most striking 
(and less known) difference between the two problems is in the absence of any diffusion regime in 
ID solids [24]. This is because the energy level density of the operative eigenfunctions in solids 

Up l 

p °~1e~Z~‘ r (13) 

which is the relaxation time scale, is always of the order of the time interval for a free spreading of 
the initial wave packet at a characteristic velocity u. In other words, the localization length / is of 
the order of the electron scattering free path. On the contrary, in momentum space, for instance 
in the standard map, each scattering (one map’s iteration) couples ~ k unperturbed states, so 
that ~ k 7 > 1 scatterings are required to reach the localization / ~ k 2 . Another (qualitative) 
explanation of this surprising difference is in that the density of quasienergy levels for driven 
systems is always much higher as compared to that of energy levels. The same is true for a 
conservative 2D system as compared with ID motion in solids. Thus, the Anderson localization 
is the spreading, rather than diffusion, localization. 

Another similarity between the two problems is in that the Bloch extended states in periodic 
potential correspond to a pecular quantum resonance in QSM for rational T/4- [9, 10]. 

An interesting open question is the dynamics for irrational- Liouville’s (transcendental) Tj4~. 
As was proved in Ref.[25] the motion can be unbounded in this case unlike that for a typical 
irrational value. The latter is the result of numerical experiments, no rigorous proof of localization 
for k 1 has been found as yet. In Ref.[2$] the conjecture is put forward, supported by some 
semiqualitative considerations, that depending on a particular Liouville’s number the broad range 
of motions is possible, from purely resonant one (]n| ^ r) down to complete localization (|nj</). 

If the quantum motion is not only unbounded but the growth of unbounded variables is expo- 
nential, the true” chaos (not restricted to a finite time scale) can occur. A few exotic examples 
together with considerations from different viewpoints can be found in Refs. [10, 26]. One particu- 
lar model is 3 D linear oscillator with phase-dependent frequencies described by the Hamiltonian 

1 3 o , 

H = oH *3 )n k + **«*(*,, e 3 , *,)); n k = 

However, such chaos does not seem to be a typical quantum dynamics. 

The final remark is that the quantum chaos, as defined in Section 2, comprises not onlv 
quantum systems but also any linear, particularly classical,* waves [27]. So, it is essentially the 
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linear wave chaos . Moreover, a similar mechanism works also in completely integrable nonlinear 
systems like Toda lattice, for example [31]. From mathematical point of view all these new ideas 
require some perestroika in the existing ergodic theory. Perhaps, better to say that a new ergodic 
theory is wanted which, instead of benefiting from the asymptotic approximation (|t| — ► oo or 
N -» oo), could analyze the finite-time statistical properties of dynamical systems. In my opinion, 
this is the most important conclusion from the first attempts to comprehend the quantum chaos. 
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Appendix: universal squeezing of coherent states 


The coherent states have been introduced and are widely used as the special most narrow wave 
packets for the linear harmonic oscillator. In this and only this case the packets do not spread, and 
it allows, particularly, for the unambiguous distinction between the coherent and squeezed states 
which attract recently much attention [32]. The generalization of both onto nonlinear oscillations 
remains unclear as many different attempts do attest [33]. The main obstacle here is a universal 
phenomenon of the stretching/squeezing for any narrow wave packet in nonlinear dynamics. Even 
in a completely integrable system the linear (in time) local instability of motion always occurs 
just as a result of nonlinearity which makes the frequencies u>(n) dependent on initial conditions: 
In quantum mechanics it corresponds to unequal energy level spacings. As a result the squeezing 
parameter 

s(t) s , mar ~ n(A0) 2 . ~ (An) 2 1 7 ~ (iqu-’t) 2 — 

“mm 

permanently grows with time. Here d max ~ i/nA6 ~ (i/ju;f)An/v' l n and d mitl ~ l/d max are 
the maximal and minimal dimensions, respectively, of an initially ’round’ (coherent) wave packet 
(A n/^/n ~ *JnA9 ~ 1) on the action-angle phase plane in polar coordinates \/n> 0; vi = 
(n/u?)|dw/dn| is dimensionless nonlinearity, and the minimum-uncertainty relation [34] 
dma X ■ d m i„ ~ 1 used is the quantum counterpart of the classical phase-space area conservation. 
The former is not exact [35] 


dW _ 1 <Pu c? 3 W 
dt 24 dn 7 d$ z 


W U l/<2 


(An) 3 




where W(n, 6, t) is the Wigner function, and u 7 = (n 2 /u:)<Pu/dTi 7 . This estimate determines the 
inflation time scale tij when the phase-space area A , occupied by a quantum state, substantially 
increases (AA ~ A): 

vivtij ~ T- . n T? -»>/»» (*> ~ !) 

(An)-* 
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The latter estimate holds for the coherent initial state ( s 0 - (A n) 3 /n - 1). 

It is instructive to compare Uj with the two other characteristic time scales of the packet 

dynamics, namely 

• squeezing time scale (As ~ 1): v x ut t , ~ v/n/An -> 1 (*o ~ 1) 

• stretching time scale (A d ~ 1): ~ n/An — ♦ s/n (s 0 ~ 1) 


In quasiclassics (n » 1) ~ ««/ (*> - !)• If An < ^ (initial squeezing parameter 

so > 1) the discreteness (quantization) of action n comes into play and destroys the wave packet. 
Apparently, it happens when An e ~ 1 at the packet center, or A d ~ 1. Hence beyond the 
stretching time scale t, t a single packet does no longer exist. In a sense, t tt is the packet life time. 

The ultimate origin of the packet inflation is in that the uncertainty relations are generally 
inequality. An attempt [36] to reformulate them as the equality, using the universal relation 

/ W'dpdq = ± 

for any pure state, is very restrictive as W may be negative. Particularly, this is just the case 

during inflation when IV oscillates around zero. ... , . 

Recently, another version of ’phase-space density’ (also called Husimi distribution) 


S(p, q, t) = ^ I < Q I \ * > I 5 

became very popular. Even though this function has a clear physical meaning as the expansion 
in the basis of the coherent states at points a = (? + ip)(s / 2 and, moreover, is never negative it 
may substantially distort the picture of quantum evolution owing to the inherent restriction of 
resolution in both p and q separately. Particularly, for a classically unstable and, hence, chaotic 
motion the squeezing of a narrow wave packet is almost completely hidden, the stretching only 

showing up [15]. . , 

In the latter case the squeezing (as well as stretching) is most fast ( $(t) ~ exp(2AtJ wfcere 
the instability rate A is the Lyapunov exponent), and it explains a very short random time scale 
(6). This scale essentially depends on the initial wave packet, estimate (6) corresponding to 
the special, least squeezing, packet with An ~ (Ad) -1 ~ Vk. This is also a sort of coherent 
state but very unusual one which depends hot on the action n but on perturbation parameter 
k {&n/y/k ~ v^Ad ~ 1). The squeezing due to the local instability is terminated at time 
(6) by the distruction of the packet which disintegrates into many scattered pieces [15] when 
Ad ~ An ~ 1 as explained above. However, if the packet resides on a classical (unstable) periodic 
trajectory of period P £tr the squeezing is restricted, due to periodicity, by the time P/2, and a 
quasistationary structure may exist. This phenomenon manifests itself in the so-called scars on 
the chaotic eigenfunctions [29, 30]. The set of such almost ’frozen’ packets may form a natural 

coherent basis for chaotic quantum systems [19]. 

In conclusion I would like to emphasize again that even though the distinction between coherent 

and squeezed states remaines, as yet, ambiguous the squeezing itself is generic. 
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Abstract 

The general theory of atomic angular momentum states is used to derive the 
Wigner distribution function for atomic angular momentum number states, co- 
herent states, and squeezed states. These Wigner Auctions W(9,f) are 
represented as a pseudo-probabili ty distr ibution in spherical coordinates 9 and <p on 

the surface of a sphere of radius > lj(j+l. ") where j is the total angular momentum. 


1 Introduction 

The phase space description of electromagnetic fields has had great success in 
leading to an understanding of the relationship between semi classical and q uan tum 
theories of light. It was Sudarshan [1] who proved the optical equivalence theorem, i.e., 
he derived the relationship between the quantities measured by a photodetector and the 
mean values of the corresponding operators. He showed that the function appearing in 
the diagonal coherent state representation, that is calculated from the density matrix, 
provides a link between the semiclassical and quantum descriptions. This function, 
now denoted by P(ex), is generally singular for nonclassical states [2]. In such cases the 
Wigner function [3,4] has proved to be especially attractive as an alternative. The 
Wigner function has also proved to be quite useful in discussing related topics [5] such 
as the photon number distribution and the phase operator distribution. In these 
problems, the concept of the area of overlap in phase space has been especially useful. 

The nonclassical characteristics of the atomic systems, particularly a collection of 
two-level atoms, has been a subject of much investigation [6,7]. Much of the work has 
concentrated on the direct calculation of the variances in the atomic operators such as 

J x , J + , and J . Very little has been done on the relationship between the nonclassical 
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aspects and the phase space distributions for atomic operators. For general angular 
momentum systems, Arecchi, et al. [ 8 ] introduced the analog of the diagonal coherent 
state representation 


P 


J P(a,P) I a.P> sina da dp , 


( 1 ) 


where / a,p) represents the atomic coherent state 
e , v 1/2 / \j+® i 


hi) 


e-^"* |jm> f 


( 2 ) 


and where Ijm ) is the eigenstate of J 2 and J x . The parameters a and p correspond to 
0 and <p except that a is measured off the south pole. The coherent state obtains the 

minimum of the angular momentum uncertainty relation ’) £ l<Jz')l 2 /4, 


where x\y\ an d z ' form an orthogonal coordinate system with z' in the r direction with 
an gular coor dinat es (a,P). The coherent state is just a rotation of the ground Fock state 
jj -j\ away from the south pole. Arecchi and co-workers discussed the utility of the 
function P(a,fi) in atomic problems, and Scully and co-workers have discussed the 

Wigner function for spin- 5 particles [9]. Using the general theory of multipole 

operators [10], Agarwal [11] introduced the Wigner function for systems of arbitrary 
angular momentum. To arrive at this distribution, we first expand the atomic angular 
momentum operators as 

■ 


where T K q 



is the multipole operator defined by 


i * 

I £ 

®— j a .-j 




I jm) (jm' | , 


(4) 


where (in, q i'j is the usual Wigner 3j symbol. The expansion coefficients 
in Eq. (3) are obtained from the orthogonality of the multipole operators, namely 

0 K Q - Tt(gt; q ) . (5) 

The Wigner function associated with G is then defined by [11] 

2j +K 

W(6,<p) = IL y kq (0,<p)G kq > ^ 

where Y K q are the usual spherical harmonics. Note that 
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(7) 


TrG = Y j W(8,9) sinG d0 d<p * 1 , 

a general property desired of any distribution function. Note further that if two 
operators G (1) and G (2) are represented respectively by the Wigner functions W (1) 
and then 

Tr (G X G 2 ) - j W (1> (0,<p) W (2) (6,<p) sine d0 d«p , (8) 

a defining property of the Wigner distribution. In fact these two features, Eqs. (7) and 
(8), can be used to derive the form, Eq. (6), of the Wigner function. Thus, unlike the P 
function, all expectation values can be obtained in terms of the Wigner functions alone. 

In this paper we shall consider the structure of the Wigner function associated 
with the important states like (i) Fock states lj,m), (ii) coherent states /a.ft), and 
(iii) squeezed states lC,m) associated with a collection of two-level atoms interacting 
with a squeezed photon bath. We examine how the quantum character of the state is 
reflected in the properties of the Wigner function. 


2 Angular Momentum States | jm) 

We first obtain the Wigner function for the state Ijm). The density matrix can be 
written in the form 


p _ |jm) (jm| . 


(9) 


Upon using Eqs. (4) through (6), that are used in defining the Wigner function W, we 
find that 







( 10 ) 


As expected W jm is independent of <p . 

This function is plotted in Fig. 1 as a function of 8 e (0,n) and q> e (-ft, ft) for j*5 and 
m=0, -I, ... -5. We plot the distribution both as planar and spherical surfaces. If we 
suppose that Ijm) is an orbital angular momentum state, then quantum-mechanically 

we would expect the angular momentum vector of length 'JjO+D A to be oriented inside 

a sphere of radius <j(j+l) H such that its z component is mil where m = -5, ..., 5. This 
situation is depicted in Fig. 2 [12]. The Wigner function W(6,f), when integrated over 
the domain of spherical angle, 8 e (0,it ) and <p e (—it, ft), contributes the most positive 
probability at precisely these locations in 8 . At these 6 values there is always one peak 
on the “wavy sea" that is not cancelled by a trough and so contributes a large amount of 
probability. In Fig. 1 we plot the function W(8,<p) as a two-dimensional surface, and also 

the normalized function W= WHj(j+l) in spherical coordinates so that the oscillations 
ran be viewed as variations in the surface of a sphere of radius one. 
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FIG. 1. Here we plot for 8 e (0 ,k) and <p e (-n,n), the normalized Wigner 

function W Fock = W Fock /V./6'+i) * where W Fock f 8, <p) is given by Eq. (10). The 
ang ular momentum Fock states represented here are Ijm) = fS,m) where m = 0, 
-1, -2, -3,-4, -5. When integrated over 6 and <p , the Wigner function contributes 
the most positive probability precisely at the locations where the angular 

momentum vector for Ijm ) of length 'ijd+l) fl has z component mil (see Fig. 2). 
These contributions occur where the dominant positive crest of the Wigner 
function — the peak that is not cancelled by any troughs — contributes. To bring 
out all the features of W( 6,<p) we plot it first as a two-dimensional surface 
function of 6 and <p in (a), (c), (e), (g), (i), and (k). This method of presentation 
brings out the scale of the local positive and negative variations of W with 
respect to the plane f(8,<p) * 0. Then in (b), (d), (f), (h), (j), and (1), we take a global 

view by plotting 6,<p) - W(0,<p) Hj(j+1) on a sphere of radius one. 


Z 



FIG. 2. Here we show a schematic diagram of the angular momentum 
vector for the Fock states inside a sphere of radius ^j(j+l) 1l . The vectors all have 

length 'flu*!) fl but z component mil . These vector locations correspond to the 
maximal contributions from the Wigner functions shown in Fig. 1. In 
particular, the Wigner function always has an uncancelled dominant peak at 
precisely these locations in the angle 8 . 
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3 Atomic Coherent State fap) 

We next consider the Wigner function for the atomic coherent state, Eq. (2), 

p = la,P) <a,pi . (ID 

Using Eqs. (2), (4), and (5), the coefficients of the operator G for the density matrix 
Eq. (11), are found to be ' 

J / \ 1V2 m %l/2 

(j4u 

m—j 

X (cos o/2) 2> ' 2m i-ir^ (2K+1) 1/2 ( J m _J_Q q) . (12) 

The Wigner function W coheren Vft<t) is then given by Eq. (6) and is plotted in Fig. 3 for 
a * fi = nl 4, recalling that a is measured at the south pole. (Again we have 

normalized W ■ WHj(j+l).) The coherent state appears as a positive perturbation on 
the surface of a unit sphere. It is a Gaussian-like distribution located on the sphere’s 
surface at 0 * 3x14, <f > « x/4; the “Wigner toothache” state. It is just a rotation of the 
ground Fock state Wigner function from section 2. The Gaussian shape is analogous to 
that found for the Wigner distribution for coherent states of the single mode radiation 
field. 



o>> 

FIG. 3. Here we plot the Wigner distribution W c °**™nt / for the 

coherent state fa, (3), Eq. (2). We choose the parameters a*f}*x/4 that correspond 
to a Gaussian distribution localized at 6 » 3x!4, <p « x!4. This distribution is 
qualitatively similar to that of the coherent state for photons. Again we present a 
two-dimensional surface view (a) and a spherical coordinate perspective (b). 
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4 Atomic Squeezed State lC m ) 

We finally consider the state [12,13] of the angular momentum system defined by 

I £,m) - cA m exp (ej J exp (-in J y /2) | jm> , (13) 

where is the normalization constant. For m * -6, this state generated by a non* 
Hermitian operator — describes the behavior of a collection of two-level atoms 
interacting with a squeezed coherent photon state. In the state, Eq. (13), the x 
quadrature, i.e., *7* is squeezed as per Eq. (13), 


<(aj/> - — j <v(-e U, )| , 


where £ is defined by 


c 20 = tanh (2i;i). 


( 14 ) 


( 15 ) 


This relation implies that ((AJj 2 ) < KM 12 that shows a suppression of x noise, AJ X , 
in uncertainty relation ((AjJ 2 ) ((AJyj 2 ) 2 KM 2 14 at the expense of the y fluctuation, 
AJ y . Thus the states of Eq. (13) can be considered as suitable canidates for squeezed 
states of the general angular momentum system, besides, Agarwal and Pun [13] have 
shown that the states, Eq. (13). are the eigenstates of the operator 

(J' cosh ICI + J* sinh IQ )/V2 sinh 2 IQ with the eigenvalue m, and that these states 
are the analog of the two photon coherent states [2] for photons. Note further that 
Eq. (13) can be written in terms of the elements of the rotation operator coefficients 

, (n!2) via the relationship 


mm 

(jm| Cp) « Ap e 0m d J mp (it2), 
where we define 

.1/2 +j 

. _ ((j+m)! (>-m)! (j+P> ! (i-P> ! ) V 

U (Z/2) * ^ « /i\l nl ( n^T\— m ^ I ( 1 4-m — C ] ^ ^ 


c-ir 


mp 


q — j 


(j— p— q)! q! (q+p-m)! (j+m-q)! 


(16) 


( 17 ) 


Upon using Eqs. (13), (16), and (17) for the squeezed state, and Eqs. (4) and (6) for the 
dSnition^f the Wigner function, we find the coefficients of the squeezed density 

operator G to be 


Ojp-'-X X <-«*" « K+1 )‘ n (inQm) 


m*-j m *-j 


e^ 0 <J> d j , 


mp n p 


X l d ®”p| 

m" 


2m8 


( 18 ) 


where we have also introduced the value of the normalization constant. The Wigner 
distribution W* queered (e >& obtained from Eq. (6), using Eqs. (17) and (18), is plotted in 
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Fig. 4 for j * 5 and p ■ -5. We take the squeezing parameter 9 equal to -2.13xl0~ s 
which, in the Agarwal and Puri system of two-level atoms interacting with a squeezed 
photon bath, corresponds to a mean photon occupation number of 

n s «inhg ^jarctanh (e 2 ^) j * 50 corresponding to C * 2.65. The plot is again normalized 

so that the elongated GausBian of the squeezed state appears as a “Wigner banana ” 
draped across the surface of sphere of radius one at the south pole. (To see this, one 
must take the surface in Fig. 4a and mentally map it onto a sphere of radius one, as in 
Fig. 4b.) Notice that the localization of the state is squeezed in the x direction at the 
expense of knowledge about the y location. Agarwal and Puri [13] have shown how the 
atomic states Eq. (13) can be produced if the collection of two-level atoms interacts with a 
broad band squeezed bath and if one concentrates only on the steady-state solution for 
the collective system. The parameter f characterizes the squeezed bath with average 
photon number equal to sinh^f . 



FIG. 4. Here we plot the Wigner function for a squeezed an gular momentum 
state l£,-5) defined by Eq. (13). The function W #qu#eM< Vft0) is computed using 
Eqs. (6), (17), and (18) for a squeezing parameter of -2.13 xlO -5 corresponding 

to a mean occupation number of n ■ 50. In (a) we plot the function as a surface 
W(0,<p) as before. We have normal ized th e variation in the surface in spherical 
coordinates to a sphere of radius ^j(j+l) in (b) so that the elongated Gaussian 
appears here as a “Wigner banana” draped across the surface of the sphere of 
radius one at the south pole. Notice that the squeezed state is more localized in 
the x' direction than the coherent state, Fig. 3, at the expense of decreased 
localization or increased noise in the ^'direction. 
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5 S ummar y and Conclusions 

In summary the Wigner distribution for a general angular momentum state has 
been derived and given explicitly for a Fock state, a coherent state, and a squeezed state. 
Represented as a pseudo- probability distribution on the sphere of radius one, the 
Wiener function is plotted for these three situations. These plots enable us to 
understand the nonclassical nature of the states of a collection of identical two-level 
atoms since the collection is described by the addition of the spin operators for each 

atom. 
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Abstract 

It is shown that the wavelet is the natural language for the Lorentz covariant description 
of localized light waves. A model for covariant superposition is constructed for light waves 
with different frequencies. It is therefore possible to construct a wave function for light waves 
carrying a covariant probability interpretation. It is shown that the time-energy uncertainty 
relation (At)(Aw) ~ 1 for light waves is a Lorentz-invariant relation. The connection between 
photons and localized light waves is examined critically. 


1 Introduction 

The word “squeeze” is relatively new in physics, but the squeeze transfornlation has been one of 
the most important transformations in both relativity and quantum mechanics [1]. The geometry 
of squeeze is very simple. Let us consider the two-dimensional xy coordinate system. We can 
expand the x coordinate while contracting y in such a way that the product xy is preserved. 
This transformation is built in many branches of physics, including classical mechanics, special 
relativity, quantification of uncertainty relations, the Bogoliubov transformation in condensed 
matter physics, and two-photon coherent states in quantum optics [2]. Indeed, this new word 
enables us to study the squeeze transformations more effectively and systematically. 

The concept of squeeze in quantum optics was developed from the parametric oscillation. Let 
us start with a simple harmonic oscillator with a given frequency. If we add a small sinusoidal 
variation to the frequency, the original oscillator will be modulated [3], and the resulting oscillation 
will be, to a good approximation, a superposition of two oscillations with different frequencies. We 
can use the mathematics of this oscillator system for the Fock-space description of creation and 
annihilation of two photons in a coherent or correlated manner, created in a laser cavity where 
the index of refraction undergoes a sinusoidal variation with respect to time. 

Indeed, the mathematics of this two-photon system was worked out by Dirac in 1963 [4]. It is 
possible to translate the mathematics of this two-photon system into that of the Wigner phase- 
space distribution function defined over four-dimensional phase space. It is remarkable that the 
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two-photon coherence we observe in laboratories can be described by the squeeze transformations 
in this four-dimensional phase space [5]. 

Fourteen years before the appearance of his 1963 paper [4], Dirac observed that the Lorentz 
boost in a given direction is a squeeze transformation. In his 1949 paper entitled ’’Forms of 
Relativistic Dynamics” [6], Dirac observed that the Lorentz boost along a given direction is a 
squeeze transformation. The application of this idea to relativistic hadronic system was made in 
1973 [7]. 

These days, we have a new mathematical technique called wavelets, which serves a useful 
purpose in signal analysis [8]. This technique contains many features which are not available 
in the conventional method of Fourier analysis. It accommodates squeeze transformations. The 
wavelets can also constitute a representation of the Lorentz group. With these features in mind, 
we shall examine in this paper whether the wavelet can serve as the proper language for covariant 
localized light waves. 

Photons are important particles in physics. Since they are relativistic particles, the quantum 
mechanics of photons occupies an important place in relativistic quantum mechanics. The diffi- 
culty in formulating the theory of photons is that there is no position operator which is covariant 
and Hermitian. This is known as the photon localization problem [9]. However, when we discuss 
photons, we always think of localized light waves in a given Lorentz frame. The question then is 
whether someone in a different Lorentz frame will think in the same way. 

With this point in mind, we considered the covariance of localized light waves [10]. It was noted 
in our 1987 paper that localized light waves cannot represent photons. It was shown however that, 
if the momentum distribution is sufficiently narrow, the light wave distribution can numerically 
be close to that of the photon. For this reason, it is still useful to study the covariance of localized 
light waves. 

The question of relating waves with photons is a well-defined problem in physics [11], even 
though the problem has not yet been completely solved. In this paper, we shall bring them closer 
together by using the wavelet formulation of light waves. 

2 Localized Light Waves 

For light waves, the Fourier relation (Af)(Au;) ~ 1 was known before the present form of quantum 
mechanics was formulated [12, 13]. However, the question of whether this is a Lorentz-in variant 
relation has not yet been fully examined. Let us consider a blinking traffic light. A stationary 
observer will insist on (Af)(Au>) ~ 1. An observer in an automobile moving toward the light will 
see the same blinking light. This observer will also insist on (A<*)(Au7*) ~ 1 on his/her coordinate 
system. However, these observers may not agree with each other, because neither t nor u is a 
Lorentz-invariant variable. The product of two non-invariant quantities does not necessarily lead 
to an invariant quantity. 

Let us assume that the automobile is moving in the negative z direction with velocity parameter 
/?. Since both t and ui are the time-like components of four- vectors (x, t) and (k,w) respectively, 
a Lorentz boost along the z direction will lead to new variables: 

«• = (< + 0z)/(l - w* = (w + /»*)/(! - 0 2 )'«, (1) 
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where the light wave is assumed to travel along the z axis with k = u. In the above transformation, 
the light wave is boosted along the positive z direction. If the light passes through the point z = 0 
at t = 0, then t = z on the light front, and the transformations of Eq.(l) become 



These equations will formally lead us to 

(AC)(Au,-) = 1±|(A()(A W ), (3) 

which indicates that the time-energy uncertainty relation is not a Lorentz-invariant relation, and 
that Planck’s constant depends on the Lorentz frame in which the measurement is taken. This is 
not correct, and we need a better understanding of the transformation properties of At and Aw . 

This problem is related to another fundamental problem in physics. We are tempted to say 
that the above-mentioned Fourier relation is a time-energy uncertainty relation. However, in 
order that it be an uncertainty relation, the wave function for the light wave should carry a 
probability interpretation. This problem hats a stormy history and is commonly known as the 
photon localization problem [9]. The traditional way of stating this problem is that there is no 
self-adjoint position operator for massless particles including photons. 

In spite of this theoretical difficulty, it is becoming increasingly clear that single photons can 
be localized by detectors in laboratories. The question then is whether it is possible to construct 
the language of.the photon localization which we observe through oscilloscopes. Throughout the 
history of this localization problem, the main issue has been and still is how to construct localized 
photon wave functions consistent with special relativity. 

However, in this paper, we shall approach this problem by constructing covariant localized light 
waves and comparing them with photon field operators. As we shall see, the task of constructing 
a covariant light wave is constructing a wavelet representation of a light wave. First, we construct 
a unitary representation for Lorentz transformations for a monochromatic light wave. It is shown 
then that a Lorentz- covariant superposition of light waves is possible for different frequencies. 
After constructing the covariant light wave, we shall observe that there is a gap between the 
concept of photons and that of localized waves. From the physical point of view, this gap is not 
significant. However, there is a definite distinction between the mathematics of photons and that 
of light waves. 

3 Affine Symmetry of Wavelets 

Like Fourier transformations, wavelets are the superposition of plane waves with different frequen- 
cies. In addition, the distribution function has the affine symmetry. Let us briefly examine what 
the affine transformation is [14]. 

To a given number, we can add another number, and we can also multiply it by another real 
number. This combined mathematical operation is called the affine transformation. Since the 
multiplication does not commute with addition, affine transformations can only be achieved by 
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matrices. We can write the addition of b to x as 


(f)-(i !)(;)• 


(4) 


This results in x' = x + b. We shall call this 
translation matrix is 

(o 

We can represent the multiplication of by e n as 


operation translation. The inverse of the above 



d'Mo” m 



which leads to x' = t v x. This multiplication operation is usually called dilation. The inverse of 
the above dilation matrix is 

Co ?)■ (7) 

The translation does not commute dilation. If dilation precedes translation, we shall call this 
the affine transformation of the first kind, and the transformation takes the form 


Co \)c: ?Mo i) 


( 8 ) 


If the translation is made first, we shall call this the affine transformation of the second kind. The 
transformation takes the form 


/e v 0W1 b\ _ ft" e^N 

\0 l/lO lj"U \ ) 


(9) 


Indeed, the affine transformations of the first and second kinds lead to 

x' = t"x + 6, x' = e’ J (x + 6), 


( 10 ) 


respectively. Let us next consider inverse transformations. The inverse of the first-kind transfor- 
mation of Eq.(8) becomes an affine transformation of the second kind: 


/e"” 0W1 -b\_fe~ 7 ’ -e-”6\ 

V 0 , 1 J VO 1 ) VO 1 /’ 


( 11 ) 


while the inverse of the second kind of Eq.( ) becomes an affine transformation of the first kind: 


c -,*)(•;' :)-c: n- 

The distinction between the first and second kinds is not mathematically precise, because the 
translation subgroup of the affine group is an invariant subgroup. We make this distinction purely 
for convenience. Whether we choose the first kind or second kind depends on the physical problem 
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under consideration. For a covariant description of light waves, the affine transformation of the 
second kind is more appropriate, and this affine transformation takes the form 

x' = e”(x + 6), (13) 

and its inverse is 

x = e~ V - 6 = e" V - e'b). (14) 

Therefore, the transformation of a function /(x) corresponding to the vector transformation of 
Eq.(13) is 

/ (e^x - 6) = / (e-”(x - e'bj) . (15) 

This translation symmetry leads us to the concept of “window,” which will be discussed further 
in Sec. 4. 

Next, let us consider the normalization of the function. The normalization integral 

J \f(e~ v x — b)\ 2 dx (16) 

does not depend on translation parameter 6, but it depends on the multiplication parameter 77. 
Indeed, 

J | /(e-”x - b)\ 2 dx = 6"! |/(x - 6)| 2 dx. (17) 

In order to preserve the normalization under the affine transformation, we can introduce the form 

[8] 

e v ^ 2 f(e~ v x — b). (18) 

This is the wavelet form of the function f(e~ v x - b). This is of course the wavelet form of the 
second kind. The wavelet of the first kind will be 

e~ v/2 f (e~ v (x - 6)) . (19) 

Both the first and second kinds of wavelet forms are discussed in the literature [8] 


4 Windows 

There are in physics many distributions, and their functional forms usually extend from minus 
infinity to plus infinity. However, the distribution function of physical interest is usually concen- 
trated within a finite interval. It thus is not uncommon in physics that mathematical difficulties 
in theory come from the region in which the distribution function is almost zero and is physically 
insignificant. Thus, we are tempted to ignore contributions from outside of the specified region. 
This is called the ”cut-off” procedure. 

One of the difficulties of this procedure is that a good cut-off approximation in one Lorentz 
frame may not remain good in different frames. The translational symmetry of wavelets allows us 
to define the cut-off procedure which will remain valid in all Lorentz frames. 

We can allow the function to be nonzero within the interval 

a < x < a + w, (20) 
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while demanding that the function vanish everywhere else. The parameter w determines the size 
of the window. The window can be translated or expanded/contracted according to the operation 
of the affine group. We can now define the window of the first kind and the window of the 
second kind. Both widows can be translated according to the transformation given in Eq.(4). The 
window of the first kind is not affected by the scale transformation. On the other hand, the size and : 
location of the window of the second kind becomes affected by the scale transformation according 
to Eq.(ll). Depending on our need, we can define the window to preserve the information. The 
idea of introducing the new word ’’window” is to define the information-preserving boundary 
conditions. j 

The window may become a very powerful device in describing the real world, especially in 
localization problems dealing with distributions concentrated within a finite region. The concept i 
of cut-off in a distribution function is not new. However, the cut-off process causes mathematical 
difficulties usually introducing undesirable singularities. Also the cut-off process destroys the i 
Lorentz covariance, unless it is done carefully. A good approximation in one Lorentz frame is not 
necessarily a good approximation in different frames. In this paper, we shall examine possible role 
of wavelets and windows in discussing localized light waves and their connection to photons. * 

5 Light Waves and Wave Packets in Quantum Mechanics 

We are concerned here with the possibility of constructing wave functions with quantum proba- \ 

bility interpretation for relativistic massless particles. The natural starting point for tackling this j 

problem is a free-particle wave packet in nonrelativistic quantum mechanics which we pretend " 
to understand. Let us write down the time-dependent Schrodinger equation for a free particle 
moving in the z direction: J 

.d 1 d 2 . . . 

(21) | 

The Hamiltonian commutes with the momentum operator. If the momentum is sharply defined, 
the solution of the above differential equation is 

ip(z,t) = exp[i(pz - p 2 t/2m)\. (22) = 

i 

If the momentum is not sharply defined, we have to take the linear superposition: 

- Lj } 3(k)ik - (23 > ! 

The width of the wave function becomes wider as the time variable increases. This is known as 
the wave packet spread. 

Let us study the transformation properties of this wave function. Rotation and translation 
properties are trivial. In order to study the boost property within the framework of Galilean 
kinematics, let us imagine an observer moving in the negative z direction. To this observer, 
the center of the wave function moves along the positive z direction, and the transformed wave 
function takes the form 

V\,(z, t) = exp[— tm(uz - ^v 2 t)j J g{k - mv)e ,(fc2-fc7</2m) dA:, (24) 


0(M) 



346 


mu mil! hi 1 nm 



where t; is the boost velocity. This expression is different from the usual expression in textbooks 
by an exponential factor in front of the integral sign. The origin of this phase factor is well- 
understood. 

In nonrelativistic quantum mechanics, */> v (z,f) has a probability interpretation, and there is 
no difficulty in giving an interpretation for the transformed wave function in spite of the above- 
mentioned phase factor. The basic unsolved problem is whether the probabilistic interpretation 
can be extended into the Lorentzian regime. This has been a fundamental unsolved problem for 
decades, and we do not propose to solve all the problems in this paper. A reasonable starting 
point for approaching this problem is to see whether a covariant probability interpretation can be 
given to light waves. 

For light waves, we start with the usual expression 

/(*><) = (25) 

Unlike the case of the Schrodinger wave, u is equal to k , and there is no spread of wave packet. 
The velocity of propagation is always that of light. We might therefore be led to think that the 
problem for light waves is simpler than that for nonrelativistic Schrodinger waves. This is not the 
case for the following reasons. 

(1) . We like to have a wave function for light waves. However, it is not clear which component 
of the Maxwell wave should be identified with the quantal wave whose absolute square gives a 
probability distribution. Should this be the electric or magnetic field, or should it be the four- 
potential? 

(2) . The expression given in Eq.(25) is valid in a given Lorentz frame. What form does this 
equation take for an observer in a different frame? 

(3) . Even if we are able to construct localized light waves, does this solve the photon localization 
problem? 

(4) . The photon has spin 1 either parallel or antiparallel to its momentum. The photon also 
has gauge degrees of freedom. How are these related to the above-mentioned problems? 

Indeed, the burden on Eq.(25) is the Lorentz covariance. It is not difficult to carry out a 
spectral analysis and therefore to give a probability interpretation for the expression of Eq.(25) 
in a given Lorentz frame. However, this interpretation has to be covariant. This is precisely the 
problem we are addressing in the present paper. 


6 Extended Little Group for Photons 

The little group is the maximal subgroup of the Lorentz group which leaves the four-momentum 
of a given particle invariant. For a massless particle moving along the z direction, the little group 
is generated by [15] 

^3) N 2 , (26) 

with N-i = R\ — J 2 , N 2 = I< 2 + J 2 , where and K\ are the generators of rotations and boosts 
respectively. The above generators satisfy the commutation relations: 

= 0> p3, N{\ = iN 2 , [J 3 ,N 2 ] = -iN 2 . (27) 
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These commutation relations are identical to those of the two-dimensional Euclidean group. 

In addition, we can consider Kz which generates boosts along the z direction. This operator 
satisfies the following commutation relations with the above generators of the little group. 

[K 3 , J 3 ] = 0, [A' 3 ,A^i] = -iNi, [I<z,N 2 ) = -iN 2 . (28) 

Since the operators jVj, N 2 , Jz, and Kz form a closed Lie algebra, we shall call the group generated 
by these four operators the “extended little group. 

The boost generated by Kz has no effect on J 3 , while changing the scale of N\ and A 3 . In 
particular, if we start with a monochromatic light wave whose four-potential is 

A\x) = (A,0,0,0)e i(fcl - wt) (29) 

in the metric convention: x“ = (x,t the Lorentz boost generated by I<z leaves the above 
expression invariant. Since jVj and N 2 generate gauge transformations which do not lead to 
observable consequences, we can stick to the above expression, and ignore the effect of Ni and 
N 2 .Jz generates rotations around the z axis. In this case, the rotation leads to a linear combination 
of the x and y components. This operation is consistent with the fact that the photon has two 
independent components, which is thoroughly familiar to us. Therefore for all practical purposes, 
A^(x ) has just one component which remains invariant under transformations of the extended 
little group. We can thus write A M (x) as 

,4“(x) = Ajl k - Ut) . (30) 

While the group of Lorentz transformations has six generators, the extended little group has only 
four. This means that the extended little group is a subgroup of the Lorentz group. How can we 
then generalize the above reasoning to take into account the most general case? The choice of the 
z axis is purely for convenience, and it was chosen to be the direction of the wave propagation. 
If this direction is rotated, it is not difficult to deal with the problem. If the boost is made 
along the direction different from that of propagation, then the operation is equivalent to a gauge 
transformation followed by a rotation. Therefore, the extended little group, while being simpler 
than the six- parameter Lorentz group can take care of all possible Lorentz transformations of the 
monochromatic wave. 

The above reasoning remains valid for the case of the superposition of several waves with 


different frequencies propagating in 

the same direction: 



A^x) ='£A i e i l k ' z -“' it \ 

i 

(31) 

and the norm: 


(32) 


remains invariant under transformations of the extended little group. 
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T Unitary Representation for Four-potentials 

One of the difficulties in dealing with the photon problem has been that the electromagnetic four- 
potential could not be identified with a unitary irreducible representation of the Poincare group. 
The purpose of this section is to resolve this problem. In Ref. [15], we studied unitary transfor- 
mations associated with Lorentz boosts along the direction perpendicular to the momentum. In 
this section, we shall deal with the most general case of boosting along an arbitrary direction. 

Let us consider a monochromatic light wave travelling along the z axis with four-momentum 
p. The four-potential takes the form 


A*(x) = ( 33 ) 

with 

A** = (Aj, A 2 , A 3 , A 0 ) . (34) 

We use the metric convention: x M = (x,y,z,t). The momentum four-vector in this convention is 

p fl = ( 0 , 0 , w,w). ( 35 ) 

Among many possible forms of the gauge-dependent four-vector A **, we are interested in the 
eigenstates of the helicity operator: 


(0 

■ M 
1 

0 

0 \ 

i 

0 

0 

0 

0 

0 

0 

0 

\0 

0 

0 

0) 


The tour-vectors satisfying this condition are 


(36) 


A% * (l,±i,0,0), (37) 

where the subscripts + and - specify the positive and negative helicity states respectively. These 
are commonly called the photon polarization vectors. 

In order that the four- vector be a helicity state, it is essential that the time-like and longitudinal 
components vanish: 

A 3 = A 0 = 0. (38) 

This condition is equivalent to the combined effect of the Lorentz condition: 

Q 

a* r A “M = (39) 

and the transversality condition: 

V • A(x) = 0 . (40) 

As before, we call this combined condition the helicity gauge. 

While the Lorentz condition of Eq.(39) is Lorentz-invariant, the transversality condition of 
Eq.(40) is not. However, both conditions are invariant under rotations and under boosts along 
the direction of momentum. We call these helicity preserving transformations. If we make a boost 
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along an arbitrary direction, this is not a helicity preserving transformation. However, we can 
express this in terms of helicity preserving transformations preceded by a gauge transformation. 
Let us consider in detail the boost along the arbitrary direction. This boost will transform the 

momentum p to p', 

p" 1 = BMlT- (41) 

However, this is not the only way in which p can be transformed to p ' . We can boost p along the 
z direction and rotate it around the y axis. The application of the transformation [il(0)i? z (£)] on 
the four-momentum gives the same effect as that of the application of Indeed, the matrix 

D{ti) = ( 42 ) 


leaves the four-momentum invariant, and is therefore an element of the £(2)-like little group for 
photons. The effect of the above D matrix on the polarization vectors has been calculated in 

Appendix A, and the result is 

D(t])A1 = A± + (p"/w)u(t/,0), (43) 


where 


u(r],d) 


—2 sin(fl/2) cosh(p/2) 

cos(#/2) cosh(p/2) -I- yj (cos(0/2) cosh(»;/2)) 2 - 1 


(44) 


Thus D{rf) applied to the polarization vector results in the addition of a term which is propor- 
tional to the four- momentum. D(rj) therefore performs a gauge transformation on A±. With this 
preparation, let us boost the photon polarization vector: 


A± = B 4 (r,)^ 


(45) 


The four-vector A± satisfies the Lorentz condition p„A± = 0, but its fourth component will not 
vani sh. The four-vector A± does not satisfy the helicity condition. 

On the other hand, if we boost the four- vector A£ after performing the gauge transformation 

D(V), 


At = BM*Z 

= R{6)B t (Z)Al. ( 46 ) 

Since B t (£) leaves A± invariant, we arrive at the conclusion that 

At = R{9)A%. (47) 


This means 

A± = B x (rj)D(ri)A± = (cos0,±i,-sm0,0), 


which satisfies the helicity condition: 

A'° ± = 0, 


(48) 

(49) 
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and 


p' • A' ± = 0. (50) 

The Lorentz boost B(t)) on A± preceded by the gauge transformation D(tj) leads to the pure 
rotation R{0). This rotation is a finite-dimensional unitary transformation. 

The above result indicates, for a monochromatic wave, that all we have to know is how to rotate. 
If, however, the photon momentum has a distribution, we have to deal with a linear superposition of 
waves with different momenta. The photon momentum can have both longitudinal and transverse 
distributions. In this paper, we shall assume that there is only longitudinal distribution. This of 
course is a limitation of the model we present. However, our apology is limited in view of the fact 
that laser beams these days can go to the moon and come back after reflection. 

With this point in mind, we note first that the above-mentioned unitary transformation pre- 
serves the photon polarization. This means that we can drop the polarization index from A ** 
assuming that the photon has either positive or negative polarization. A M (:r) can now be replaced 

by ..... , , , 
Next, the transformation matrices discussed in this section depend only on the direction and 

the magnitude of the boost but not on the photon energy. This is due to the fact that the photon 

is a massless particle [15]. For the superposition of two different frequency states: 

A(x) = Aie ,Wl( * -t) + A 2 e i ^ z ~ t \ (51) 

a Lorentz boost along an arbitrary direction results in a rotation followed by a boost along the 
z direction. Since neither the rotation nor the boost along the z axis changes the magnitude of 
A,(t = 1,2), the quantity 

|A| 2 = \Ai\ 2 + |A 2 | 2 (52) 

remains invariant under the Lorentz transformation. This result can be generalized to the super- 
position of many different frequencies: 


A(x) = J2A k c i ^- t \ (53) 

k 

with |A| 2 = ^2 k |A*| 2 .The norm |A| 2 remains invariant under the Lorentz transformation in the 
sense that it is invariant under rotations and is invariant under the boost along the z direction. 

Can this sum be transformed into an integral form of Eq.(25)? From the physical point of 
view, the answer should be Yes. Mathematically, the problem is how to construct a Lorentz- 
invariant integral measure. It is not difficult to see that the norm of Eq.(32) remains invariant 
under rotations, which perform unitary transformations on the system. The problem is how to 
construct a measure invariant under the boost along the z direction. 

8 Localized Light Wavelets 

For light waves, we use the form of Eq.(25). Let us write down the expression again. 

/(*,<) = 
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( 54 ) 


However, the form commonly used in quantum electrodynamics is 

A (z,t) = J ^{ky^-^dk. (55) 

This is a covariant expression in the sense that the norm 

J |a(£)| 2 (l/u;)dfc. (56) 

is invariant under the Lorentz boost, because the integral measure (1 ju)dk is Lorentz-invariant. 
On the other hand, the expression given in Eq.(54) is not covariant if g(k) is a scalar function, 
because the measure dk is not invariant. 

It is possible to give a particle interpretation to Eq.(55) after second quantization. However, 
A(z,t) cannot be used for the localization of photons. On the other hand, it is possible to give 
a localized probability interpretation to f(z,t ) of Eq.(54), while it does not accept the particle 
interpretation of quantum field theory. 

If g(k) is not a scalar function, what is its transformation property? We shall approach this 
problem using the light-cone coordinate system. We define the light-cone variables as 

s — (z-\-t)j 2, u = (z — t). (57) 

The Fourier-conjugate momentum variables are 

k s = (k — w), k u ~ (fc -|- u)/2. (58) 

If we boost the light wave (or move against the wave with velocity parameter /?), the new coordinate 
variables become 

s' = a+s, u r = a_u, (59) 

where a± = [(1 ± /?)/(l T Z?)] 1 / 2 . If we construct a phase space consisting of s and k s or u and 
k u , the effect of the Lorentz boost will simply be the elongation and contraction of the coordinate 
axes. If the coordinate s is elongated by a + , then k a is contracted by a_ with a + a_ = 1. 

In the case of light waves, k, vanishes, and k u becomes k or u. In terms of the light-cone 
variables, the expression of Eq.(54) becomes 

f(u) = ( 1 / 27 T y ^ 2 J g(k)e tku dk. ( 60 ) 

We are interested in a unitary transformation of the above expression into another Lorentz frame. 
In order that the norm 

/ ls(t)| ! * ( 61 ) 

be Lorentz-invariant, f(u) and g(k) should be transformed like 

f(u) -> v /a7/(a + u), g(k) -► y/aZg{a.k). (62) 

Then Parseval’s relation: 

J \f{ u )\ 2 du = J \g(k)\ 2 dk (63) 
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will remain Lorentz-invariant. 

It is not difficult to understand why u and k in Eq.(62) are multiplied by a + and a_ respectively. 
However, we still have to give a physical reason for the existence of the multipliers in front 

of /(u) and g(k). They are there because the integration measure in Eq.(54) is not Lorentz- 
invariant. 

In Ref. [10], we argued from our experience in the relativistic quark model that the integration 
measure can become Lorentz invariant if we take into account the remaining light-cone variables in 
Eq.(57) and Eq.(58). Indeed, the measures (duds) and ( dk u dk a ) are Lorentz invariant. However, 
this argument is not complete because the s and k s variables do not exist in the case of light 
waves. In Ref. [16], Kim and Wigner pointed out that the multipliers in Eq.(62) come from 
the requirement that the Wigner phase-space distribution function be covariant under Lorentz 
transformations. 

Let us illustrate the wavelet form using a Gaussian form. We can consider the g(k) function 
of the form 

g(k) = (l/7r6) 1/4 exp{— (& -p) 2 /2b}, (64) 

where b is a constant and specifies the width of the distribution, and p is the average momentum: 

P = J k\g(k)\ 2 dk. (65) 

Under the Lorentz boost according to Eq.(62), g(k) becomes 

(l/Tr^VoTexp {-y/5I{k - y/^p) 2 /2b} . (66) 

We note here that the average momentum p is now increased to y/a+p ■ The average momentum 
therefore is a covariant quantity, and a_ can therefore be written as 

a_ = 0,/p, (67) 

where fl is the average momentum in the Lorentz frame in which a_ = 1. 

As a consequence, in order to maintain the covariance, we can replace f(u) and g(k) by F(u ) 
and G(u) respectively, where 



These functions will satisfy Parseval’s equation: 

J |F(ti)| 2 du = J \G(k)\ 2 dk (69) 

in every Lorentz frame without the burden of carrying the multipliers y/a+ and y/a~ ■ 


9 The Concept of Photons 

It is now possible to construct a localized wave function for a light wave with a Lorentz-invariant 
normalization. This wave function is now called the wavelet. We shall examine in this section 
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whether the wavelet can be used for photons. If the answer is NO, we then have to examine how 
close the wavelet is to the particle description of photons. 

Let us see how the mathematics for the light- wave localization is different from that of quantum 
electrodynamics where photons acquire a particle interpretation through second quantization. In ; 
QED, we start with the Klein-Gordon equation with its normalization procedure. As a conse- ; 
quence, we use the expression: ■ 

sM = (70) j 

where a(k) is a scalar function. The Lorentz- transformation property of this quantity is the same I 
as that for G(k) of Eq.(68). j 

However, the basic difference between the above expression and that of Eq.(68) is that the j 
kinematical factor in front of a(k) is l/\/k in Eq. (70), 'while that for G(k) of Eq.(68) is l/y'p. This ; 

is the basic gap between wavelets and photons. The gap becomes narrower when the distribution f 

in k becomes narrower. . j 

Furthermore, we can use the concept of window’s to sharpen up the localization. Instead of 
leaving insignificant non- zero distribution outside the localization region, we can assume that the 
distribution vanishes outside the region. j 

I have to do some more writing. 
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Abstract 

The theory of quantum effects in non-linear dielectric media influenced by pumping exter- 
nal field based directly on Maxwell equations is developed. The diagonalination of Hamilto- 
nian of quantized generated field by the canonical BogoBubov transformations allowed to ob- 
tain the general expressions for the number of created photons and for the degree of squeezing. 

As an example for the case of plane pumping wave the results are calculated in the zero order 
of secular perturbation theory on small parameter characterizing the medium non-finearity. 

The Heisenberg equations of motion are obtained for non-stationary case and commonly used 
effective Hamiltonian derived from the first principles of quantum electrodynamics. 

As it is well known for theoretical description of squeezed states the quantum treatment of 
light iB necessary. Consideration of the medium as classical one supposes some effective interaction 
of the pumping and generated waves. For such description effective Hamiltonians were commonly 
used. But the problem of correspondence between the Heisenberg equations which follow from 
the effective Hamiltonians and the Maxwell equations for quantized electromagnetic field in the 
medium was not investigated up to now. 

The main contents of our paper is to treat the theory of quantized electromagnetic field propa- 
gating in the medium with time dependent dielectric properties on the base of Maxwell equations. 
This problem is quite analogical with the theory of quantum effects in non-stationary external 
fields [1]. But in our case the role of ” external field” is played not by the pumping field itself but 
by the induced non-stationary dielectrical properties of the medium. 

The non-linear medium is described by the tensors of dielectric sensibilities of second, third 
and higher ranks which determinate the medium polarization produced by the electric field. In 
the frame of semiclassical theory we shall decompose the whole electromagnetic field into the sum 
of intensive classical pumping field E P k{x) and generated by the medium quantized field Ek(x) 

Et(x) = £ p *(x) + E k (x). (1) 
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Supposing the pumping field to be more intensive then the generated one we can omit the terms 
in the operator of electric induction which are higher than linear in quantized field. From the 
quantized Maxwell equations in the medium the following integro-differential equation follows for 
the operator of vector-potential A*(x) (we use gauge with Aq = 0,dit /{*(*) = 0 ) 

~ AA,(x) = 0, (2) 

where 

= 1 + L\j + JVy, (3) 

00 

(L tJ Ej)(x) = 4* j x)Ej(t', x)dt', (4) 

-00 


oo oo 

(*)■**■ J J 1 ") x)Epk(t', x)Ej(t", x)dt'dt". (5) 

-00 -00 

So we are resulting with the problem of quantization in the external field which is included into 
the kernel of the integral operator K XJ . 

The ground of secondary quantization is that the quantized field must be decomposed over the 
complete system of solutions u{p^ (x) of the classical equation corresponding to the quantized one 2 

ij(*)-Si<«S; > (*K(p)+«t v (*w(pX (6) 

- ,r,p 

Mp),a£(p')l (7) 

To orthonormalise the set of solutions it is necessary to introduce a scalar product [2] 


1 00 

(u,v) = i J d’x J dr J dr , d ^ r, Q~ - ’ ^ [uftr, x )^ 7 v j (r , l x) - x)vi(r, x)], 


( 8 ) 


( 9 ) 

Operators a„(p), o+(p) annihilate and create free photons in the medium when time tends to infin- 
ity in the state with quantum numbers p, o . When time increases negative- and positive-frequency 
solutions will be mixed which has the interpretation as particles-antiparticles creation. As the 
consequence the role of photons in the medium will be played by quasiparticles which creation- 
annihilation operators 6+(t), 6 a (t) (here a = (a, p) ) diagonalize the Hamiltonian of quantized field 
in a moment t and which are connected with , a a by the canonical Bogoliubov transformation 

(io) 

p 

The number of the quasiparticles created by the medium in a-state is 

N a (t) =< O-eol^OMOIO-oo >= £ *+,(0*^(0. (11) 
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(12) 


The degree of squeezing is defined by the value of dispersion of quadrature components 

*i.(0 - \ (£(0 + MO) , *M0 = (£(0 - MO) 

or by their linear combinations 

Yi .20 — E QfaXlJg (13) 

a 

The matrix of squeezing is 

S,k,o0 =< 0.oo|Y,,.(OY*,/»(0|0-oo >= ^l<?(* T *) + (* * *)0 T W, (14) 


(here minus for t ■ k = 1, plus for 1 = k m 2). 

Let us apply the developed formalism to the quantum process of light generation [3]. We 
shall suppose the non-linear crystal to be placed in a flat resonator without losses and medium 
absorption [4]. To obtain solutions of 2 we shall decompose t»|p^ (x) over the space harmonics of 
resonator. The system of equations for the Fourier coefficients can be solved by the perturbation 
theory with the small parameter e 

• - < 1 (15) 

Because of parametric resonance it is necessary to make use of the secular perturbation theory [5]. 

From the zero order solution it is easy to obtain the number of created by the medium photons 
in n-mode 

tfn(t)=IM J sinh 3 A n et, (16) 

where 8 n and A„ are some constants of the order of 1. From the matrix of squeezing it is seen 
that the quadrature components dispersions grow exponentially at a large time. However there 
is a time interval [0, tnmia] during which the dispersion of one of the quadrature components is 
squeezed to the value less than the standard quantum limit 1 


tnmt* - t — Arctanh e~ r ", sinhr„ * \a n \, 
A„r 


(17) 


„ 12 sinh 3 r„ ^ 1 

Snnrn* - ~ J < 4’ 

where a n is proportional to the difference between the sum of generated waves frequencies and 
the pumping wave frequency caused by medium dispersion. So the frequency upset caused by the 
medium dispersion destroys squeezing. 

As it is commonly known, the diagonalization of Hamiltonian is equivalent to the solution of 
Heisenberg equations. Now we shall introduce the Heisenberg operators of creation and annihilation 
and deduce the equations for these operators for the case of non-stationary external field. 

Simple differentiation of b a (t) with the help of Bogoliubov transformation 10 provides that the 
quasiparticles operators satisfies the following equation 

MO = £{[§ + (0*(0 - * r (0*’(0]*rM0 + 1* + (0*(0 - * r (0**UJ>;(0>- (19) 

0 



361 


The operators of quasiparticles differ from the Heisenberg operators c a (t),c+(t) extended to the 
non-stationary case only by a phase [1] 

f 

Ca(t) = 0 a (t) = 2 J w a (r)dr, (20) 

-00 

where uJ a (r) is the instant energy of quasiparticle. Remembering that in terms of Heisenberg 
operators the Hamiltonian is also diagonal and with the help of 19, 20 we obtain the generalized 
Heisenberg equations 

c a {t) = -iMt), #(01+ 

£[ e -.M0 (#+$ _ e+'Wc^t) + c-^(t)cj(t)]. (21) 

fi _ - _ 

In the limits when time tends to infinity Bogoliubov coefficients tend to constants and we are 
resulting with the ordinary Heisenberg equations. 

Inserting the expressions for the Bogoliubov transformation coefficients for zero order pertur- 
bation theory into generalized Heisenberg equation 21 we obtain the following equation describing 
the process of parametric generation of photons in n and l — n modes 

cn(t) = -rtMO + eA„tf;e- 30, c+ n (t), (22) 

where 0 is the energy in mode n or / — n. It is clearly seen that this equation may be provided as 
the usual Heisenberg equation 6n = — »[c fl) H] by the standard effective Hamiltonian [3] 

n.n(<) - n<(i m<) + n<.(')c-40 + (23) 

So the standard quadratic effective Hamiltonian is obtained as the zero order of secular pertur- 
bation theory applied to the exact integro-differential equation which describes the propagation 
of quantized electromagnetic field in non-stationary medium. The corrections to it also can be 
obtained in the frame of exposed here self-consistent description of the process of squeezed states 
generation based on the first principles of quantum electrodynamics. 
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Abstract 

The minimum uncertainty and other relations are evaluated in the framework of the 
coherent states of the damped harmonic oscillator. It is shown that the coherent states of 
the damped harmonic oscillator are the squeezed coherent states of the simple harmonic 
oscillator. The unitary operator is also constructed, that connects coherent states between 
damped harmonic and simple harmonic oscillators. 


1 Introduction 

Recently there has been a surge of interest in the minimum uncertainty state which is one of the 
fundamental features of quantum mechanics[l]. Introducing the canonical conjugate variables for 
the harmonic oscillator, position x and momentum p in the appropriate dimensionless units, the 
coherent states can be described by a symmetric uncertainty in x and p with A p * Ax = 1 and 
Ax = A p = 1. From the restriction of the uncertainty principle, Ax « Ap, we may consider a more 
precise position Ax < 1 and a more uncertain momentum Ap > 1. These states, i.e., one variable 
is squeezed at the expense of its conjugate, are called squeezed states or minimum uncertainty 
states, which can not be obtained from the optical sources generating the coherent states[2], but 
from two-photon coherent states[3] including ordinary coherent states as a special case. This kind 
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of change in the variable corresponds to the measurement of either z or p in a rotating frame in 
phase space. This new space is the quadrature phase, that is directly related with a homodyne or 
heterodyne detection. Recently, two-photon devices have produced the squeezed states of light [4] 
with high precision interferometers [5]. 

The two-photon coherent states or minimum uncertainty can be distinguished from a coherent 
state in many ways, i.e., different photon processes, quantum statistical properties and coherence 
properties. The coherent state can be generated from one-photon stimulated processes, while the 
two- photon coherent states are generated from two-photon processes for two photons of the same 
mode. For the photon annihilation operator with frequency w, we may define the coherent states 
| a > (a | a >= a | a >), and for the case of a two-photon process, a self-adjoint operator 
a = a t -I- taj yields < A a\ >=< Aa£ >=1/4 for the coherent state | a >, as derived in Sec. 3 
below. However, the states with a more precise quantity < AaJ X 1/4 and a more uncertain 
< AaJ >» 1/4 are permitted by the uncertainty < AoJ >< Aa, >> 1/16 with minimum 
uncertainty < AaJ >< A a\ >= 1/16. This indicates that the ordinary coherent states are 
different from the minimum uncertainty. 

The purpose of this paper is to show that our previous results[6] of the coherent states for 
the damped harmonic oscillator (DHO) are the squeezed states of simple harmonic oscillator 
(SHO). Introducing the Caldirola-Kanai Hamiltonian(7], we review the propagator, wave function, 
uncertainty relation and coherent states[8] of the Caldirola-Kanai Hamiltonian in Sec. 2. In Sec. 
3 we define the self-adjoint operator and construct the coherent states for DHO. We determine the 
properties and structure of the unitary transformation of the coherent states of DHO and SHO in 
Sec. 4. The results and discussion will be given in Sec. 5 together with graphs. 


2 Propagator and Wave Function of DHO 


We introduce the Caldirola-Kanai Hamiltonian for DHO a & 

H = + (1) 

im i 

where 7 is the positive constant. As we have developed the quantum theory or damped driven 
harmonic oscillator by the path integral method[8], the propagator and wave function of DHO are 
given as 


K(x,f;zo,0) = 

+ 


mwe 


¥ 


2z»hsinwf 

2h> 

sin Lot 


1/2 


exp[^{ 7 (*2 - e*x’) 


((x*e' T< + xjj)cosu>f — 2e^xzo)}] , 


( 2 ) 


where 


*»( x >0= (2^I72^»( /?I ) exp [“ , ( n + ^ cot " 1 ^ + cotu ’ < )” i4 *’] ’ 

/ 2 7’V /J 


( 3 ) 
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m 

m 3 

m 

D(t) 


[mu 

IK 


m 2 ’ 

2 

——z sin 2 ut + — sin 2wt + 1 , 
4w* 

mue 11 

w 


■{«+‘[(£+i)‘ , - + &H} ■ 


/muA 1 / 2 

vt; ««) ■ 


( 4 ) 


To construct the coherent states ( | or >) for DHO, we define the annihilation operator a and 
creation operator a* as 


where /i(t) and rj(t) are 


a = 7h^ x ~ ^ ’ 
flt = ^*p 


(5) 

( 6 ) 


MO = ^(fle/1) 1/2 exp jt cot -1 + cotwt^ | , (7) 

i ]{ t) = V^tft^expjtcot -1 (^ + cot wt )} • (8) 


Equations. (5)-(6) satisfy the commutation relation [a, a*] = 1, which corresponds to [x,p] = ih. 
The coherent states in the coordinate representation | x > can be expressed by 


< x | a >= (2xp/i*)“ 1/4 exp 




_Ll. 

2ih n ’ 


a 1 

/-2 |£,| '-2„ 

With the use of Eqs. (5)-(8) the uncertainty relation can be easily obtained as 


(9) 


(AxAp) 


HW- 2 MO 


5{ 1+ [(^ + 5)“ ni “‘ + ^ si "H } 


( 10 ) 


Here, Eq. (10) is the minimum uncertainty corresponding to the (0,0) states. All of the formulas 
derived above reduce to those of simple harmonic oscillator (SHO) when 7 = 0. The propagator 
(Eq. (2)] has a very similar form to those of Cheng[9] and others [10] , but Eq. (3) is of a new form. 


3 Two-Dimensional Self-Adjoint Operators 

We introduce the dimensionless two self-adjoint operators 

a = ai + ta 2 , a } = a(, a 2 = a\ (11) 
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and the corresponding eigenstates 


I a >=| ai >1 +t | oj >3 , (12) 

where Q\ and are real. We refer to (aj,oj) or (01,03) as the quadrature components, and the 
relation between Eqs. (11) and (12) are given by 

<*i | Qtj >! = Qi | 01 >1 , 

(13) 

a 3 | q 2 >3 = a 2 | <*3 >3 • 

Using Eqs. (5)-(6) we may express Eq. (11) as 

«. = gjflOl-O* +(/■•-««. (M) 

«, = JjH. + O* + (/- + (■>]• (15) 

Rewriting Eqs. (14) and (15) as the representation of x and p, we get 

x = (p + n*)ai - i(p - p*)a 3 , (16) 

P = ft + - tft - i/*)a 2 . (17) 

With the use of the wave function expressed as Eq. (3) and through the following definition 

C Aflj > m|n S<C (Oi“ < flx ^m t n)ftl“~ < >m,n) » 0®) 

we obtain the uncertainty relations at various states as 


< A a\ >n+2,n< >n+2,n = jgft + 2)ft + 1) — 

< Aa? > n+1 , n < Aa’ > n+1 , n = ^(n + l) J =^. 

< Aa? Aa* = ^r(2n + l) 3 ^ -L 

< A a\ Aaj = j^n 2 ^ ^ , 

< Aa? > n .3,„< Aa* > n _ 2 ,n = ^n(n - 1) ^ . 


Averages in the coherent states can be defined as 


< o | a | o >=< a >= a , 


and thus we have 


< >= + o*) = oi , 

i , . . 

< «2 >= 2 (° - O') = <*2 , 
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< a\ai > — 

2 1 
a ? + 4 - 

(27) 

< aja 3 > = 

•S+j. 

(28) 

< AaJ > = 

and the following Q\ representation 

< A«! >= j , 

(29) 

/2\ 1/4 

r _ i i 


< Qi | a >= 1 — 1 exp 

[-W - «)’ + J«/ma] , 

(30) 


where aj | ai >= a'j | a >. 


4 Unitary Transformation 

Now we will construct the unitary operator that transforms the coherent states for SHO to that 
of the two-photon coherent state of DHO and vice versa. From Eqs. (5)-(6), we can easily show 
the relation 


a = voq - Aao , 

(31) 

a f = -A*ao + , 

(32) 

where the expressions of oq and by a and a* are 

do = i/*a + Aa* , 

(33) 

Oq = A*a + i/a t , 

(34) 

for a pair of numbers A and v satisfying 

1 H 2 - 1 A i a = 1 . 

(35) 


We take the values of v and A as the following: 


[mu o 1 


V 2 ft ^ \/2mu>oh ^ 

= [S*'* + (1 ~ + «“"')] 

= \ + mut) - ^' ¥ ( cos "' - s; sinw ‘) 

i I UJ° yt fuT 21 7 2 

+ 2 [V smut - \t ct( 4^ sinw< + sinw<) 

= k fr' - * + 2 + S' 9 ’] exp [ icot " ( ^ +cotu ’‘> +t “' , (^7r)] ■ 
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A = 


V + *- 


y/2m 


1 
2 

t 

+ 2 

J_ 

2* 


J—e-Vl^Lsmu/t + cosurt) - ,/— (coswt - sinwt) 

V uj 2 u y vo 2u> 

[ufi 2* I W 3» / *1* 

VU e ' hmw< -^( 4^ 81 


(37) 


-smart + cos art) 


. u> 


e --2 + -/S 2 
wo 


1/2 


exp 




Since a canonical transformation is defined as any transformation which keeps the commutator 
invariant, we can confirm that the transformation of variables from (oo, oj) to (a, a*) given in Eqs. 
(31 )-(32) and (35) is a canonical linear transformation. According to a theorem of Von Neuman- 
n[ll], there exists a unitary operator U a which yields all the linear canonical transformations, 

i.e., 

Kao, aj ) = U a aoUl = va 0 - AaJ . (38) 

The commutation relation |[a,a^] = lj and unitary transformation [Eq. (38)] provide a with 
properties exactly similar to those of aq. Therefore, we may obtain the usual properties of a as 


N = a*a , 

N | n > = n | n >, N | 0 >= 0 , 
| n > = U a | n > 0 , 

and a coherent state for DHO is given by 

| c* > = U a | Or >o , 


(39) 

(40) 

(41) 


(42) 


where | a >q is a coherent states for SHO. The representation of coherent states for DHO in the 
SHO space is given by 


. i 

< a | a >o— / exp 

v v 9 

where the coefficients are 

1 -v^ 


4l«l J 4 |a o| 2+ ^°“*27 + ^ a ’ 00 


(43) 


(2+^e-¥ + £/?*) 1/4 ’ 


8 U = tan‘ 


( ^ sin 4- cos uii ) y//3 2 — 1 -I- ( ^ + 1 ) sin u>t 


(/3( + ^sinu;t -f coswi)(^e - ' ,f + 1) — smuty/fl 7 — 1 

2 V / F^T 


A* 1 ( wle" 1 * — 2wwo + v 2 fi‘ 2 \ 

27 = ** 2 \ to>^e- J|f< + 2uvo + / “ P \ ,Un 


2 


}■ 


(44) 
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A 1 /\^r*-2u^ + u/ a /? a V /J /. .x r 2^e-^V^i n 

2v" ~ "2U J ^‘ + 2um. + ^V eXP V tan l^-e) 3 e-^Ji ’ 


24 


J2f* 




(2 + ^ + ^) 


i/j' 


The wave function < n | a > for a coherent state of DHO in the state of SHO can be obtained 
from Eq. (43). Using the following formula with the nth Hermite polynomial, 




n=0 


n! 


I t |< oo , 


(45) 


and through the similar derivation of Eq. (9), we can easily obtain 


o < n | a > = 




^(^+2+^) 


u>2e - ' rt — 2wwo + w 2 /? 2 


Woe - ''* + 2u hjJq + w 2 /9 2 


x /f n [(-2i/A)" 1/2 a)exp(-^ | a | 2 -^a 2 ) > 


(46) 


where the coefficients in Eq. (46) are given as 


(-2.A)- 1 ' 1 = i[(%-* + 2 + -0 1 )(^<r’ , -2 4-/» 1 )l 

' ' 24 l W WQ W Wo J 


l/« 


,&v\ 


8 V \ as tan 


V4 2 — 1 + sin wt 
V4 2 — 1 — ^4 V > sin wf ’ 




^ge^j 2 + 1 -T 2 ~ 2ge~^ + + l) 2 + 1 - ft 2 

B u \ 


(47) 


= (— e -1rt + 1)(— e"‘ Tt - 1) - (-e^‘ + 1) 2 J(— - l) 2 + 1 - /? 2 

u? u> u> V u> 

-(— + 1) s 9 r<(— e"^ - l) 2 + 1 - & 1 

U V 

+t/l(“«-^ - l ) 2 + 1 - + l ) 2 + 1 - H*\ • 

V u; w 


If we represent the annihilation operator ao in the state of DHO, we get 

< ao >=< a | a 0 | a >= v*a + Aa* = a«u + ta^ , 
from the definition of Eq. (18) we obtain the quantities 

< Aoqj > = < o I (oox - a*) 2 | a > 

= i|. + A| ! 

= — I H I 2 

2ft ^ 

= j-e-'f, 

4 u> 


(48) 


( 49 ) 
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< Aa£j > = - | v — A | 2 

= 

4 wo ? ’ 

< Aa 2 , >< A o 2 , >= ^0 2 , 
< Aa2 > = I A I s 


= Z7 f— e - ‘ T * — 2 + — /?*] 
2t Iw wo J 


1/2 


(50) 

(51) 

(52) 


l w wo 

The repetition of representation for the annihilation operator a in the state of SHO yields 

< a >o = < a 0 | a | a 0 >= va 0 — AaJ s a* = o*i + ia^ , (53) 


< AaJ > 0 = < a 0 | (aj - a M ) 3 | a 0 > , 
= 


= — [— t~ yt sin 2 wf + — e‘ r *(cosw t — -^-sinwf) 2 ] , 
4 Iw wo 2w ’ J 


< Ao 3 > 0 = 


jK + ^l 


— c sinwt + coswf) 2 + — e^sin 2 u>t(-^-r + 1) 

w 2w wo 4 w J 


(54) 


(55) 


< AaJ > 0 < Aaj > 0 = — {[— e~‘ >t (“sinwf + cosw/) 2 

lo u 2juj 

+ — e 7< (cos wf — sinwf)(^-r + 1) sinwfl 2 

wo 2w 2w 3 1 

+ [cos 2w< - ^L. sin 2 w*] 2 } , 


(56) 


< Aa 2 >q = | A | 2 


= - 2 + -fiy . 

u w o 


(57) 


In Eq. (42) we have defined the unitary operator that is a linear canonical transformation. 
From this equation we have 


< <*o | 0 > = < C*0 I Ul I 00 > 

= U£(0o,a m o ) <a o \0> . 


(58) 
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A direct application of the following formulas[ 12 ] 

e CiA e c * B e esC — exp(cjA + cjB + C3C + —{c\c 3 [A, B\ + C\C3[A, C] + C2C3[f?, C]} 


+ E E'[A, M,.. , M.'lfi, [B.--- , [B. g|"! ( , + 

C c,.** c e J a * a g e *“ I - exp{cja ta + C20 f a + c 3 a J - (o ts + a f a + 00* + a 3 ) 


(59) 


+ Y. 7^ - 7T^7[ - 2 c l C3 ( at ° + a ‘"> + 

(J + 1) ! 

g^l _ 1 *3 C 

= exp[(ci — 8cJ C3 — ci C2)a T (cj — C1C3 + 2 cjC3- 

iC 2 

e~ 2c * — 1 2 

+(— CJC3 + 2ciC 3 — )aa* + (ci — c 3 c 3 )a ) 

Lc*i 


~ 2ci — 1 
2c 2 


( 60 ) 


gives the unitary operator in the | a >o representation, 


U ( L n] (a 0 ,a 0 ) = -^= exp 


A .* ,1 • , . A* 2 

2^ a ° + (- - lK«o - 2^0 


y/vr 


A *1 . \ A* 2 

exp | — oj - In ua 0 ao - —a 0 


= jr exp f A u Oq + B u ala 0 + C w ao«o + ^«* a o] > 

0 /T 1 


( 61 ) 

( 62 ) 

( 63 ) 


where the coefficients are 


X X , 2 f l y '\ >-»’ 

A “ = ^ + 2T 1 "‘' + 3iw WV 


( 64 ) 




5 Results and Discussion 

Starting from the coherent states of DHO, we have shown that these states are the squeezed states 
of SHO and vice versa. We have also evaluated the averages of the operators ao,a, Aa? and Aa 2 
in both spaces of DHO and SHO. We have constructed the unitary operator which transforms the 
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FIG. 1 . fl(t) as a funtion of utt at various values of x s 7 /a>. 


coherent states (| a > 0 ) to the coherent states ( | a >), i.e., | a >= U a J a > 0 . 

Figure 1 illustrates the behavior of $(t) [Eq. (10)] as a function of t and x = 7/u;. As x 
increases, the amplitude of the oscillation becomes large. For the condition 7 <C u> 0 , u>q and 
7 0, /?(*) approaches to unity, with DHO reducing to SHO. Therefore, the uncertainty relation 

for the (n,n) state [Eq. (10)] oscillates with the period x. 

From the definition of the self adjoint operator and Eq. (18), we have evaluated the minimum 
uncertainty for various states in Eqs. (19)-(23). The minimum uncertainties for the diagonal and 
first off-diagonal states have the value of 1/16, and the minimum values for the second off-diagonal 
states are 1/8. For < Aa* >< 1/4, the corresponding canonical part results in more uncertainty. 

The creation and annihilation operators ( a * and a) in Sec. 4 can be shown under the condition 
I u \ 7 ~ I A | 2 = 1. The operators (aQ,a 0 ) are transformed to the operators (a\a) through unitary 
operator U a . The behaviors of | v | and | A | are depicted in Figures 2 and 3, respectively. We 
can confirm that | v \ oscillates periodically in general, but j A | behaves in a more complicated 
fashion, and as x = 7/u; increases to larger than unity, the oscillation decays rapidly . 

The average of Aa^ and Aa^ in the states of DHO are given in Eqs. (49)-(50). < Aa^ > 
oscillates with exponential decrease, while < Aa^ > does so with exponential increase. The 
minimum value of < Aa^ >< Aoq 2 > is 1/16 at 0(t) = 1. The averages of Aa 2 and Aa 2 in the 
space of SHO are evaluated in Eqs. (54)-(55). The uncertainty relation [Eq. (56)] has a minimum 
value of 1/16 at t = sin” 1 nn or t = cos _1 (7/2w — 4u;/7), and maximum value at j3 2 = (u>o /w) 2 e~ 2-rt 
(Figure 4). 

Equations (61 )-(63) represent the unitary operator which transforms | a > 0 to | a > and vice 
versa . Therefore, we can obtain the scaled state through < x | a > = < x j U \ a > 0 - 

In conclusion, we have shown the uncertainties and their relations in the states of SHO and 
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FIG. 2. | v | versus ut at various values of y/u. 



FIG. 3. | A | versus u?t at various values of 7/4J. 
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FIG. 4. Uncertainty relations versus u >t. 


DHO. We have also shown that there exists a unitary operator to connect the coherent states of 
SHO with those of DHO. 
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Abstract 

We show that the probability distributions P n ($,p; y) := \(n\ p,q\ y)\ 2 , which are obtained 
from squeezed states, obey an interesting partial differential equation, to which we give two 
intuitive interpretations: as a wave equation in one space dimension and also as a pseudo- 
diffusion equation. We also study the corresponding Wehrl entropies 5 n (y), and show that 
they have minima at zero squeezing, y = 0. 


1 Introduction 

This talk is based mainly on a work which was done in collaboration with Salomon Mizrahi 
from Brazil. 

Squeezed oscillator states are defined in terms of the bosonic creation and annihilation op- 
erators, a 1 := ^«(x - £), and a := ^-(x + £), as follows: 

|*;0 = b,?;0 ’=V{q,p)S(O\0), Where z := (q + ip)/V2 , (1) 

and |0) is the ground state of the harmonic oscillator. Both D and S are unitary operators. D 
creates the coherent state, and is defined by 

q 

T>(q,p) := expfza* - z’a] = exp [ipx - 9—] , (2) 

and S(£) is the squeezing operator: 

5(0 := exp[^a t2 - fa 2 )] , (3) 

where £ is a complex variable. For £ = 0, we recover the ordinary (unsqueezed ) coherent states. 

The squeezed states satisfy the completness relation, /|p,g;0(P>9ifl ^ = 1 , for every 
Therefore, 

J Pn(q,p;0 ^ 7 ^ = 1 , where P B (?,p;f) := |{p,?;0«)| 2 > ( 4 ) 

where |n) is the number state. If we interpret the real parameters q and p as the position and 
momentum variables, then (4) allows us to interpret the non-negative functions P„ as proba- 
bility distributions in the (q,p)-phase plane, for every n and £. 

PM t uj* *> ot f,lMED 
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In this talk, I shall consider these P n for real values of the squeezing parameter which will 
be denoted by y. In particular, I shall show that the P n (q,p\ y) satisfy the interesting partial 
differential equations (9) and (12) , to which two intuitive interpretations can be given. Finally, 
I shall show that the Wehrl entropy S n (y ) (14) of the P n must have their minima at zero 
squeezing, y = 0. 


2 Explicit Form of the Distributions P n 


The distribution P n (q,p; £) := |(n|p, q\ OP gives the probability of funding n bosons (photons) 
in the squeezed states jg, y;0- It is a physically important quantity, and it has been calculated 
by different methods. The dependence of P n (q,p; () on n was studied by Schleich and Wheeler 
[2]. For £ = y, the P„ is given by the following complicated expression [1,3,7]: 


P n (q,pi y ) := l(p,g;y|n)l 2 


2x/7 

2 n n!( 7 + 1) 


I#n(2,i7;u>)| 2 exp 


g 2 + 7P 2 
1 + 7 


n > 0, 


(5) 


where 


7 := e 2y , 


n ■= 


1-7 

1+7’ 


and 


w := 


q + iyp 

7+1 ’ 


( 6 ) 


and where H n (2,Tj\w) are the generalized Hermite polynomials {Q'HV ), which are defined in 
terms of the raising operatores R(a, Q\ x) = ax — 0^ , as follows [1]: 


[n/2] n' ( aBV 

*•(“•*■) - rW;*) • i = E (-t) • < 7 > 

These polynomials axe equal to the standard Hermite polynomials for a = 2 and /? = 1. In the 
limit, 0 —> 0, these H n (x ) becomes simple powers of z: H n (c *, 0, z) = a n z n . Therefore, in the 
limit of zero squeezing, 7 — ♦ 1, we have r? — ► 0, so that the above Q’HV ’s become simple powers 
of w. Thus, for y — ► 0, equation (5) gives the following well-known Poisson distribution of the 
unsqueezed coherent states: 


P n (q,p-,0) = 



exp 



n > 0, 


where p 1 := q 2 + p 2 , 


(8) 


When discussing probability distributions, it is useful to think of the regions that are surrounded 
by the equipotential curves, y ) = const . ; I shall call these regions potential regions. 

Thus, the potentigd regions of the above Poisson distribution P n {<hP\ 0) are concentric circles in 
the (q,p)-plane. But for y / 0, these regions will have approximately elliptical shapes, whose 
the major axes lie along the p-axis for y < 0 and along the q-axis for y > 0. These regions 
become more elongated in one direction and narrower in the other, as |y| increases. 


3 The Partial Differential Equation for the P n 

Since the integral (4) of the distributions -P n (<J>p;y) over the whole (q,p)-space remains con- 
stant under squeezing, it is useful to think of the change of P n ($,p;y) as functions of y as a 
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redistribution of probability densities in phase space, which maintains the positivity condi- 
tion P n ( 9 ) P ! y ) ^ 0 for all y. This redistribution of the y) is governed by the following 

interesting and amazingly simple partial differential equation: 

^ 1 f ^ ^2 \ 

y( 7)) = 4 y ^2 j p n(?,p; yfr)) , where 7 := e 2v . (9) 

This equation was originally obtained [1] by straightforward but lengthy differentiation of the 
expression (5) , and by using the following property of the QTiV [1]: 


d 


1 d 2 ~ 


—H n ( a ,r ) ,w) = --—H n (a,r ] ,w) 


( 10 ) 


However, we can now derive it by two other more general methods [5], as reported in the 
summary section. 


4 Interpretation as Wave and Pseudo-Diffusion Equa- 
tions 

I shall now present two possible intuitive interpretations of the above differential equation: 


(I) D’Alembert or Wave Equation: The following is a new interpretation, which was 
not discussed in [1]: For a fixed squeezing parameter y, equation (9) looks like the wave 
equation for one space dimension q, if we think of the p variable in (9) as the time variable 
t: 

f d 2 1 d 2 \ id 

“ Jdt* ) *(*•*»¥) = ~ 4n ?(?•*: y) ’ where = 7)), 

, ^ 7 ( 11 ) 
In this interpretation, the parameter 7 would then play the role of the speed of light c(n) in 
matter, which depends on the parameter y, similar to the dependence of c(n) on the index 
of refraction index n. If the P n are thought of as electromagnetic potentials $(q, t\ y), then 
4 -§^P\ n(Q,P;y(y)) will play the role of a time-dependent charge distributions —Airp(q,t\y). 

(II) Pseudo-Diffusion Equation: By substituting ^ = 2e 2y £ into (9) , we obtain a more 
symmetric differential equation for the P n : 

T y Pn iq ' p ' y) = \{ e2 v ^~ e ~ 7v §pi) P ^p;yy (is) 

This equation is also new and permits a more pertinent intuitive understanding of the 
redistribution process of the P„, by comparing (12) with the diffusion equation in two 
dimensions [6]: 


0^(9, p;<) = a 



T(q,p\t) , 


(13) 
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where a is the diffusion coefficient. Equations (12) and (13) are similar, if we interpret 
the squeezing parameter y as the time variable. However, the two equations differ in two 
interesting aspects: 


(1) The sign in front of ^ in (12) is negative rather than positive. Such a “negative 
diffusion coefficient ” leads to “ infusion” rather than diffusion in the p- direction. Con- 
sequently, as y increases, the equi- probability curves, P n (g,p;y) = const., move towards 
the origin along the p-axis, but away from the origin along the q-axis. Therefore, we ex- 
pect the probability regions to be concentric elongated “quasi ellipses’ which are extended 
along the p-axis for y -+ -oo. They become more and more circular as y approaches zero, 
and then stretch outwards along the q-axis, as y -> oo. For the above reasons, we shall 
call equations (9) and (12) “pseudo diffusion equation”. 

(2) The “diffusion coefficients” exp[2y]/2 and -exp[-2y]/2 and in front of ^ and gr in 
(12) depend on y. For y -+ + 00 , the term ^e 2 * j£P„ dominates the r.h.s. of (12) , whereas 
f or y _+ _oo, the second term dominates. This dependence on y can be given an interesting 
intuitive explanation: Let us consider the redistribution process when y is very large: In 
this case the probability densities P„(y,p;y) axe extended in the q-direction and tightly 
squeezed or compressed in the p-axis, which makes it difficult to compress them further 
along the p-axis. For this reason the “infusion coefficient” becomes so small, namely 
cx exp[— 2y]. In contrast, the diffusion along the q-axis must become faster and faster, in 
order to diffuse all the incoming density flux from the other orthogonal p-direction, which 
is entering the cigar-shaped potential regions through their lengthy boundaries. 

5 The Wehrl Entropy for the P n 

A useful measure for the information content of the probability distributions P n (q,p;y) is the 
Gibbs or Wehrl entropy [7], which is defined by 

S„(y) := -/ Pn(g,p;y)inP„(<?,p;y) ■ ( 14 ) 

Because of the symmetry P n (<?,p; -y) = P„(p,9;y), the entropy (14) is even in y: S n (-y) = 
SJy). Therefore, at y = 0 each S n (y) must have either a maximum or a minimum. We shall now 
axeue that S„(0) should correspond to a minumum: We assume that S„(y) does not oscillate 
as a function of y. Therefore, it is enough to argue that S„(y) grows with |y| for large values 
of |y| For large positive y, equation (12) behaves essentially like a one-dimensional diffusion 
equation in the q-variable. But it is well-known that the solutions of diffusion equations lead 
to entropies which increase with time [6]. Therefore, the S„(y) must increase as y — * 00 . ut 
since the S„(y) are even in y, they must also grow as y ^ - 00 . Hence, the 5 n (0) must lie at 

the bottom of the curves S(y) vs. y. 

Finally, we note that the von Neumann entropy S vN (p) := -Tt(p!np) for the pure states 
p := |n)(n| must vanisch. In contrast, explicit calculations of the Wehrl entropies of the Poisson 
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distributions (8) shows that S„( 0) > 1 for sill n, in accordance with a conjecture by Wehrl [7], 
which was proved by Lieb [8]. 

To summarize this section: in contrast to diffusion equations, where the entropies of their 
solutions always increase with time, the entropies S n (y) for the solutions of the above pseudo- 
diffusion equation first decrease monotonically as y grows from — oo to zero, but then increase 
monotonically as y grows from zero to +oo. 

6 Summary and Outlook 

Two equivalent partial differential equations (9) and (12) were presented and then interpreted, 
as wave and as pseudo-diffusion equations. The probability densities P n (q,p;y) (5) provide 
infinite number of their solutions. 

By the time of writing the present lecture notes, we succeeded in proving, by two general 
methods, that the expectation values (q,p\ i\0\q,p\ £) of an arbitrary operator O, satisfy a 
generalized version of the above partial differential equations, which also include rotations, i.e 
for the general squeezing f = re**. Interesting examples of O are the number operators N and 
TV 2 ; their expectation values provide the simplest solutions of (9) and (12) . Also the projection 
operator |g,p; f|, and consequently its Wigner function, satisfy these equations. 
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1 Introduction 


The standard approach of quantum statistical mechanics uses the density op- 
erator p to describe the (mixed) state of the physical system of interest. Since p is 
an operator in the Hilbert space, we usually need some representation to perform 
the practical calculations. There are many equivalent representations in the lit- 
erature, e.g., the coordinate representation, P-representation, Q-representation, 
Fock space representation, Wigner function and characteristic function (Chi func- 
tion hereafter), etc. In this paper we will use the last two representations since 
they provide a “phase-space picture” for the quantum-mechanical problems [1]. 

In quantum equilibrium statistical mechanics, a system (A) immersed in a heat 
bath (B) with temperature T is described by the canonical ensemble. According 
to ensemble theory, the density operator is: 

exp(— pk) 

Tr[exp(-0H)]' 

where /? = ^ is the inverse temperature and H is the Hamiltonian of (A). The 
structure of (B) and the interaction between (A) and (B) are irrelevant to the 
density operator. If H is (inhomogeneously) quadratic and with a finite number of 
degrees of freedom, the density operator will correspond to a finite-mode thermal 
Squeezed Coherent State (SqCS) [2]. 

In quantum non-equilibrium statistical mechanics, ensemble theory is no 
longer valid and we have to build a model for the heat bath (B) and consider 
(A)+(B) as a total system. The total Hamiltonian then contains three parts — 
the Hamiltonian of (A) and (B) and the interaction Hamiltonian. 

It is well known that the number of degrees of freedom of a heat bath must 
be infinite (the thermodynamic limit), otherwise, due to the Poincare recurrence 
theorem there will be no phenomena such as approach to equilibrium, damping 
or dissipation. The simplest model of a heat bath is an assembly of infinitely 
many harmonic oscillators with linear couplings to (A). In this kind of model, 
the total Hamiltonian is quadratic if the Hamiltonian of (A) is quadratic. Since 
for quadratic Hamiltonians we have a phase-space picture of quantum mechanics 
with the help of Wigner and/or Chi function, we can construct an infinite-mode 
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(pure) SqCS for the total system in an infinite-dimensional phase space using 
these functions. After reduction, i.e., ignoring the heat bath but keeping its in- 
fluence”, we will get a finite-mode SqCS for (A). In the limit as time approaches 
infinity, it can be shown that (A) will approach equilibrium, and the finite-mode 
SqCS will become a thermal SqCS consistent with the fluctuation-dissipation 
theorem [3, 4, 5, 6, 7, 8]. 

In this paper we introduce a geometric interpretation of these non-equilibrium 
phenomena via the Chi-function representation of infinite-mode SqCS. In Sec. 2 
notations, conventions and a lemma on matrix are introduced for the mathematics 
used in this paper. In Sec. 3 we study finite— mode SqCS’s by Wigner and Chi 
functions and then extend them to infinite mode. In Sec. 4 we use the quantum 
Brownian motion as an example to illustrate geometrical reduction in phase space. 


2 Mathematical Preliminaries 


Throughout this paper, h is set equal to 1; “T” denotes the transpose of a 
matrix and M — T” denotes the inverse of the transpose of a matrix. The phys- 
ical system under consideration is of N = n + 1 degrees of freedom, where n 
is either finite or equal to infinity. The symbols x = (x 0 ,x x , x 2 , . . . , x n ) and 
k = (k°, Jb 1 , k 2 , . . . , k n ) denote the A-dimensional canonical coordinate and mo- 
mentum respectively, thus z = (x; k) is a vector in 27V-dimensional phase space. 
q and p denote TV-dimensional position and momentum operators corresponding 
to the canonical variables x and k. 

The metaplectic group Mp(2N,R) is an N(2N + l)-dimensional Lie group. 
It is the quantum analogue of symplectic group Sp(2N,R). The elements of the 
Lie algebra of Mp(2N,R) can be organized as anti-hermitian operators in the 
following form: 


$(m) = 5 '$2 [ Qijqiqj + PijPiPj + Ivi&Pj + PjQi)] 




( 2 ) 
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where a tJ = aji, 0ij = 0ji and 


— 7 T -0 

a 7 


6 sp(2N,r) 


is a 2N x 2N real matrix [9], while 


0 1 

-1 0 


, 1 = N x N unit matrix. 


The Lie algebra of Mp(2N,R) is isomorphic to that of Sp(2N,R) . The action 
of exp[<l(m)] € Mp(2N,R) on ( q;p ) is: 

exp[<l(m)](g;i>) T exp[-4(m)] = exp(-m)(|;p) T , (5) 

where exp(— m) € Sp(2N,R). 

Lemma [10] 

If M is a symmetric and positive definite 2N x 2N matrix, then there exist 
two matrices S\,S 2 £ Sp(2N, R) (but not unique), such that 


M = Sj 


u> 0 

0 u> 


Sr = S] 


J 2 0 
0 1 


where u> = diag(u»o,u>i, u>?, . . . ,u> n ), u>j > 0 for all j, and 

s >={“o w°0 S - (7) 

Remarks: 

(1) S € Sp(2N,R) if and only if S T JS = J by definition. 

(2) lo j's are not eigenvalues of M in general. We will call them the “symplectic 
eigenvalues” of matrix M. 

(3) The eigenvalues of JM are ±i’u?_,’s, hence we can calculate ojj's from J M 
as an ordinary eigenvalue problem. 

(4) If the matrix Cj corresponds to a 2-dimensional rotation on the 
( Xj,kj ) plane, then 


c T ( u ° 

J VO u> 


c j = Cj Cj 


to 0 
0 u> 


u> 0 
0 uj 


Therefore S\ in (6) can be replaced by CjS\ and hence is not unique. 
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3 Squeezed Coherent States in Phase Space 

3.1 Wigner Function 

The Wigner function of an N-mode density operator p is defined as [11, 12]: 
W (x; k) = n~ N f dyexp(2ik-y)p(x — y,x + y), (9) 

J — OO 

where p(x, x') is the coordinate representation of the density operator p. 

The Wigner function is real and normalized by definition: 

r dxdkW(x-k) = 1. (10) 

J — OO 

However, it is not always positive-definite and is thus called the quasi-probability 
distribution function over the “phase space” 5* = (x; k). 

If the density operator is an exponential of a quadratic form of position and 
momentum operators, then the Wigner function is a Gaussian distribution in z: 

W(z) = CVexp[— (z — z c )M(z — z c ) T ], (11) 

where Cn — n~ N \Jdet(M) is the normalization constant, z c is a constant vector in 
the 2 TV-dimensional phase space, and M is a symmetric, positive definite matrix 
with all its symplectic eigenvalues smaller or equal to 1. (Otherwise (11) will not 
correspond to a physical state.) The Gaussian Wigner function (11) corresponds 
to the multimode thermal SqCS in general [2]. It contains the ordinary coherent 
states (when M is a unit matrix) and the ordinary SqCS (when all the symplectic 
eigenvalues of M equal to 1) as special cases. 

The “Wigner ellipsoid” of (11) is defined as: 

(z- z c )M(z- z c ) T = 1, (12) 

which is an ellipsoid in the 2 TV— dimensional phase space with its center at z c and 
its shape determined by M. We can take the Wigner ellipsoid as a geometric 
representation of the Gaussian Wigner function. 
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3.2 Characteristic Function (Chi Function) 

The Chi function of a density operator p is defined as: 

X(x; k) = Tr[pD(-x ; -k)], (13) 

It can be shown that Chi function is the symplectic Fourier transformation of 
the Wigner function: 

x(x; k) = r dx'dk'W{x'\ k') exp[-i(x' -k-k'-x)}. (14) 

The normalization condition of the Wigner function corresponds to x(0; 0) = 1 
in the Chi function. Since the operator Z)( — x; — k) is unitary, x(®i complex 
in general. 

The Chi function which corresponds to the Gaussian Wigner function (11) is 
also Gaussian: 

x(z) = exp[— -zJM' 1 J T z r + izJzJ ]. (15) 

Analogue to the Wigner ellipsoid, we can also define the “Chi ellipsoid” for a 
Gaussian Chi function as: 

(z- z c )JM~ l J r (z — z c ) T = 1. (16) 

The center of Chi ellipsoid is the same as that of the Wigner ellipsoid, while the 
shape of this ellipsoid is determined by the matrix JM 1 J T . 

3.3 Mean Vector and Covariance Matrix 

For an iV-mode (mixed) state with the density operator p, the mean vector 
is defined as ((|); (p)) in the 2A-dimensional phase space, where (<?,) = Tr(pq x ), 
etc. The covariance matrix is defined as a IN x 2N matrix of the form: 



un = <(* - «,»(?, - «j») = «,« - am), (is) 

Vij = ((Pt “ (Pi))(Pj ~ (Pj))) = (P«Pj) — (P> ) (Pj ) ’ (^) 
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Q.j = 5 ((* - <*»(ft - (ft)) + (ft - (fc»(4 - <*))> 

= (jMift +ftft)) _ (4)(ft)- ( 20 ) 

For the Gaussian Wigner function (11) or Gaussian Chi function (15), the mean 
vector is z c -, and the covariance matrix takes the form: 



Therefore (15) can be re-written as: 

X(z) = exp[-i* ) z T + izJzJ]. (22) 

3.4 Time Evolution of Wigner and Chi Functions 

Consider an iV-mode Hamiltonian: 

H = \(Ip)I<( (23) 

where K is a 2 N x 2 N positive definite symmetric matrix . According to the 
lemma introduced in Sec. 1, this kind of Hamiltonian can be transformed into 
the following form: 

H = 1&P)S T (“ 3 °)s(?;p). (24) 

where u = diag(cjo,u>i, . . . ,u>„) and the u>i’s are symplectic eigenvalues of the 
matrix K. The time-evolution operator exp (—itH) is an element in Mp(2N, 
R) and the time evolution of (q',p) is a special case of (5): 

exp (itH)(q-, p) T exp (-itH) = R(t)(q‘, p) T , (25) 


where 


, ( cos(u>i) u) 1 sin(u>£) 
R{t) = exp (UK) = S’ 1 } > . \ 

v ’ \ —ujsm(ut) cos [yit) 


) 


(26) 


is an element in Sp(2N,R). {R(t)\ t GR} forms a one-parameter subgroup of 
Sp(2N,R) describing the phase flow in the 2/V-dimensional classical phase space: 


(x(t); £(t)) T = R(t)(x(0)] £(0)) T . 


(27) 
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It is well known that for the quadratic Hamiltonian (23), the time evolution 
of Wigner function and Chi function follow exactly this phase flow: 

W(z-t) = C N exp[-(z - z c [t))R{t)- T MR(t)~\z- z c (t)) T ], (28) 

X(z;f) = exp[-^zR(t)~ r ® ^ Rit)- 1 z T + izJ zj (t)] 

= ~U(!) ) ?T + (29) 

where zj (t) = R(t)zJ . 


3.5 Reduction of Multimode Squeezed Coherent States 

Consider the quantum system (A)+(B) discussed in Sec. 1 whose density 
operator is pab- If we reduce this system by ignoring (B), the expectation value 
of an operator 0 A which corresponds to a measurement on (A) will become: 

(0 a) = Tr[p A 0 A ] y (30) 


where p A = Tr^(p A &) is a well-defined reduced density operator for (A) which 
contains the “influence” of (B) on (A), Tr^ B ) represents the “partial trace” which 
only takes trace with respect to the degrees of freedom of (B). 

If the Wigner function W(x A ,x B \ k A ,k B ) corresponds to the original density 
operator p AB , then the reduced Wigner function corresponding to p A will be [12]: 


- f°° - - 

W A {x A \k A ) = / dx B dk B W(x A ,x B \k A ,k B ). 

J — OO 


(31) 


As for the Chi function, if X(x A ,x B ] k A ,k B ) corresponds to p A Bi the reduced Chi 
function corresponding to pa will take the form: 


X A (x A ]k A ) = X(x A ,Q;k A ,6), (32) 

which is a restriction of the original X(x A ;x B ,k A ;k B ) to a subspace in the 2A- 
dimensional phase space. From the mathematical point of view, it is easier to use 
the Chi function to perform the reduction. 
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Now let us use TV-mode to one-mode reduction as an example. For a given 
TV-mode Gaussian Chi function (22), we want to make a reduction by ignoring 
all the degrees of freedom which correspond to modes 1,2, ... ,n and leave only 
the 0-th mode. Without any calculation, we can write down the reduced Chi 
function directly : 

X(x°, k° ) = exp[-i(x°, *°) ( ^ (x°, k°) T + i(x 0 *? - fcjxJ)], (33) 

which is a one-mode Gaussian Chi function. 

The geometrical interpretation of this reduction process is cutting the original 
Chi ellipsoid in the 2 TV-dimensional phase space by a “shifted (x°, A: 0 ) plane” — the 
plane which is parallel to (x°, k°) plane and passes through the center of the Chi 
ellipsoid. The section on the Chi ellipsoid gives the “Chi ellipse” on the shifted 
(x°, k ° ) plane which represents the reduced one-mode Gaussian Chi function. A 
schematic graph of this geometrical reduction is shown in Fig. 1. 

3.6 Infinite-Mode Squeezed Coherent States 

The infinite-mode SqCS is a naive generalization of finite-mode SqCS. Com- 
paring the three equivalent representations of finite-mode SqCS’s: (11) , (15) and 
(22), we see that (22) can be directly generalized to infinite mode without any am- 
biguity or convergence problem. So we will take (22) in the infinite-dimensional 
phase space as the definition of infinite-mode SqCS, all the above formulas which 
involve (22) can be applied to infinite-mode case. 

4 Quantum Brownian Motion 

In this section we shall study quantum Brownian motion of a harmonic os- 
cillator. The physical picture is a quantum harmonic oscillator immersed in a 
dissipative heat bath. In classical statistical mechanics, this problem can be 
studied via the Langevin equation: 

M X +M7 X +MQ?X = 0, (34) 
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Fig. 1. Reduction as a geometrical operation in phase space. 
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where X , M and Q are the coordinate, mass and frequency of the oscillator, and 
M7 is the friction constant. 

The quantum analogue of the Langevin equation can be achieved by several 
quantum-mechanical heat-bath models, e.g., the FKM model [3], linear cou- 
pling model [4, 5], independent-oscillator model [13], etc. Actually it can be 
proved that all these models are equivalent [14]. In this paper we will use the 
independent-oscillator model since it is the simplest and most intuitive. 


4.1 Independent— Oscillator Heat— Bath Model 

Consider the Brownian particle to be a harmonic oscillator immersed in a dis- 
sipative heat bath with inverse temperature /?. Using the independent-oscillator 
heat-bath model, the total Hamiltonian of the system is [13]: 


H = 


^ - 

P 7 

2 M 


+ \MtfQ 2 + £[^~ + - Q) 7 ], 


fr{ 2 m{ 2 


(35) 


where Q and P are the position and momentum operators of the Brownian par- 
ticle; qi, pi , mi and uj{ are the position operator, momentum operator, mass and 

frequency of the i-th heat-bath oscillator, i = 1,2,3, This Hamiltonian is a 

special case of (23). 

It can be proved that in order to make the Brownian particle satisfy the 
quantum Langevin equation: 


M Q -f Mi Q +Mft?Q = 0, (36) 

the spectral distribution of heat-bath oscillators must obey: 

T: miu>?8(u> — u>i) = —M~f. (37) 

«=i * 


4.2 Quantum Brown Motion in Phase Space 

In the following we will study time evolution of the Brownian particle by the 
reduced Chi function. The initial condition is chosen to be p = PaQPb, where pa 
is the initial density operator of the Brownian particle which corresponds to an 
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arbitrary Caussian Wigner/Chi function, and ps is the initial density operator 
of heat bath which is in thermal equilibrium at the inverse temperature (3. Since 
the detailed calculations can be obtained by combining the calculations in [6] and 
[13], here we will only discuss the result and the geometrical interpretation. 

Let the degree of freedom of the Brownian particle correspond to the 0-th 
mode, and those of the heat bath correspond to other modes. The infinite mode 
Chi function for the initial condition state is (22) with the following parameters: 
Uoo, Ho, Qoo and which correspond to the initial conditions of the Brownian 
particle, are arbitrary; z c has only two non-zero components corresponding to 
yO since the mean vectors for all heat bath oscillators equal to zero, and other 

C 

elements in the covariance matrix are: 


Uij = coth^Wi)^;, 

2miU>i z 

(38) 

Vij = -rriiUi coth(^/?u>i)% 

(39) 

i = Ho = Hi = Qio = Qoj = Qij = o. 

(40) 


for all ij = 1,2,3, — 

Combining (29) and (33), we get the time-dependent reduced Chi function of 
the Brownian particle (the index 0 for the canonical coordinates is suppressed): 

x(x,M) = exp[-^(x,A;) ( -Qm(t) Uoo(t/) ( x,k ) T+t ( xkc ^~ kXc ^' 

It is easy to write down the corresponding Wigner function by comparing (11) 
and (15): 

W(x, k-, t ) = Ci exp[— (x — x c (f), k — k c (t))M(t)(x — x c (f), k — k c (t)) T ], (42) 


where 


M(t) = 


Ho(0 —Qoo(t) 


(43) 


2[Uoo(t)Voo(t) - <&,(*)] \-Qoo(t) Uoo(t) ) ' 

Unlike ordinary reduction methods [5, 6, 7], we obtained this reduced Wigner 
function without using integration over the heat-bath degrees of freedom. 

Comparing (41) with (42) and (43), we see that at any moment the Wigner 
ellipse and the Chi ellipse are similar and their areas inversely proportional to 
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each other. (Although both areas are time-dependent in general.) When time 
approaches infinity, the Brownian particle will approach the equilibrium state 
which is independent of its initial condition and consistent with the fluctuation- 
dissipation theorem. In Fig. 2, we plot the time evolution of Wigner ellipse and 
Chi ellipse of the Brownian particle in phase space. 

5 Conclusion and Outlook 

The method and result discussed in this paper are valid as long as: (1) The ini- 
tial state of (A) is a finite-mode (not necessary one-mode) Gaussian Wigner/Chi 
function. (2) The Hamiltonian of (A) is quadratic and with finite number of 
degrees of freedom. 

If (1) no longer holds, then we will not be able to use an ellipsoid in phase space 
to represent the state. However, the phase-space picture continues to be valid 
since time evolution of the Wigner/Chi function will still follow the phase flow in 
classical phase space. On the contrary if (2) is not true, e.g., as in quantum tun- 
neling problems, then time evolution of the Wigner/Chi function will not follow 
the phase flow exactly and the phase-space picture will fail. In order to relieve 
this limitation, some authors introduced the idea of “effective potential” [15, 16] 
so that time evolution of the Wigner/Chi function can be still expressed in terms 
of the phase flow. Integration of this modified phase-space picture with the 
dissipation mechanism is an interesting question and worth pursuing further. 
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Fig. 2. Time evolution of Wigner ellipse (solid) and Chi ellipse 
(dotted) of the Brownian particle. Note that the area of the former 
is always larger than that of the latter. 
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ABSTRACT 

Correlated squeezed states for a quantum oscillator 
„ acted by very short in time pulses modeled by special 
dependence on time of frequency of oscillator in the form 
of sequence of three delta-tickings of frequency are 
constructed based on the method of quantum integrals of 
motion. Also the correlation coefficient and quantum 
variances of operators of coordinate and momenta are 
written in explicit form. 


The aim of the paper is to discuss the squeezing phenomenon 
and correlations in the system of quantum parametric oscillator 
with special dependence on time of frequency of oscilllator. We 
consider the case when oscillator is acted by very short in time 
pulses. This dependence on time we will model by 5-kickings of 
frequency. In this paper we will consider the case of sequence of 
three 5-kickings of frequency. The cases of one and two 5 -tickings 
of frequency were considered in ill. Short pulses in the form of 
S-ki eking were discussed briefly in the case of two-mode squeezing 
121 and for the chain of quantum oscillators [31. 

Let us consider the quantum parametric oscillator which is 
acted by very short in time pulses. We are modeling this action by 
the special dependence on time of frequency of oscillator. We will 
use the model of 5-ki clings of frequency. 

Let the first kick be at initial moment of time t =0, the 
second one in the moment t =t. and the third one at t = 2 x. 

The Hamiltonian of the system is of the form 
K = p z /2m + mw z Ct)q 2 /2 Cl) 


ORIGINAL PAGE IS 
OF POOR QUALITY 
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/\ ^ 

where q is coordinate operator p is momentum operator, m is the 
mass and wtt) is time -dependent frequency. We choose the following 
dependence on time of oscillator frequency 


w 2 CO-o> z - 2^<3Ct-t n ). 


The equations of motion corresponding to Hamiltonian Cl) are of 
the form 

q + Cw z - 2*c5Ct) - 2*5Ct-T) - 2>c5Ct-2T))q =0 C3) 

Following the usual scheme [41 one can construct integral of 
motion for the Hami ltonian Cl) 

/v a # 

1 r P £ Q e q r A > 

ACt) = - \ r /P 1/2 \ C4D 

2 Khmw ) 1/z Chw /m) 1/ZJ 

o o 

where function e is the solution of equation of motion C3). If 
function c satisfy additional condition 


• * * * 

££-££= 21 W . 

o 


the integral of motion C4) and its hermitian conjugate satisfy 
boson commutation relations. The ground state of the system can be 
found from the condition 
ACO*_Cq,t) = 0 


has the form 


-t/*^ l 

71 

l mw J 


e*p{- 


• n£ -l/z r is q ^ 

qfr Cq, t) = 7r exp4 — 7T . r * l5 ‘ 

0 mw k 2c C Iv'mw) J 

The coherent states of the system can be found as eigenfunctions 
of the integral of motion ACt) 

ACt) ^ a Cq,t) - at/f a Cq.t). 
where a is complex number and has the form 


\f/ a Cq, t)^ 0 Cq,t)expj- 


f l a l 2 

N - 

O 


aq a € 


€vh/m(j) 


One can see that ground and coherent states are Gaussian 
wavepackets with time-dependent coefficients in quadratic f ot m 
under exponential function. 

In order to write integral of motion in explicit form one ha 
t.o solve equations C 3D for the function £ in the case of sequence 


ORIGINAL 

OF POOR QUALITY 


of three 5 -kicks of frequencies C 2 ). For the function eft) one can 
write following solutions 


e CO = A e 

0 O 

CjCO = A t e 
e CO = A e 
« 3 tU ‘ V 


iw t 

O 

LW t 

o 

io> t 

O 

ico t 

O 


+ Be 
+ B x e 

+ B_e 

* B 3 e 


-iw ' t 

O 

-iw t 

O 

— tea t, 

0 

-io) t 

O 


t< 0 . 

0 <t<t 2> 

4 \4 


C 7 ) 


So, one has four regions of changing the function e(t). At three 
points of time t r t 2 . t g we have following conditions for 
functions c t 


e t a t ) - e i-i a t 3 ■ 2* 


From this conditions one can find the conditions for coefficients 
A, and B, . Takinq in the initial moment of time the wave with A =1 

l l O 

and B =0 one has the solutions for e-function after 5 -kick ings 

O 


£ = e 1 -^ , t< 0 . 

O 


( 8 ) 


e,(t) = Cl-iK/w ) e^o^ + iK/w e , 0 <t<x , C 9 ) 

10 o 


K 

e 2 (t) = ]^.l-iK/u> Q ) z + -g— e~ z 1 ' w o t je i ' w o^ + iic/w o )Cl + iic/G> o 

T ]< 


+ C iK/u> Hl-iic/w )e zlw o T le , x<t< 2 x, 

O O 


CIO) 


e„Ct) = [ci-iic/»J<z e - l)e” tM o* - xe~“ w o L \ e tw o u + 


-io) x 


- 210 ). 


1 


AU> t 


1 1C 


+ ci , ^le 3l V , t> 2 x . 

O 

2fc 

where %= 2 coso) o x + sino> o x. 

0 


cm 
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If before 8-kickings the system was in coherent states then 
after the sequence of 5-kickings of frequency the oscillator will 
be in correlated squeezed state determined by formulae (6D with 
function c given by formulae C11D. In order to have explicit 
expression for these states in another periods of time one has to 
put in formulae C6D the explicit expression for c function in this 
period of time given by formulae C7D. 

The disperssion of coordinate after sequence of 5-kickings 
will be equal to 


2k r -.2 2k° 

+ — ht 2 -l sin2w Ct-2x) + — x 

Q J ° C 0 

O O 


1 + —x Cj^-lD^in 2 © Ct-2xD + 
ur ° 

O 

[z 2- 1 ] s i nC 2w Q t -5 « q tD . 


The correlation between coordinate and momenta in this state is 
not equal to zero and is of the form 


1 


A /\ A A. 


V 2 


*«l^l*« >< *alPl*a > 



4 K r 2 k 2 

— C^-lD^in 2 © Ct-2xD + — fx z -ll sin2w Ct-2xD 
ur w t J 


2 ic AKr 

— z[x 2 -l]sinC2w o t-5Q o xDj©^l + -j Cj^-D z cos z a o Ct-2z^ 


0 

2k 


- - — [z 2 ~lj sin2w Q Ct-2x) + — x[z 2 “l]sinC2o o t-5« <) xDj - lj> . 

W o W 0 

So one has statistical dependence of operators of coordinate and 
momentum after series of 5 -kick mgs and in some periods f time 
the di sporssion oi cooiotiiaie is less then before 8— kickings. So 
we have two phenomena due to seria of short in time pulses acted 
on oscillator: squeezing phenomenon and phenomenon of statistical 
dependence of operators of coordinates and momenta. 


1/2 
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FLOQUET OPERATOR AS INTEGRAL OF MOTION 

V. I. Man’ko 

Lebedev Institute of Physics, Moscow, Russia 

Nonstationary quantum systems have no energy levels. However, for time-dependent periodical 
quantum systems, the notion of quasi-energy levels has been introduced in Ref. [1, 2]. The main 
point of the quasi-energy concept is to relate quasienergies to eigenvalues of the Floquet operator 
or monodromy operators which is equal to the evolution operator of a quantum system taken at 
the moment coinciding with the period of the system. The purpose of this article is to relate the 
Floquet operator to integrals of the motion and to introduce new operator which is the integral 
of motion and has the same quasienergy spectrum that the Floquet operator has. Implicitly, the 
result of the article was contained in Ref. [3], but we wish to have an explicit formula for this new 
integral of motion. 

If one has the system with Hermitian Hamiltonian H(t) such that H(t + T) = H(t), the unitary 
evolution operator U(t) is defined as 


|«M> = C/(OI*,o), (i) 

where |\&,0) is the state vector of the system at the initial time. Then, by definition, the operator 
U(T) is the Floquet operator and its eigenvalues have the form 

/ = exp {-ieT), (2) 

with h = 1, where e is called the quasienergy state vector. The spectrum of quasienergy may 
be discrete or continuous for different quantum systems [3]. We wish to answer the following 
question. Is the quasienergy a conserved observable or not? This question is related to another 
question. Is the Floquet operator F(T) an integral of motion or not? The answer to the second 
question is negative. The operator U(T) does not satisfy the relation 

^2 + i[J/((),/(<)] = 0, (3) 

which defines the integral of motion I(t). Thus, the Floquet operator U(T) is not the integral of 
motion for the periodical nonstationary quantum systems. But as it was found in Ref. [3], the 
operator of the form 

/(() = u(t)mtr'(t) (4) 

satisfies equation (3) and this operator is the integral of motion of the quantum system. Thus, 
for periodical quantum systems, let us introduce the unitary operator M(t) which has the form 

M(t) = U{t)U{T)U~\t). (5) 

This operator is the integral of motion due to the construction given by the formula (4) for any 
integral of motion. The spectrum of the new invariant operator M(t ) coincides with the spectrum 
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of the Floquet operator U{T). We have therefore answered the question about quasienergies. 
Since these numbers are defined as eigenvalues of the integral of motion M(t), they are conserved 
quantities. Thus we generalize the concept of quasienergies connecting these quantum observables 
with the integral of motion of periodical quantum systems. 

The construction given above allows us to introduce new invariant labels for nonperiodical 
systems, for example, with the time-dependence of the Hamiltonian corresponding to quasicrystal 
structure in time. For such systems, the analogue of the invariant Floquet operator (5) will be 
the operator 

M x {t) = U{t)U{h)U{t 2 )U~\t). (6) 

This integral of motion is connected with the two characteristic times of the quasicrystal structure 
t x and t 2 . For poly-dimensional structure, we can introduce the integral of motion 


M 2 (t) = U{t ) 


n wo 

.»=i 




( 7 ) 


where * l5 1 2 , ..t n are the characteristic times of the system. The eigenvalues of the operators M x {t) 
and M 2 {t) are conserved quantities, and they characterize the nonperiodical quantum systems 
with quasicrystal structure in time in the same manner as quasienergy describes the states of 
periodical quantum systems. 
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Abstract 

Starting with evaluations of propagator and wave function for the damped harmonic oscil- 
lator with time-dependent frequency, exact coherent states are constructed. These coherent 
states satisfy the properties which coherent states should generally have. 


Since Schrodinger[l] constructed the coherent states for the harmonic oscillator, they have been 
widely used to describe many fields of physics[2,3,4]. Glauber[5] has used coherent states to dis- 
cuss photon statistics of the radiation field, and Nieto and Simmons[6] have constructed coherent 
states for particles in various potentials. Hartley and Ray[7] have obtained exact coherent states 
for a time-dependent harmonic oscillator on the basis of Lewis and Riesenfeld[8]. Recently Yeon, 
Um and George obtained exact coherent states for a damped harmonic oscillator with constant 
frequency[9] and also the propagator, wave function, energy expectation values, uncertainty rela- 
tions and coherent states for a quantum forced time-dependent harmonic oscillator [10]. 

In this paper we evaluate the wave function and uncertainty relations and construct exact 
coherent states for the damped harmonic oscillator with time-dependent frequency described by 
the modified Caldirola-Kanai Hamitonian through the path integral method, 


H = f(t)[e 


2m ^ 2 1 4/(t) 


Ml 

2/(t) 3 


)*’] 


( 1 ) 
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where fit) is dimensionless time-dependent function and has the value f(t) |«*o= 1- 

Very recently, we have obtained the propagators and wave functions for the damped driven 
harmonic oscillator with an external driving force F(f)[ll], driven coupled harmonic oscillator[12], 
quantum oscillator chains[13] and a mode of the electromagnetic field in a resonator with time- 
dependent characteristics of the internal medium[14] by the path integral method. Through similar 
calculations in the above papers we may evaluate the propagator for the Hamiltonian of Eq.(l) : 




mwe 


?<«+«') 


2xtfisin(u> //< f{t) dt) 
2e?( < -*- t '>xx' 
sin(w /,*/(<) dt) 


m dt) ■ %Tl (i ) 1 

|cot(w f l(t) dt) + 2 


_-)f * _2 

C X 


x « } 


( 2 ) 


The solution of the Schrodinger equation is given as the path-dependent integral equation with 
propagator K , < 

V»(*,0 = J K{x,t-,x\Q)i{>(x',Q) dx' , (3) 

which gives the wave function ip(x, <) at time t in terms of the wave function i>(x\0) at time t - 0. 
At t = 0 the Hamiltonian (Eq.(l)] reduces to the Hamiltonian of a simple harmonic oscillator, and 
the corresponding wave function becomes 


V>(x',0) = ( 



(4) 


Substitution of Eqs.(2) and (4) into Eq.(3) yields the wave function 


= ( ^^ )1/J T exp{ ’* (n + i / 2 ) cot ( u; / u;ocot(u; X di) + 



x' e Ag3 H n (Dx) , 

(5) 

where 

«* = m d,) + m <i,) + 1 ■ 

(6) 


- [cot(w^ f(t) dt) + —j]} , 

(7) 

lmu>o e?‘ D 2 j _ i 7 

D - V h Re A- 2 , Ut o 4 - 

To evaluate the uncertainty values, we calculate the quantities 

(8) 


< X >mn = / xl>* m {x,t)xxl> n (x,t)dx 

J —<X> 



- ffiy* + 

~ 1 *4“ M ^m,n— 1 i 

(9) 
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<m|p|n> = r rj> m m (x,t)~tl> n (x,t) dz 
J - oo % Ox 


= 7 £»,n+l + 7*^m,n-l , 


(10) 


< m 1 1 2 I n >= y/(n + 2)(n + l) p 2 * m , B+2 + (2n + l)^S m , n + y/n(n - 1) f *6 m , n _ 2 , (11) 

< m | p 2 | n >= v /(n + 2)(n + 1) 7 2 £ m>B+2 + (2 n + + ^/n(n - 1) i f 2 ^ m , B _ 2 , (12) 


where 


<m|i(*p + px)|n> = yj{n + 2)(n + 1 ) p.j* m , B+2 + ft^(2n + l)* m> * 

+ ^»(n - 1) pV* m>B _ 2 , 

*(0 = co ^ -1 [~ cot(a> P f{t) dt) + -I-) , 
wo ■'0 2a»o 

e*M /“"ft - 


(13) 

(14) 

(15) 


7(0 = -ih^c**) 

. / muAoA 1 f 1 a; , o ft 

■ ' V ~ { “ pI 2 7,{1 - («*(“ l m*)- 5^) 

- (cot(wj£ /(()*) + £)])] 

= , ( 16) 

<r«) = ^{{‘[cotfu >//(«) <ft) - - M(wjf/(1) A) + i]} , (17) 

£(0 = 0 +**(<) . (18) 
With the help of Eqs.(9)-(12), the uncertainty relations in the various states can be obtained as 

[(Ax) 2 (Ap) 2 ]y + 2 2tn = [( < X 2 > - < X > 2 )(< p 2 > - < p > 2 ))ff 2n 

= \/( n + 2 )( n + 0 I HI 7 I 

= x\/(n + 2)(n + 1) 0(t ) , ( 19 ) 


[(Ax) 2 (Ap) 2 ] B +j n = ^( n + 1 )0{t) , 


( 20 ) 
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[(A*)W]£-|(2» + 1)W>. (21) 

Changing (n + 1) to n and (n + 2) to n in Eqs. (20) and (21), respectively, we can easily obtain 

the uncertainty in the (n — l,n) state and (n — 2, n) state. 

Now we return to the coherent states. Before we construct the annihilation operator a and 

creation operator at, we will briefly discuss the properties of the coherent states. These states 
can be defined by the eigenstates of the nonhermitian operator a, 

a | a >= a | o > . (22) 

Using the completeness relation for the number representations, we expand | o > as 

|a> * e - (l/a)W * £-£=!«> 

n=o vn! 

= e - 0 / 2 )MV«t I o > , (23) 


where | 0 > is the vacuum or 
in Eq. (23) gives 


ground state and is independent of n. The calculation of < 0 | a > 


<0 


Q> = 


(24) 


Here, Eq. (24) has nonzero values for a ^ 0, and thus the states are not orthogonal, but when 
\a — 0 | 2 — * 0 the states become orthogonal. 

Since the eigenvalues a of the coherent states are complex numbers u + tv, the completeness 
relation of the coherent states is written as 



(25) 


where 1 is the identity operator and <Pa is given by d(Re u)d(Im v). 

From Eqs. (9), (10), (15) and (16), we have the relation 

rfft 9 — if p = ih . (20) 


We can define the annihilation operator a and creation operator at for the damped harmonic 
oscillator with time dependent frequency as 

a = - up) , 

°t = ^(^* p “ V'*) ’ 

where the expressions of z and p by a and at are 

x = p" a + pat , 

p = T)*a + Tfa . (28) 
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Since i} is not equal to p in Eqs. (15) and (16), we can easily confirm that a and af are not 
Hermitian operators, but the following relations are preserved : 


[x,p] = ih , 

[a,at] = l. (29) 

Here, the operators a and a * are different from Oq and ao, i.e., creation and annihilation operators 
of the harmonic oscillator, and can be expressed as 

a = Aao + , 

o} — fi ao A Oq . (30) 


Therefore, the coherent states of the damped harmonic oscillator with time-dependent frequency 
are the squeezed states of the simple harmonic oscillator. 

We can evaluate the transformation function < x | a > from the coherent states to the 
coordinate representation | x >. FVom Eqs. (22) and (27) we have 

ft d 

fox - fi -r— ] < x | a >= iha < x \ a > . (31) 

Solving this equation, we obtain the coordinate representation 


< x 


a >= iVexp[^ax - (2 ihfi)~ l rfx 2 ] . 


(32) 


Here, N is the integal constant constant. Choosing N to satisfy Eq. (25), we find the eigenvectors 
of the operator a given in the coordinate representation | x > as 


where 


< x | a >= — — , exp[-ir-x 2 + -x - ^ | a | 2 — a 2 ] , 

(2ir fifi')'/* Kl 2t hfi fi 2 1 ' 2 n 


(33) 


(2ir fifi m )~ 1,i 
2 hfi 




(34) 


Next, we prove that a coherent state represents a minimum uncertainty state. With the help 
of the relation between a, a\ x and p, we evaluate the expectation values of x,p, x 2 and p 2 in state 
| a > as follows : 


< x > = < a | n* a + pa t | a >= ft m a -|- pa* , 

< P > = < a | Tf’a + Tfa^ | a >= rf'a + i/a’ , 

<x 2 > = p‘V + pp*(l +2aa*) + pV 2 , (35) 

< p 2 > = T) m 2 o 2 + TfTf‘( 1 + 2cm*) + q 2 o* 2 . 
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2 



ut 


FIG. 1. (Az) 2 for the (0,0) state as a function of ut at various values of -y/u with w/C = 1. 


From above expressions, we get 

(Ax) 2 

(Ap) 2 


VV' = 


2mwo 

2a>*rW(«) , 


and thus we finally obtain the uncertainty relation 

(Ax)(Ap) =| n || v |= |/?(0 • 


(36) 

(37) 


(38) 


Equation (37) is the minimum uncertainty corresponding to Eq. (13) in the (0,0) state. 

Taking 7 = 0 and f(t) = 1, all the formulas we have derived are reduced to those of the simple 
harmonic oscillator. The propagator [ Eq.(2)] and the wave function [ Eq. (5) ] do not have similar 
forms to those of Cheng[15] and others[16], but are of new form. We should point out that the 
same classical equation of motion can be obtained from many different action, and thus one may 
have many different propagators correspoding to the actions. 

Figures 1, 2 and 3 illustrate the behaviors of (Ax) 2 ,(Ap) 2 and Ap - Ax as a function of ut at 
various values of 7 ju and u>/£ for F(t) = e^* at 7 ^ 0. When oscillation starts, (Ax) and (Ap) 
have the period n, but their periods decrease rapidly with increasing time, and the amplitude of 
(Ax) 2 decreases exponentially, while that of (Ap) 2 increases exponentially. The uncertainty for 
the (0.0) state with period II is reduced to that of the harmonic oscillator of 0 and 180 . 

From all of the above results, we conclude that the coherent states for the damped harmonic 
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€ M 


2 


3 


u>t 


) 3 for the ( 0 , 0 ) state a s a function of ut at various values of 7 /w witl 



Ap- Ax for the (0,0) state versus ut at 


various values of 7 /u; with w/C = 5. 
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oscillator with the time-dependent frequency described by the modified Caldirola-Kanai Hamilto- 
nian which we have constructed satisfy the renowned properties of coherent states. 
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QUANTUM PROCESSES IN RESONATORS WITH MOVING WALLS 
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Abstract* 

^he behavior of the electromagnetic field in an ideal 
ca'-ity with oscillating boundary is considered in the 
resonance long-time limit* The rates of photons creation 
■'rcr vacuum and thermal states are evaluated* The squeezing 
coefficients for the field modes are found, as well as the 
backward reaction of the field on the vibrating wall- 


1- Field Quantization in a Cavity of Variable Length 

Here we give the results of our recent investigations relating 
to the behavior of the quantized modes of the el ectromagnet i c field 
inside a resonator with oscillationg walls* We consider the electro- 
magnetic field in an empty resonator formed by two ideal conducting 
plain boundaries x =0 and x and restrict ourselves to the 
linearly polarized modes with the electric vector parallel to the 
boundaries- Then the field cart be described by means o* the single 
scalar equation for the corresponding component of the vector poten- 
tial with the nonstationary boundary conditions [1] iwe assume c = I > 

£> £ t - = 0, 0 < x < Lc'il; <p(0 9 t> = i>U-C' > t) =0 <1) 
The quantization procedure in this case was proposed by Moore til- 
(Another approach including the case of a massive boson scalar field 
was investigated in ref* C21-> The starting point of Moore's method is 
the following choice of the fundamental solutions of eq* (1) , 


/ i 


t ) 


= <4fm) 


r 

i exp [— i nnP. ( t -x) J 

h. 
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function R(() being a solution of the functional equation 

= 2 

In the stationary case i.C* t J> = L . the solution of eq- <3) is 


F'°‘ ( f ) 


f /L o' 


Thus mode functions are usual standing waves 


u* 4 0> (x, t > * l ( rrri) _1 ^ 2 si n (fmxvl . ) exp (-irmt x/ ) 

?\ o o 


(3) 

trivial : 

(4) 


An approximate solution of (3) for a slowly moving wail was found in 
Cl]- Put in the most interesting case of the parametric resonance 

L:' 1 5 = L £ 1 + jt * si n <7*1,2..-, |*| « 1 (5) 

that solution appears valid only for not very large values of time 

satisfying the restriction £c t sL « I- The correct asymptotic expres- 

o 

sion for the function pit) -F.it) ~ t in the long-time limit £u>t » 1 
was obtained in refs. C3-53 ( L ■ c = 1 , f=exp [<-l ) • tzq£ t J ) : 


pC t2> = - C2sru?2> • Im 


{>"[« 


+ C + exp < 1 tt <71 ) < 1 


-!»]}, 


( 6 ) 


For the motionless walls the field operator p in the Heisenberg 

< o> 

picture can be developed over the set of functions C’x* tJ>: 

>*L 

£ - ; = £{*X° ><rx - ° + i b A’ t vJ = (7> 

If the right wall oscillates only during the time interval 0 < t < T , 
then for t > T the field operator can be written in two forms, 

i o> 


p = y/b y + b+y*\ * y/a y <0> + 

/,! An ri nf Z1 ffu/n imL m J J 


(B) 


where v' n < x * t ) is the solution of the nonstationary problem (1) coin- 
ciding with V^ 0> at t < 0- It seems reasonable to assume that measur- 
ing devices react to steady-state standing u>aues (4) which are wave 
functions of physical quantum states possessing definite energy 
values. Then just the set of operators (a, a ) has the physical sense 
at : > T. Since all quantum properties of the field were defined with 
respect to the state determined by the set of operators ib f b ) (which 
were "physical" operators for t < 0 ), we have to expand the "new" 

A ^ A A^. 

operators (a, a ) over the "old" ones ib 9 b ), 


a = y(fc a + b+fi* i. 

m L\ a run n n/nj 


To calculate the Bogoliubov coefficients c% _ and _ one should 

yum run 

into account that both systems of mode functions <2) and <4) 


(9) 

t ak e 
const i - 
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-•^t= cc.T-lete orthonormal sets with respect tc- the scalar product C13 

LCtl 

~ -L J dx { v> -£ “ * t *- (.% t &dx/4t' 1 tJ 

0 

T'-gr the -following relations can be obtained C3-5J , 


rwi 


run 


‘"V 1 


= i (/n n) 1 2 Jd>. exp i n [npC'L^x j + C* n -»■ mx-? ] ^ < 


£XZ_ -1 

o 


detailed calculations of these integrals were performed in C3-53- 
-he ^i-sl result for p = 2r is as follows < 6 =t^ 7 nr > , 

r 1 si n r.n : 2r ru5 ±/n> / 2r1 s i n [n < ^±/r t ; ] 

' L/ - 1 s cl exp n ( n±m) < 1 - 1 / 2r ) J • (12) 

’"VjTiJ ^ " n - 2r>i<S£m.) sin ( Atm) /2r ] 

Xr the main resonance case of 2 * = 1 the following expression for tne 
moduli squared cf the Bogoliubcv coefficients can be obta-ned f 


s 


ri/u 




£l - (-1 ) ,n - cos (2nmS> ] 


- [ 1 + <-l)* +n ]. 


. nrr 


( 2>\6 ± £71) 


(13' 


2- Rates of Photons Generation 

The total number of photons created in the fli-th mode from the 
vacuum state tc the time instant t equals 


Omitting the 
final result 


P * 

/71 

detail es of 


"°ivJ 0> = ci^r- 

n 

calculations given in 


( r * 1) 


we 


present 


(14) 

the 


P^ Jfc (m/T 2 ) 1 £l n < yti/26) - < — 1 > 1 n ( 1 /2fi&> j • (15) 

Si roe in the case under study <5 < £ ) =exp l-n£ t ) /n , we get the following 
rate of photons generation in the fli-th mode when the wall vibrates at 
t u e twice frequency of the first resonator eigenmode for *"£»!: 


dP /d£ = U/run) f 1 - (-!>* ]■ <* = 

rTi t J 

This result is valid in fact only for not very large numbers ;ri* Since 
;r, *^eal situations we should limit time t by the resonator relaxation 
time r (due to the dissipation inside walls), the maximum number c^ 
photons generated in the tn — th node equals approximately 










/<6 “ 
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z niax 

l7i 


^ Crr 2 ;rO 1 + 0 £l n ( m + 1 ))| , 


(17) 


’ e vC •;-• is the quality ^actor of the resonator 's m-th mode- 

c D r =. s (15) — (17) essentially differ from the results of 

.16,7-, where the problem of photons creation in a resonator with 
zs-zi Hating ideal mirror was also considered. However the authors of 
that papers did not take into account the deep reconstruction of the 
**e:d modes inside the resonator in the long-time limit. Therefore 
the *-ate a* photons generation obtained in 161 and 171 was proportio- 


nal in essence to (£l 


whereas our formulas chow that this rate is 


purport : on a* 

P x 7w £ > 2 
V Q 

condition P 


to the * i rst power the product The quadratic law 

is valid only in the short-time approxi mat i on under the 


<c 1, as was shown in [0 3. 

h l 

If the initial density matrix of the field corresponds to the 
°Ianrk distribution with finite temperature, then the average number 
c* additional "thermal" quanta created in the ^a-th mode equals C43 


AP = F 

/7i fll 


- P 


vac 

,'7t 




tesri 


r> 

r + 






= 2 ( n 2 in) ” 4 [ 1 - (-l)'* ] 


® f exp(j/©) + I’j 

J ln< [ 

_j l exp ( //©> - 1 J 


(18' 


+ C\-2<S/*_> , 


where © = «7L^/ nt\c , * is Boltzmann’s constant, T - temperature. 

The -i-al number of "thermal" photons does not depend on time. 
Moreover , : n the even modes it is almost zero up to the terms of the 

s r der of 26/m. In the low temperature limit © << 1 and -*or £ t v-l LAJ 

A F. = 4 ( n 2 .*n.) _1 T 1 - (-l)" 1 1 e ' !/e « P uae . !'q> 

III t J /jr t 

I- the high temperature limit one gets C41 

LF /h = (©/2>ri) £ 1 - <-l) ,Ti J + O Q n ; 2© > J • (20) 

1-1 the resonator has a finite quality factor QCaO in the m-th mode, 
t^s- ths temperature corrections can be neglected provided 

2 

0 AtQCrrO *C* n trO ; cO 1 . <21' 




& 
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of canonical coordinates and 


3. Squeezing Coefficient* 

New let us consider variances 
♦Trne~t3 operators (quadrature components) 

S - (2, * S * VV 5 \ p -»(«;- Sj-y?. <221 

ti i y Hi mx tti * <'*■ 

t * v i a 1 quantum state of the field was vacuum or coherent one, 

t-e~ t ns following general formulas are valid C83, 


= 1 + r / 1 ft I 2 + Re (a -ft* ) 1, 

2 H '' IrVTi 1 ri/a )"U7l J 

ft. k ' 

■ i ♦ rjl^ i 2 - Re (a •/?* ) V, 

pp 2 L 1 1 1 ftm. ' run J 


x x 

TO Tfi 


a 


X p 
rK ffi 


= r Im(e< •/■?* > 

** ft/7i ft/U 


n 


In the case of q=2 we have [4,52 


O’ ( t +<x>) 

X X 
to m 


* j - ( n 2 rn) 


fTi 


1 - <-l) - ( tz/u.) * si ( n/ft) 


}■ 


whe^s si (x) means the integral sine functions 


si <x) = /d t ■ sin ( t ) / 1 - 

'X 

Vi* see that the variance is always less than its value i- 


(23) 

(24) 

(25) 

(26) 

(27) 

vacuum 


state e> utML *!/2« Th: s means that the field occurs 
state. The relative squeezing coefficient = 1- 2o 


the sc^ueesed 
assumes the 


x x 

JTl fTi 

maximum value £ 1 =0-22 for fTi — 1 • For large /n 5> 1 this coefficient 

slowly decreases according to the asymptotic formula 

K is 2/ <n 2 /n) . <28> 

>71 

The canonical momentum variance increases in time according to 
the same law as the number of created quanta (15). The general depen- 
dences of variances on time are rather intricate. As was shown in 
in the short time limit £t « 1 there is a small squeezing in the 

zanorucal momentum variance: a is (for >n * 1). Meanwhile in 

PP 2 

the long rime limit the situation is quite opposite: there is some 

squeezing o'* the canonical coordinate, and unlimitedly growing in 
time va- i ance of the canonical momentum* As to the covariance of the 
coordinate and momentum (25) , it turns out to te equal to zero up to 
f h = terms the order of (*rt) ^* This means that the field occurs ir 

a icueezed but uncorrelated state* Nonetheless, this state is rot a 
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uncertainty state. 


s; nee 


a o 
PP xx 


when £ t . 


P his 


: s 


evplainerf by a strong internode interaction. 


4. Back Reaction on the Oscillating Wall from the Field 

It is well known that vacuum fluctuations of electromagnetic 
~ie!r ^esult in an attractive Casimir's force between uncharged 

The general expression for the force press- 


conduct 

*• 


- n w 

— — = *- 


( more precisely the Th^-component of the energy- 


c plates [9-111 

Ov : n 

ts-sor of the field ) was calculated in CIO, 123: 

F ■ - l t-LC l 33 + gCt+LCt33 1. (29) 

where function gC\^3 is expressed through ^-function introduced accor- 
ding to eqc* <2) and <3> as follows < in dimensionless units; remind 
that we consider the case of "one-di mensi onal " el ectr odynami cs ), 

2 




i r R"*C y-> 5 r P”dy:> 1 2 ff 1 

- ! [ fff J + J~ '*•<*■”* | 


(30) 


In the case of motionless wall (29) and <30) lead to the known 
expression for Casimir's force in one dimension 


JO) 


-nhc-'24L 


(31 ) 

u 

T he corrections to (31) in the limit of small velocities of the wall 
(with respect to the velocity of light) were calculated ir C13J- The 
additional force appears attractive and proportional to the square of 
wall's velocity- Here we calculate the same force using the long-time 
asymptotics of P-f unction (6). Since |d£/dt| Jfe | << £ , we can 

di f f ere n t i ate P-f unction with respect to time believing parameter jf 
to be constant- Then the first three derivatives are as follows, 


(32) 

(33) 

) 


P*Ct3 * 13. 

R**Ct3 * nq sirt£nqt3 4^Ct3. 

-2f a JC'nQj 2 l [j +sm 2 c j**Ct ) . <34 

-KTtJ = [/ ♦ £ 2 + C 1 cosCnqi} ] -1 < 35) 

Si^ce the force exhibits rapid oscillations, it seems reasonable tc 
average all time dependent functions contained in (35) over the 

period cf oscillations T = £-'q* All integrals can be calculated 
exactly with the aid o* formula (C143, eq - 2- 5- 1 6 (22) ) 


0<^ Q 
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n 

~ i ~2 , 2 , 1/2 

[a b ) 

sc c. - r~ we have 

./ 2 > = * 

£ 

sc' R” F.' - 2 -■ * <'C'£ W * = 5 CrxQ3 2 <Z ■*•«?' ‘*-21 , <33) 

I p 50 ^^.“: these expressions into (29) and (30) we get finally in 

d i ne ‘ c- ^ less units 

-r * |(i - o’) (< * O] <3=> 

c 3r - = < this formula coincides with (31)- Note that this is not the 

" 5 ;:"f :5 case (the minimal resonance value is c? = 2 ), so that pho- 

tons a-e not created inside the resonator, and the force conserves 
its vacuL m val ue- Fcr ^12 we have not attraction, but an exporter- 
1 1 a. 1 1 v increasing pressure on the oscillating wall due to the crea- 
tion of -eal photons in the cavity. By the way, formula (39) shows 
cistmctly that for t + <x> the physical results do not depend or the 
sign c-* the parameter £ characterizing the dimensionless amplitude c“ 
wall's vibrations, since <F> is proportional to exp < { £ | nqt '■ • 




5. Discussion. 

Let us .summarize the main results. We have presented a new solu- 
tion for mode functions of the electromagnetic field inside an ideal 
cavity with oscillating wall in the long-time —esorance ..mit- *t 
appears that the field modes structure is significantly changed in 
v h i = limit in comoarisor, with the case o'* motionless boundaries- It 
13 s=e- distinctly if one compares, e*g>, the time derivatives of 
fjrrric- s * l0i ( t ) and giver by ( 6 ): ir the motionless case one 
gets vr.tr in dimensionless units), whereas in the long-time resc- 
»f-;e limit the correspondi ng value appears much less than unity for 
sliest all instants of time excepting those when cos(rrqi£) is very- 
close to cl (see eq. (32)). Physically this change of the field modes 
structure manifests itself in the transition from the quadratic law 
of rhetors generation in the short-time approximation to the linear 
law in the long-time asymptotics- We have established also the ccss.- 
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t:I;ty of obtaining some squeezing 'although rather moderate) in the 
resonance modes - 
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